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PREFACE 


The volumes of the International Library of Technology are 
made up of Instruction Papers, or Sections, comprising the 
various courses of instruction for students of the International 
Correspondence Schools. The original manuscripts are pre- 
pared by persons thoroughly qualified both technically and by 
experience to write with authority, and in many cases they are 
regularly employed elsewhere in practical work as experts. 
The manuscripts are then carefully edited to make them suit- 
able for correspondence instruction. The Instruction Papers 
are written clearly and in the simplest language possible, so as 
to make them readily understood by all students. Necessary 
technical expressions are clearly explained when introduced. 

The great majority of our students wish to prepare them- 
selves for advancement in their vocations or to qualify for 
more congenial occupations. Usually they are employed and 
able to devote only a few hours a day to study. Therefore 
every effort must be made to give them practical and accurate 
information in clear and concise form and to make this infor- 
mation include all of the essentials but none of the non- 
essentials. To make the text clear, illustrations are used 
freely. These illustrations are especially made by our own 
Illustrating Department in order to adapt them fully to the 
requirements of the text. 

In the table of contents that immediately follows are given 
the titles of the Sections included in this volume, and under 
each title are listed the main topics discussed. 
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CONTENTS 


Notr.—This volume is made up of a number of separate Sections, the 
page numbers of which usually begin with 1. To enable the reader to distinguish 
between the different Sections, each one is designated by a number preceded by a 
Section mark (§), which appears at the top of each page, opposite the page number. 
im this list of contents, the Section number is given following the title of the Section, 
and under each title appears a full synopsis of the subjects treated. This table of 
contents will enable the reader to find 1eadily any topic covered. 


ELEMENTS OF ARITHMETIC, §1 Pages 


Binncdaimentall erocessesu yi nie eee eee ae 1237 
INOtatery ama UN MIMOfaHOls a4. <..« aualteeots Sat ec vce 1- 7 
Introduction ; Arabic notation; Numeration; Roman 
notation. 
VEAUERCM EGY Ch peasy AC ge oe On A Ca ee ee ea 8-16 


Vertical addition; Addition table; Method of checking 
addition; Horizontal addition. 


SUDEACTOM . eines he wes PR Cea eta Pe ea Oe 17-21 
Kule for subtraction. 

Maui pliearion Jy i242 SS Ape oy MAT DET ge 22-27 
Multiplication rules; Multiplication table. 

DavisiOnm soc. s% Tae ee EAL EE COTE ee er anee 28-32 


Division rules; To divide when the divisor consists of 
but one figure or two or more figures. 


FRACTIONS, §2 
Etnacdanmemale moi cessesmiieraitccee eee eile tener acai : 134 


IRedicionmot ma cacwonses aces as aats acme eee sae (= 9 


Introduction; Simple reduction; Reducing a whole num- 
ber or a mixed number to an improper fraction; Reduc- 
ing an improper fraction to a whole or a mixed number. 


Processes Preparatory to Addition and Subtraction of 


Practions 2 oawet 2 ote Ruane eee So eens PLC 
Finding least-common denominator by inspection and by 
calculation. 


Vv 


vi CONTENTS 


FRACTIONS—( Continued ) 
Aan Ob PESCHONS: oc) saa) eases aa he ee eee 
Suptraction Of. Fractions.) fica erence eee 
Multipkention~ oh, “Hraetons:-: con ac each eed eee 
CA VESIOI. Oly ll PaACHONS< Sorcerer ae aheinceenat este oak 
Combined. Processes. esas sans Pe oe ee ee 


DECIMALS, 63 


Pundatwental “Operations. scien tevc acu ove oee eee 


Definitions, Numeration, and Notation.............. 


Definition of terms and numbers; Numeration and nota- 
tion. 


Addition of Decimals: oo o.2.65 se, eee ee 
Subtraction or Wecurials... s.0i. oe aes os es oe 
Multipltcdsiom of ecmals. —. 9. c eu sse Caceres 
IDINaESHOLal tone IDEM Ss Coy ced sada ae oan eo eas See 
Reductiom on Eractions and Decimals... 44-7 9 a 

Reducing fractions to decimals; Table of decimal equiva- 

lents; Reducing decimals to fractions. 

Decinal, Currency ~ .ciss ie saith a aiereh aun ae eras 
Per cvent. ance ercemiaee, «ae sa iy ee 


Definitions; Per cent. expressed as a decimal; Calcula- 
tions involving per cent. and percentage. 


Poccimcr or -Calemignines. |e.) ods et ee ee oe 


WEIGHTS AND MEASURES, §4 


Nenomiuiate Numbers. 25 es oe eee oe 
LEN ed CY a aN RCE CS hile Meet ate Se oer eai gen ton yc, wer, minaret 
Measures) tol Texteston- seal ocn se ee aoe aoe 
Linear measure; Land measure; Square measure; Cubic 
measure. 
Measuves- (ob “Gapaciiy:.-cra4seteet mae oe» ake 
Liquid measures and dry measures. 


Measures (On . WVetotits 20 eee et oe Ae tec iaes 
Measures ob) (ine: 2. s,chae cs ena eee ee eee 
Meacires, OF (CATeney sem a. ee eee ee ee 
Meastires'of Anes-and Amneles™, 52.2.0 aun aan 


CONTENTS 
WEIGHTS AND MEASURES—(Continued) 


Medrires ot, Vemiperaaiee ¢ 2.4 6 sy Ss onde gh sve ee 
Miseellameons- Meastitegms. 4G, .sa8s si eds PAR 
MEU CAEL MIP SSG VE a2. OG cay 2a a ae 
Linear measure; Square measure and cubic measure; 
Liquid and dry measures; Measures of weight. 
Operations with Denominate Numbers..........<... 
LE? VC ROUSTT O01 Sn ne ge hr a RO We a aro me a 


Reduction of English units; Reduction ascending ; Reduc- 
tion of metric units; Reduction from one system to 
another; Reduction of denominate numbers to deci- 
mals; Reduction ot decimal denominate number to a 
number of a lower denomination; Addition of com- 
pound numbers. 

Subtraction of Compound Numbers................ 
Multiplication of Compound Numbers.............. 


Divsion of Compound Numbers. 2.22 0cc66...205.. 


BA TIO: AND PROPORTION, $5 


PCO er she reien ie ty oe ey Ie RS TE heer hs ee ee 

Simple ratio; Expressing and finding ratio; Rules for 
finding direct and indirect ratio to numbers. 

Aap PGE MOI meta anes? s he tS ood pert Sets Mclean fs sity aches nnd es 


Simple proportion; Direct and inverse proportions; Rules 
for finding unknown terms for proportions ; Denominate 
numbers in proportions; Unit method. 


POWERS AND ROOTS, §6 


Involution, or Finding Powers of Numbers.......... 

Perfect and imperfect powers; Definitions and rules; 
Rule for raising a number to any power. 

Evolution, or Finding Roots of Numbers.......... 


Be Pl OG bie a 7 attra eae hte. ae Reve nee eee Ae oe 
Classification of roots; Radical sign; Index. 


Galcwlotionuor se tate: ROO, nc a. = 4 wy ines a canes 
Square roots of whole numbers and of decimals ; Extract- 
ing square roots of decimals; Perfect and imperfect 
powers; Rule for extracting square root; Square roots 

of fractions. 


Application of Squares and Square Roots.......... 


Plane surfaces; Squares and rectangles; Triangles; 
Circles; Calculations relating to plane surfaces. 


Vil 


sro 


Vill CONTENTS 


MENSURATION, §7 


lbihares, “Shonciecee, eave! Sollials, 5. cecqnnaseenbsaccaeus 
Eres. amd A nO lees atone ine sae neon ae ese 


Lines; Angles; Classification of angles; Angular mea- 
sure; Means for measuring angles. 
SST LACE Stak) pe RNR Pon OR waaheusi nena Paces cciea eee Caen eee ra 
Definitions and classifications ; Triangles ; Quadrilaterals ; 
Regular and irregular polygons; Circle; Ellipse. 
Micasurement or Udinesvanduu\thease inc slaeraiaee seaeres 
Perimeter of triangles; Circumference, diameter, and 
radius of circles; Finding length of arc. 
AGHorlee one JPA SilheeVOSR. cA don sen eon et aot Coe ooee 
Areas of triangles, quadrilaterals, polygons, circles, and 
ellipses. 
NCIETINAS Oly OCIA Rae dab aroo kmaeoanceacoucaboeoer 
Prism and cylinder; Pyramid, cone, and sphere; Frus- 
tums; Prismoids. 
EAROMSaIS. wow IPG. Goce cecn dasnadenabunoosudood 
Calculation of Materials, Weight, and Taper........ 


Calculating length of stock; Calculation of weights; 
Calculation of tapers. 


PORNMULAS: 88 


Plementary: Operations), cn. ar coms naw. eel eee 


Use of Symbols PA Re sel eed eee Ree ok, a ae eee a 


Rules and formulas compared; Arithmetical signs and 
their applications. 


Equations: Pormed (With, Numbers, 424... ¢:osee 


Fundamental principles; Adding a quantity to both mem- 
bers of an equation; Multiplying or dividing both 
members by the same quantity; Transformation. 


Equations. Formed. With. Symbols..222 7). easg, sae 


Application of symbols; Operations with the terms of an 
equation; Parenthesis; Equations with one unknown 


term. 
Application Tok i Ormnalags5,0.3 eamtaueetaes oh Se ee 
Solution of Simple Standard Pormulas.. 3... 0... 


Transformation of formulas; Formulas relating to elec- 
trical and steam engineering; Formulas relating to 
mensuration and mine ventilation; Formulas relating 
to beams and columns. 


44-5] 
44 51 


1-40 


l- 3 


4-16 


17-40 


41-56 
41-56 


CONTENTS 1X 


CUBE ROOT, §9 Pages 
IB Snpexciolara ie (Cle IOS ego omeo esto se ae AAs loe 1-24. 
ST iNoti Awana tS 5 Ge on gy va ct view ee ok ee 12 


Introduction; Trial-and-error method; Table method: 
Exact method; Rule for cube root by exact method; 
Cube root of fractions. 


Appucationsot Cube Roots o. oes g.csawek owas vcs 23-24 


TRIGONOMETRY AND GRAPHS, § 10 


UST OMRON Ns tects eA EA epOts PHC Ar Saeed oranrs Sosy ab ye oh eah 1-33 
Pe eonumpeuric (Pincus ew A. 4 oo. owas weccg tes 3-13 
Hee sGn. UMPOMGNICte WaMle. few. ¥y,- 464 ioe eee be 14-20 
Solon OF (tort Vigne les 55 Psiac a sose sa doe wom e 21-23 
Solution oF Ublique Uramples. 7 fiat. (co. .8 oes 24-29 
riponomet»nc GaletlaiOne Gets ins ka 5 odin vas ho ees 30-33 
RTS cits Pe Mek ne cece caley, et, Gua Ia shaper od Aiea sa bee 34-55 
Compt ictGn: Or (GFaAplstns < qecto Sunes «Ae vende oS auc 34-51 


Irregular graphs; Regular graphs; Polar graphs. 


ppliesuen or “atop hse.s scar es ssa’ 2 ei Se ee cy 52-55 


USE OF TRIGONOMETRIC TABLE, § 11 


Prconememice \aleuiationey . . o4.5 acy as aes a 8 i eae 1-25 
Pa tieie meron sAnOless ote tear aie ane a es fraee ature 1-7 
Use of Table of Trigonometric Functions........... 8-15 
Explanation and application. 
Practical” Trigonometric’ Calculations... ..¢...2..3.: 16=25 
COMMERCIAL CALCULATIONS, £12, 613 
Sy 
Special Methods in Application of Fundamental Rules — 1-13 
Peni GUION eens ea a ely Seth eens RN Piece sw oWhns vines l- 3 
Special Method of Subimction © eps ices Soa en « 4— 5 
Special Methods, of Miultsplication 2.3.25 cw. ans 6- 9 
Special Miethodsrin: Division) jcc... 302 se ee bcm the wns 10-11 
Shore Metwodeot Mivision.. ie. 2. seas ote 8 12-13 
BU UCL OMPIe IEA atc derty em cheya batters Bor age XO Ruate foyes gto tec arenas 14-16 
Wine tolPe A lCaMOlS” o.1026 S26 cc4 soe aes win chase ee 17-22 


Construction of tables. 


Xx CONTENTS 


COMMERCIAL CALCULATION S— (Continued) 


Pages 
Coraplex Expressions <. ns. chee ees sae eee 23-25 
Symbols of aggregation; Vinculum, parenthesis, brackets, 
and brace; Reduction of complex fractions. 
Checking “Results acc eins 0 0ls so eae te ee nee 26-28 
Finding an approximate result; Proofs by casting out 
nines. 
Petcentage:d. oc o5 ic oe See ein ele eo es em ee ee 29-37 
Aliquot parts in percentage; Amount and difference; 
Commission and brokerage; Insurance. 
IeheSt Aen en eter Maat eer d Calle eR oh eee 38-44 
§ 13 
Woplications of Percentage... ..2.unito. ei miinee eels 1-32 
To find the base when the rate and percentage are given; 
To find the rate when the base and percentage are 
known; Profit and loss; Profits based on selling price; 
Trade discounts; Taxes; Promissory notes; Bank dis- 
count; Partial payments; Exact interest; Merchants’ 
rule; Compound interest; Additional rules of interest; 
Present worth; Table for finding the number of days 
between two dates. 
PSEME ES. (ATG! ser OUNGl Sry.) sce ta tearan toe ene oleae cgcas cana omen? 33-37 
| estos U1 Ma ee ee RE ye eA eRPaE ROME ee Ae deen nD 38-45 
Domestic exchange; The bank draft; Collection by draft; 
Bill of lading; To find the proceeds of sight and time 
drafts; To find the face of a draft when the proceeds 
are known; Foreign exchange. 
PDEROS Puls ceed be rears Sos eae AIT) PPI, ee eI 46-48 
EGtid Om O Pay Metis a. ites ao Sarah yes se sere dee ae 49-50 
BqGationr ot Avacogiiie, itn Os Sonn are ee 51-55 
LOGARITHMS, § 14 
Hlementary . Principles. °).i.a5 7s oc Sots ae l- 6 
Exponents; The two parts of a logarithm. 
To Find the Logaritim of a Numbers:..-..:...2.. 7-12 
To Find the Number Corresponding to a Logarithm.. 13-16 
Multiplication “by “ihaearitiiise \ nee apis ae elie 17-18 
Division, by esagatiiiig=)cc tatters ore 19-20 
Involution and Evolution by Logarithms............ 21-24 


Practical Application of Togaritiims.., +120 4s oe 25-31 


CONTENTS Xi 


THe SLIDE RULE, § 15 Pages 
Pxipaeeeineni nO wetles wae gee ds Onc sock eas gin 1- 6 
eatin oo) PamtOM Shue esas) Meet a ok alan yl) Sis cla eats 7-14 
PRD eI iE men meme ae mi ee ge. Ooh le halbad byw, sii 15-26 
| DUNS Sa ee chr) Cee Cae fe 2 eke te ee re a 27-33 
Muliplicatton and’ Diry-sion Combitiel... oc. ed 34-36 
CSCO IO Gc a te aa a nts tt ey Aare lle acca ia abovdlian dew © Molen’ 36 
IEG wset anes hyve Meee ee Ss us A nee dine MaRS 37-42 
GO are ene CTP ne ea tet Muon gan ml dye Cain eimine oe 43-47 
Derg Wied eICin arene at aentoe hoe ei Mkoc.G Acris a) reas aw 48 
Te eOpOn hei ee aye Mec aon oh ak aise aha 2 49 
Oricanomeinic PUNCHONS ccc pi 48o as sets ee Bhs Ss 50-52 
VISENOE Wie Sy nL Ogee Me eRe Oye RR at aa nee Pe 53-56 
Wess Gr OOMSIIMCUOi.ctaagiiec + aos iaCae ee cb hasles 57-59 


Adjustment of slides; Runners. 


ELEMENTS OF ARITHMETIC 


FUNDAMENTAL PROCESSES 


NOTATION AND NUMERATION 


INTRODUCTION 


1. Necessity for Calculations.—The worker in almost 
any branch of industry frequently meets with problems that 
require figuring. For example, the engineer may wish to 
figure the horsepower of an engine or the pressure that may 
be carried safely in a steam boiler. The blacksmith may have 
to fiid how long a piece of straight bar must be cut off, so that, 
when it is bent, it will form a ring of a certain size. The 
patternmaker may wish to know how to set his dividers so that 
they will space off a certain number of equal divisions on a 
circle. The foundryman may need to know the amount of 
metal required to pour a casting whose dimensions are given on 
a drawing, and so on in many other occupations. In each of 
these cases it is necessary to make calculations in order to 
obtain the desired information. Scmetimes the calculations are 
short and simple, and at other times they are long and difficult. 


2. Use of Arithmetic.—Before calculations of any kind 
can be made, something must be known about figures and 
numbers, because all calculations bring figures and numbers 
into use. The study of numbers, or the art of reckoning, is 
commonly called arithmetic. Thus, the various calculations 
that may be made really depend on an understanding of 
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arithmetic. For this reason, it will be necessary to begin with 
a study of those arithmetical principles and processes that are 
to be used later in making engineering and commercial 
calculations. 


3. Fundamental Processes.—The four fundamental 
processes of arithmetic are addition, subtraction, multiplication, 
and division. They are called fundamental processes because 
all operations in arithmetic are based on them. Every cal- 
culation that is made must use one or more of these processes. 


4. Unit and Number.—A unit is one, or a single 
thing, as one inch, one dozen. A number is one or more 
units or things. It answers the question “How many?” For 
example, let the question be, “How many bolt holes are there 
in that cylinder head?” If the answer is “Eight holes,” then 
eight is a number, because it tells how many. A number, 
however, may be either one or more than one, as one hour, 
six feet, ten dollars. 


5. Concrete and Abstract Numbers.—If a number is 
applied to one particular kind of thing or measure, as three 
horses, five dollars, ten pounds, it is called a concrete num- 
ber. If a number is not applied to any particular thing or 
measure, as tliree, six, ten, it is an abstract number. 


G. Integer and Fraction.—Distinction is made between 
numbers that indicate one or more whole units and those num- 
bers that represent a portion of a unit. A whole number is 
known as an integer, or an integral number. A number 
representing a portion, or part, of a unit is called a fraction. 


7. Systems of Notation and Numeration.—Num- 


bers are expressed by words, by figures, and by letters. 
Notation is the art of expressing numbers by figures or let- 
ters. Numeration is the art of reading numbers expressed 
by figures or letters. Two kinds of notation are in general 
use, the Arabic and the Roman. 
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ARABIC NOTATION 


8. Meaning and Arrangement of Figures.—The 
Arabic notation is the method of expressing numbers by 
figures. This method employs ten characters, called figures, 
which are written and named as follows: 


Figures ee? ee A Pa G7 ar 0 5 10 
Names one two three four five six seven eight nine naught 


The figure naught (0) is called also cipher and zero, and 
when standing alone means nothing, or no value. The other 
nine figures are called digits, and when standing alone each 
has a definite value. Ten is written 10. 


9. Counting.—One of the first things learned in arithme- 
tic is to count. Counting is done by naming the numbers 
successively in the order of their value. The method of count- 
ing above ten and up to one thousand, and the names of the 
various numbers, are given in the foliowing list: 


11 eleven 21 twenty-one 31 thirty-one and so 100 one hundred 
12 twelve 22 twenty-two on up to 2C0 two hundred 
13 thirteen 23 twenty-three 40 forty; then 300 three hundred 
14 fuurteen 24 twenty-four 41 forty-one and so 400 four hundred 
15 fifteen 25 twenty-five on up to 500 five hundred 
16 sixtecn 26 twenty-six 50 fifty; then to 600 six hundred 
17 scventeen 27 twenty-seven O60 sixty 700 seven hundred 
18 eighleen 28 twenty-eight 70 seventy 8CO eight hundred 
19 nineteen 29 twenty-nine 80 eighty 900 nine hundred 
20 twenty 30 thirty 90 ninety 1,000 one thousand 


10. Ordinals and Cardinals.—Indicating by means of 
a number the position of a thing or unit in a row, or series, 
may also be considered as counting. Vor instance, third house, 
seventh month, ete. When numbers are used in this manner, 
they are known as ordinals, or ordinal numbers. Num- 
bers that simply answer the question “How many?” are some- 
times called cardinals, or cardinal numbers. [or 
example, one, two, three, etc. are cardinals, and first, second, 
third, etc. are the corresponding ordinals. In general, an 
ordinal is formed by,adding the letters th to a cardinal; as, 
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fourth, sixth, tenth, fourteenth, etc. The ordinals of one, two, 
and three, are exceptions to this rule; in the ordinal fifth the 
spelling of five is slightly changed. 


11. Simple and Relative Values.—The value rep- 
resented by a figure depends on its position in relation to other 
figures; thus, figures may have simple values and relative 
values. The simple value of a figure is the value it has 
when it stands alone; for example, the figure 2 standing alone 
has a value that is one greater than 1 and one less than 3. But 
if a figure 1 is placed to the right of the 2, making 21, the first 
figure no longer has the value it had before. This new value 
that is given to it by placing another figure to the right of it is 
called its relative value. The difference between simple 
and relative values may be explained as follows: 


Ii the figure 6 stands alone, thus. 2 0m nuded Savina 8 
it is simply eight units, or eight. 
Pisce. a..z to the might Ok dts thus. 064 scneasigne ene 82 


The 2 is now two units, but the 8 has moved one place 
to the left, so that it is no longer eight units, Instead, it 
is eight tens, or ten times 8. 
Now place a 5 to the right; thus...... mete tars te 825 
The 8 is now moved another place to the left and its 
value is again increased ten times, or ten times eight tens, 
making 8 hundreds. At the same time the 2 is moved 
one place to the left and its value is increased to 2 tens. 
Adda Grantee: tiolit stig Ace an) tenes Utah yao 8256 
The 8 is now another place to the left and its value is 
increased ten times more, or to 8 thousands, The 2 is 
increased to 2 hundreds, and the 5 to 5 tens. 
The last number of four figures is read eight thousand two 


hundred fifty-six. 


12. Grouping of Figures.—In writing numbers that 
contain more than three figures, it is common to divide them 
into groups of three figures, counting from the right. This is 
called pointing off, because a comma (,) is used to point off, 
or mark, each group of three figures. The object of doing this 
is to enable the number to be read easily and accurately. The 
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first group at the right is the units group, the next the thou- 
sands group, and the next the millions group. This method of 
pointing off and the naming of the groups is shown in the table 
at the end of this article. 

The illustration given in Art. 14 shows that by moving a 
figure one place to the left in a number its value is made ten 
times as great as before. The last position at the right in a 
number is called the wnits place. Take the number 417,385,926 
as an example. The figure 6 is in the units place and is simply 
six. The next place, occupied by the 2, is the tens of units 
place, so that the 2 in this position has a value of 2 tens of 
units, or twenty. The 9 is in the hundreds of units place, and 
its value is 9 hundreds of units, or nine hundred. This right- 
hand group of three figures, therefore, has a value of nine 
hundreds, two tens, and six units, or nine hundred twenty-six, 
as it would be read. 

The next group of three figures, or 385, is at the left of 926; 
therefore, the figure 5 is in the fourth place from the right end, 
and its value is ten times as great as it would be in the third 
position. The third place is the hundreds place, and as the 
fourth place is ten times as great, it must be the thousands 
place, so that the figure 5 in this position represents five thou- 
sands. The figure 8 is in the tens of thousands place, and its 
value is 8 tens of thousands, or eighty thousand. The figure 3 
is in the hundreds of thousands place, and its value is 3 hun- 
dreds of thousands, or three hundred thousand. The middle 
group of three figures, therefore, has a value of three hundred 
thousand, eighty thousand, and five thousand, which would be 
read three hundred eighty-five thousand. 

The group of figures at the left, or 417, refer to millions, a 
million being ten times as great as a hundred thousand. The 
7 is in the millions place and has a value of seven million. The 
1 is in the tens of millions place and has a value of ten million. 
The 4 is in the hundreds of millions place and has a value of 
four hundred million. This group of figures, therefore, has a 
value of four hundred million, one ten million, and seven mil- 
lion, or four hundred seventeen million, to state it in the way 
in which it would be read. 
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The entire number 417,385,926, made up of the three groups 
of figures, would be read four hundred seventeen million three 
hundred eighty-five thousand nine hundred twenty-six. The 
following table shows the positions of the figures, the groups, 
and the name of each of the places, or positions: 


Millions | Thousands Units 


| 
| 
| 
| 


©2 Hundreds of Thousands | 


Hundreds of Millions 
= Tens of Millions 

co Tens of Thousands 
ex Thousands 

«> Hundreds of Units 
wo Tens of Units 


~i Millions 


@ Units 


13. Use of the Cipher.—The cipher, 0, has no value in 
itself, because it represents nothing, or zero, but it is useful in 
determining the position of other figures. Suppose, for 
example, that the number two hundred five is to be written. It 
would not be correct to write it 25, because that is twenty-five. 
The 2 must be in the hundreds place and the 5 in the units 
place, because two hundred five means two hundreds and five 
units; therefore, it is written by placing a cipher between the 
2 and the 5, giving 205. The 2 is then in the hundreds place 
and the 5 in the units place, as required, and the cipher indi- 
cates that there are no tens. In the same way, three thousand 
twenty-six would be written 3026, and siv thousand four 
would be written 6004. In the last case, two ciphers are needed, 
because the 6 must be in the thousands place, which is the 
fourth from the right. If the number to be written is five 
thousand nine hundred eighty, it could not be written 598 
because that is only five hundred ninety-eight. The 5 must be 
in the fourth, or thousands, place, the 9 in the hundreds place, 
and the 8 in the tens place; consequently, a cipher is added at 
the right, giving 5980, which is the correct way of writing five 
thousand nine hundred eighty. 
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NUMERATION 


14. Reading of Numbers.—When reading whole num- 
bers the word and should not be used. For instance, the 
number 205 is read two hundred five; not two hundred and 
five. 

In numbers that are pointed off, each group, or period, is 
read in its turn, as though it were a separate number, and then 
the name of the group is placed after it. For instance, the first 
group from the left in the number 987,765,432 is read nine 
hundred eighty-seven, as though standing alone, then million, 
the name of the group, is added. The second group is read 
seven hundred sixty-five thousand, and the last group is read 
simply as four hundred thirty-two, the word unit being omitted. 
In reading numbers, the fine! s in thousands, millions, etc. is 
omitted. 

DXAMPLES WOR PRACTICE 

Point off and read the following numbers: 

(1) 31072; (2) 317020: (3) 1007; (4) 6051; (5) 28970093. 

Write the following numbers, using figures: 

(6) Seven thousand seventeen; (7) One thousand nine hundred 
fourteen; (8) Ten million eighty-two thousand thirty-six. 

Ans. (1) 31,072 or thirty-one thousand seventy-two; (2) 317,020 or 
three hundred seventeen thousand twenty; (3) 1,007 or one thousand 
seven; (4) 6,051 or six thousand fifty-one; (5) 28,970,093 or twenty- 
eight million nine hundred seventy thousand ninety-three; (6) 7,017; 
(7) 1,914; (8) 10,082,036. : 


ROMAN NOTATION 


15. Fundamental Letters and Their Combina- 
tions.—The method of expressing numbers by means of 
seven capital letters is known as Roman notation. This 
notation is generally used for numbering chapters in books, 
tables, rules, formulas, ete. The seven letters and their fixed 
values, when used singly, are as follows: 


Letter i V x 1 G D M 
Value 1 Bs 10 50 100 500 1000 
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ie.) 


When numbers expressed in Roman notation are written by 
hand, the letters must be formed like the printed capitals, and 
not like ordinary capitals used in handwriting. 


16. The letters used in Roman notation can be combined 
according to the following principles to represent any number : 


I. If a letter is written before one of greater value, their 
difference is the value represented; as, IV, four; IX, nine; 
XG, ninety. 

II. Jf a letter is written after one of greater value, their 
sum 1s the value represented; as, VI, six; XI, eleven. 

III. Repeating a letter repeats its value; thus, I1=2, 
XX=20, CC=200, CCC=300. The letters V, D, and L are 
never repeated; only I, X, C, and M are ever used more than 
once in any combination. 


17. Some of the combinations in most common use and the 
values they represent are as follows: 


II two IX nine XVI sixteen 
III three XI eleven XVII seventeen 
IV four XII twelve XVIII eighteen 
Wid Six XIII thirteen XIX nineteen 
VII seven XIV fourteen XX twenty 
VIII eight XV fifteen XXI twenty-one 
ADDITION 


VERTICAL ADDITION 


18. Definitions.—Addition is the process of finding a 
number that is equal to two or more numbers taken together. 
The number so obtained is called the sum, or the total. 


19. The sign of addition is +. It is read plus, and means 
more or and. Thus, 5+6 is read 5 plus 6, and means that 
5 and 6 are to be added. Or, 5+6 may be read 5 and 6. 
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The sign of equality is =. It is read equals, or is equal to. 
Thus, 5+6=11 may be read, 5 plus 6 equals 11. 

In preparing his lessons, the student will have frequent occa- 
sion to use the equality sign, and he should therefore clearly 
understand its meaning. All on the right of the sign should 
always be equal to all on the left. 

Numbers expressed in units of the same kind can be added, 
but numbers expressed in units of different kinds cannot be 
added. Thus, 6 dollars can be added to 7 dollars and the sum 
will be 13 dollars; but 6 dollars cannot be added to 7 feet. 


20. Use of Table I.—Table I gives the sum of any two 
numbers from 1 to 12. This table should be carefully com- 
mitted to memory. As O has no value, the sum of any num- 
ber and O is the number itself; thus, 17 and O is 17, or 


17+0=17. 


21. Method of Vertical Addition.—The term vertical 
means upright, in the direction of a plumb-line. Hence, for 
vertical addition, place the numbers to be added in a ver- 
tical row, one below another, taking care to place units under 
units, tens under tens, hundreds under hundreds, and so on. 
When the numbers are thus written, the right-hand figure of 
one number is placed directly under the right-hand figure of 
the one above it, thus bringing units under units, tens under 
tens, etc. In a group of numbers arranged in this manner, 
each vertical row is said to forma column. From the fact that 
addition takes place up or down these vertical columns, this 
method of addition is called vertical addition to distin- 
guish it from horizontal addition, explained later. 

The number ef columns in a group will depend on the num- 
ber of figures in each horizontal line. To find the sum of the 
figures in these columns procced as in the following rule: 


Rule.—I. When adding numbers, begin at the right, add 
each column separately, and write the sum, if it is only one 
figure, under the column added. 


i. If the sum of any column consists of two or more 
figures, write down the right-hand figure of the sum under that 


TABLE I 
ADDITION TABLE 


anc) £15 
andi 2s 
Ehival Aus 
and 4 is 
and 5 is 
and Gis 
and 7 is 
and 8 is 
and 9 is 
and 10 is 
and II is 
and 12 is 13 


SCD ON AM wW WN 


Ss oe 
Les! 


See eee ee eS oe Oe 
4 
N 


2and 1is 
2and 2is 
analy fe) sts 
2and 4is 
2and 5is 
2and 6is 
Qand W718 
2and 8isI 
2and gis Il 
2 and Io is 12 
Band iis) 13, 
2and 12is 14 


CO ON AM WwW 


3and Iis 4 
zand 2is 5 
3and 3is 6 
zand 4is 7 
3and 5is 8 
3and 6is 9 
3and 7 is 10 
3and 8is 11 
3and 9 is 12 
3 and 10 is 13 
3and I1 is 14 
3 and 12 is 15 


4and ris 5 
4and 2is 6 
Zand, 2s 07 
gand gis 8 
4and 5is 9 
4and 6is 10 
4and 7 is iI 
4and 8is 12 
4and gis 13 
4 and Io is 14 
4Zand 11 is 15 
4and 12 is 16 


sand tris 6 
Nahata, 23S) yy 
sand 3is 8 
Sand 418 9 
Sand 5is10 
5and 6is 11 
Band Vis 12 
sand 8is13 
5and gis 14 
5 and 10 is 15 
5 and 11 is 16 
5 and 12 is 17 


6and 1is 7 
6éand 2is 8 
6and 3is 9 
6'and 4 is 10 
6and 5is 11 
6and 6is 12 
Gand 171s) 
6and 8is 14 
6and gis 15 
6 and 10 is 16 
6 and 11 is 17 
6and 12 is 18 


yerenatel Ai akh fe! 
anid aas= 9 
7and 3is 10 
qvand 4is II 
Franc eis 02 
aie IOs LG 
vand 7is 14 
yvand 8is15 
7and gis 16 
7 and 10 is 17 
7 and II is 18 
7 and 12 is 19 


8and ris 9 
8and 2 is 10 
8and 3isII 
8and 4 is 12 
8and 5is 13 
8and 6is 14 
8and 7 is 15 
8and 8 is 16 
8and 9gis17 
8 and 10 is 18 
8 and II is 19 
8 and 12 is 20 


gand Iis1o 
gand 2 is iI 
gand 3is 12 
gand 4is 13 
gand 5is 14 
gand 6is 15 
gand 7 is 16 
gand 8is17 
gand gis 18 
g and 10 is 19 
g and 11 is 20 
9 and 12 1s 21 


loand LisIt 
loand 21s 12 
toand 3 is 13 
Ioand 4 is 14 
toand 5is 15 
toand Gis 16 
1oand 7is 17 
Joand 8is18 
1oand gis 19 
ro and Io is 20 
10 and II is 21 
Io and 12 is 22 


Irand Iis12 
THand! “24s 13 
Irand 3is 14 
Irland 4is 15 
Irand 5 is 16 
Irand 6is 17 
Iland 7 is 18 
Itand 8is19 
Irand gis 20 
Ii and 10 is 21 
Tandon 13s: 
Ii and 12 is 23 


IQande big 
Izand 2is 14 
Izand 3is 15 
Iz2and 4is 16 
Izand 5is17 
izand 6is 18 
Iz2and 7 is 19 
Izand 8 is 20 
I2and 9 is 24 
12 and 10 is 22 
i2 and II is 23 
12 and 12 is 24 


10 
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column and add the remaining figure or figures to the next 
column, 


22. Examples of Addition.—The application of the 
preceding rule is shown in the following examples: 


ExAirers l==Pind the sum of 13h 222921 2) andi 41/3; 


Sotution.—After placing the numbers in the proper order, begin 
at the bottom of the units column and add in 


accordance with part 1 of the rule. Thus, 3 and 2 131 
is.S; 5 and 1 is 6; Gand 2 is’; 8 and Lidis 9. 222 
Write 9 in the units place of the sum. Proceed in 21 
a like manner with the second and third columns, 2 
thus finding the number 8 for the tens place and 413 
7 for the hundreds place in the sum. The sum is gy), 789 Ans. 


therefore 789. 


The result obtained in solving an example is called the 
answer; as shown in the preceding example, the word is 
written in the short form Ans. 


Examp te 2.—Find the sum of 425, 36, 9,215, 4, and 907. 


SoLutrion.—Write the numbers as shown, and beginning with the 
bottom of the right-hand column, add in the following manner, which 
is shorter than that used in the preceding example, as the successive 
sums are not repeated. Thus, instead of 7 and 4 is 11; 11 and 5 is 16, 
etc., we have: 7 and 4 is 11 and 5 is 16 and 


6 is 22 and 5 is 27. In accordance with part II 425 
of the rule, write 7 in the units place in the 36 
sum and carry 2 to the tens column. The 9215 
term carry means in this case that a figure 4 
such as 2, is transferred from one column 907 
to the next one and added to it. Then, iam i O57 Ans 


2 and 1 is 3 and 3 is 6 and 2 is 8. Write 8 in 

the tens place in the sum, and add the next, or hundreds, column; 
9 and 2 is 11 and 4 is 15. Write 5 in the hundreds place in the sum, 
carry 1 to the thousands place, and add to 9, making 10 to place in the 
sum; 0 is written in the thousands place and 1 in the tens of thousands 
place. The sum is therefore 10,587. 


23. Method of Checking Addition.—A good plan, 
especially when adding several large numbers, is to record the 
sum of each column plus the number carried, so that the addi- 
tion can be readily tested, or checked, by adding again. 
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ExampLte—Add 7,329, 8,564, 9,238, 76,563, 6,417, 36,849, and 58,790. 
Sotution.—The columns are added as be- 


fore explained, and each sum is recorded in 7329 

some convenient place for reference. 46 is 8564 46 
the sum of the numbers in the units column, 9238 35 
35 the sum of the numbers in the tens column 76563 37 
plus the 4 tens carried, and so on. The final 6417 53 
sum is given by writing the last sum, 20, and 36849 20 
following it with the last figure of each of 58796 

the other sums, 3, 7, 5, 6, giving the total sum sum 203756 Ans. 
203,756. 


These records of the sums of separate columns are often useful in 
proving the correctness of the addition. 


24. Proof.—To prove addition, add each column from top 
to bottom. If the same result is obtained as by adding from 
bottom to top, the work is probably correct. 


25. Addition of Long Columns.—The following 
method of addition is useful when adding long columns: 
ExampLe—Find the sum of 425, 36, 9,215, 4, and 907. 


SoLution.—Beginning with the bottom of the right-hand column, 
add as follows: 7 and 4 is 11 


and) o) 1s IGcand!61s.22 and Sis 425 
27. The first partial sum is 27 36 
and is written as shown. The 9215 
sum of the numbers in the s 
second, or tens, column is 6 907 
tens, or 60, which is the second first partial sum Doi 
partial sum. Write 60 under- second partial sum 60 
neath 27, as shown. The sum third partial sum 1500 
of the numbers in the third, or fourth partial sum 9000 


hundreds, column, is 1,500, Sa 
which is the third partial sum. sum 10587 Ans. 
Write 1500 under the two preceding partial sums as shown. There is 
only one number in the fourth, or thousands, column, 9, which repre- 
sents 9,000, Write 9000 as the fourth partial sum under the preceding 
sums. Adding the four partial sums, the sum is 10,587, which is the 
sum of 425, 36, 9,215, 4, and 907. 


26. Mental Addition.—In adding a column containing, 
for instance, the figures 5, 6, 1, 9, 7, 5, 2, 4, 8, 9 it is permissible, 
before one becomes familiar with the process of addition, to 


proceed as follows: 5 and 6 is 11; 11 and 1 is 12; 12 and 9 
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is 21; and so forth, until all the figures in the column are 
included in the sum. 

After one becomes more experienced the addition should be 
performed, mentally, in such a manner that only the successive 
sums are recorded in the mind, as the eye momentarily rests on 
one figure after another. Thus, the addition of the preceding 
Heures would be: 5, 11, 12, 21,28) 33, 35, 39, 47, 56: 

This abbreviated method of adding may appear more difficult 
in the beginning, but it will pay to persevere until one becomes 
fully familiar with it. Adding aloud should be avoided under 
all circumstances. 


EXAMPLES FOR PRACTICE 


1. Find the sums of the following numbers: 


(a) 104+203+613+214. [ (a) 1,134 
(b) 1,875+3,143+5,826+ 10,832. | (bd) 21,676 
(c) 4,865+2,145+8,173+ 40,084. AMIS. 4 (2) 55,267 
(d) 14,204+8,173+1,065+ 10,042. [(d) 33,484 


2. Four castings have the following weights: 3,265, 1,092, 748, and 
2,587 pounds (abbreviated Ib.). What is their combined weight? 
Ans. 7,692 lb. 


3. The monthly output of a shop manufacturing a line of small tools 
was as follows: January, 8,502; February, 8,748; March, 9,215; April, 
9,770; May, 10,269; June, 12,184. What was the total output in the six 
months? Ans. 58,688 


4. The number of pounds of coal burned in a power plant each day 
during a week was as follows: Monday, 1,800; Tuesday, 1,655; 
Wednesday, 1,725; Thursday, 1,690; Friday, 1,648; and Saturday, 1,020. 
How much coal was burned during the week? Ans. 9,538 Ib. 


5. A piece of land has three sides, which are respectively 375 feet 
(abbreviated ft.), 980 feet, and 760 feet long. What is the length of 
the fence that will be needed to enclose it? Anse, 11 ortts 


6. During the first week of the month a mill received supplies 
valued at 3,475 dollars; the supplies furnished during the second, third, 
and fourth weeks were worth 2,950, 4,380, and 4,895 dollars, respectively. 
What was the total value of the supplies received for the month? 

’ Ans. 15,700 dollars 
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7. One day’s report of a small creamery operating four stations 
shows the weight, in pounds, of milk and cream received, as follows: 


Sta. 1 Stan Sta. 3 Sta. 4 
Mikes Sem a renee tory rene 2,008 2,718 3,054 2,967 
(GReatib dca; aera rs teeae Ea Orie ail SiS 1,334 


How many pounds of milk and how many pounds of cream were 


received by the creamery on that day? ane f 11,572 Ib. of milk 
— | 5,496 Ib. of cream 


8. On a three-day trip a ship covers 360 miles on the first day, 
362 miles on the second day, and 359 miles on the third day; what was 
the total distance covered? Ans. 1,081 miles 


9. A pump operated 2 hours and 45 minutes to empty a tank filled 
with water. The meter readings showed that 4.200 gallons (abbreviated 
gal.) were removed during the first hour, 5,420 during the second hour, 
and 3,600 during the last 45 minutes. How many gallons of water dia 
the tank contain originally ? Ans. 13,220 gal. 


10. A heating, ventilating, and plumbing firm completes three con- 
tracts. The payment received on the first contract was 2,560 dollars, 
on the second 3,125 dollars, and on the third 2,850 dollars. How much 
was received in all? Ans. 8,535 dollars 


HORIZONTAL ADDITION 


2%. Explanation of Method.—Very often examples are 
met with that require crosswise addition of numbers standing in 
different columns or on a line with one another, as well as the 
ordinary up-and-down addition of numbers arranged in verti- 
cal columns. Because this involves picking out from each num- 
ber in succession the single figure desired, while retaining in 
mind the partial total already obtained, besides being a method 
that is unfamiliar, this kind of addition is likely to cause diffi- 
culty unless practice is given to it and the closest attention paid 
to accuracy. 

To illustrate the process required, take the following num- 
bers to be added as they stand, without arrangement in columns: 
123+ 567 +792+221 +546 =2,249, 

First take the right-hand figure of each number in turn. 
beginning at the right and ignoring all the other figures. Add 
as in ordinary addition, thus obtaining 7, 9, 16, 19. Place 
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the 9 as the units figure in the sum and add the tens. Be very 
careful about picking out the tens figure of each number with- 
out losing sight of the partial total in mind. Thus, 1 (carried), 
0; 4; 10,922,242 Put down 4 and: ¢arry 2. . Pickle out the 
hundreds and add them; 2 (carried), 7, 9, 16, 21, 22. 

Care must be taken to keep in mind the kind of figure that is 
being added, whether tens, hundreds, ete., as it is easy to err 
and add the tens figure of one column, for instance, to the 
hundreds figure of the next, if care is not exercised. Practice 
will make it easier to choose the right figures. 

The following example shows the usual grouping of numbers 
that require horizontal addition : 


Exampre.—Add the following numbers crosswise, then add the 
results: 


ToTaLs 

29,680 56,318 73,267 159,265 
9,297 89,219 54,298 152,814 

76,351 34,876 47,095 158,922 
2,987 73,187 47,187 123,361 

29,864 69,785 39 284 138,933 
37,279 11,567 36,684 85,530 
59,812 71,091 29,345 160,248 
67,677 64,597 55,641 187,915 
45,328 99,873 67,298 212,499 
87,875 62,144 76,541 226,560 


Grand total, 1,606,047 

28. Proof.—To prove results in horizontal addition, add 
each column vertically, then add the sums of the vertical 
columns. The result should be the same as the sum of the hori- 
zontal totals. In the example just given, the total of the first 
column is 446,150, that of the second 632,657, and that of the 
third 527,240. The sum of these three totals is 1,606,047, the 
same as that of the horizontal totals. 

Since it is so easy to make mistakes in examples of this kind 
it is well worth while to verify results in every case; in fact, 
the student should accustom himself in his practice work to 
prove his results in this manner. 


29. Practical Example.—The advantages derived from 
the ability to perform horizontal addition may be seen from the 
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succeeding table, which is an example of a great number of 
similar ones required in government statistical work. The table 
is supposed to give, by days, the grain exports, in bushels, of a 
certain city for 1 week; it is desired to find the totals in both 
directions and the grand total. These totals represent the 
amount of grain exported each day, the total amount of each 
kind of grain exported during the week, and, finally, the total 
amount of grain exported during the week. 


Grain Export or A City For 1 WEEk, IN BUSHELS 


Mon, Tues. Wed. Thur. Fri. Sat. Total 
Codiset a 28,325 | 15,236 | 35,715 | 29,128 | 75,183 | 46,217 | ****F* 
Wheat ..... 35,719 | 41,719 | 50,108 | 32,546 | 59,275 | 81,126 | eK 
Oats ssc 12,136 | 9,237 | 18,265 | 7,268 | 6,950 | 17,230 | *#*«* 
Barley meee), 18230") S;738 215375 |) 15:928 7) 19)263 \ s637 raat 
Bye saan | 5,275 | 6,829 | 7,201 | 11,325 | 7,825 | 13,261 | **eee 
Motalce een aK OOK ae | OK | lekgielek | lalofoloksi: | ekaiatokak 

| | | 


The student should find the totals, and prove that the results 
are correct by adding the totals in the right-hand column, and 
then adding the totals in the bottom row; the two results should 
be the same, or 757,270 bushels. The other results are: 
Corn, 229,804; wheat, 300,493; oats, 71,086; barley, 104,171; 
rye, 51,716; Mom, 99,685; Tues., 88/59; Wed. 132,664: 
Thurs., 96,195 ; Fri., 168,496; Sat., 171,471. 


EXAMPLES FOR PRACTICE 


1. Find the sum of each of the following columns, then add them 
crosswise and at last add the results of the horizontal addition: 


Ans. : 


(a) (b) (c) 
4568 15431 7386 
7 aoa 29685 45371 
7854 73648 13764 
53469 34519 9887 
13470 78234 64348 
58143 7843 14627 


(a) 144,895: (b) 


239,360; (c) 155,383; grand total, 539,638. 


Con 
feb, 
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2. Add the following numbers crosswise, then add the results: 


(a) (b) (c) 
49850 6542 62165 

MASA 63834 L6i73:2 
6842¢ 76343 85696 —— 
a3) I SY(6) 80931 71883 —— 
PALO) NY 79883 50149 
67154 83578 Solaig 2 


64353 35647 76844 


Grand total, 1,133,128 


SUBTRACTION 


30. Definitions.—The process of subtraction is just 
the opposite of that of addition. Instead of combining two 
numbers to find their value taken together, to subtract is to take 
away a specified number of units from a given number and find 
out how many units remain. Thus, 9 and 7 taken together 
make 16. Now, if the operation is reversed to find how many 
units are left after taking 9 units from 16 units, the process is 
subtraction. As it is known that to add 9 to 7 gives 16, it is 
clear that to take the 9 away from 16 leaves 7. 

In subtraction but two numbers can be used at a time, and 
the smaller number is taken from the larger in every case. 

The number to be reduced is called the minuend; the one 
to be taken away, the subtrahend; the number left after the 
subtraction is performed, the difference. The sign of sub- 
traction is —, read minus. 12—7 is read twelve minus seven, 
and means that 7 is to be taken from 12. 


31. Method of Subtraction.—The manner in which 
subtraction is carried out is illustrated in the following solu- 
tions: 

ExampLe.—From 7,568 take 3,425. 

Sorution.—The larger number is written above the smaller number, 
and a line is drawn below them. The remainder is placed below this 


line, thus: 
minuend 7568 
subtrahend 3425 


\ difference 4143 Ans. 
LLY 27iB—3 
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ExpLANATION.—Begin at the right-hand, or units, column and sub- 
tract in succession each figure in the subtrahend from the one directly 
above it in the minuend, and write the remainders below the line. The 
result is the entire remainder. 


32. When there are more figures in the minuend than in 
the subtrahend, and when some figures in the minuend are 
less than the figures directly under them in the subtrahend, 
proceed as in the following example . 


ExaMPLe 1.—From 8,453 take 844. 


SoLUTION.— minuend 8453 
subtrahend 844 


remainder 7609 Ans. 


ExpLaNnation.—Begin at the right-hand, or units, column to suptract. 
As 4 cannot be taken from 3, it is necessary to take 1 from 5 in the 
tens column and prefix it to the 3 in the units column. The 1 taken 
from the tens column is equal to 10 units, which added to the 3 in the 
units column gives a sum of 10+3=13 units. 4 from 13=9, which is 
the first, or units, figure in the remainder. 

As 1 was taken from 5, only 4 remains; then, 4 from 4=0, which is 
the second, or tens, figure. As 8 cannot be taken from 4, it is necessary 
to take 1 from 8 in the thousands column. Since 1 thousand=10 hun- 
dreds, it follows that 10 hundredst+4 hundreds=14 hundreds, and that 
8 from 14 leaves 6 as the third, or hundreds, figure in the remainder. 

As 1 was taken from 8, only 7 remains, from which there is nothing 
to subtract; therefore, 7 is the next figure in the remainder, thus com- 
pleting the answer. 

The operation of taking 1 away from one of the figures in the 
minuend is performed by mentally placing 1 before the figure following 
the one from which it is taken. For example, the 1 taken from 5 is 
placed before 3, making it 13, from which 4 is subtracted. The 1 taken 
from 8 is placed before 4, making 14, from which 8 is subtracted. 


EXAMPLE 2.—Out of 306 pieces of work inspected, 14 were rejected as 
being too small. How many pieces were passed by the inspector? 


SoLution.—The number of pieces passed by the inspector is the 
difference between 306 and 14. The subtraction is as follows: 


306 
14 


292 Ans. 


EXPLANATION.—The first step is to subtract 4 from 6, leaving 2 as a 
remainder, which is set down. Now, 1 cannot be taken from ORSso lit 
taken from the 3 and brought over to add to the 0. But, the 1 taken 
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from 3 has a value 10 times as great as it would have in the position of 
the cipher, according to Arts. 11 and 12. Therefore, 10 is added to 
the cipher, making 10, and the 3 becomes decreased to 2. The minuend 
might then be written as in the following: 


10 
206 
14 


292, 


The remainder of the solution is easy; 1 from 10 leaves 9, and noth- 
ing from 2 leaves 2. Hence, 292 pieces were passed by the inspector. It 
is not customary to rewrite the minuend as here shown; instead, the 
taking of 1 from the 3 is done mentally. 


Examp.Le 3.—From a stock of 20,000 small machine parts 8,763 were 
used. How many remained? 


SoLtution.—To find how many remained, subtract the number used 
from the total stock, thus: 


pigs7. Ane 


ExpLanatTion.—As 3 cannot be taken from 9 in the units column, the 
attempt is made to borrow 1 from the tens column, so as to obtain 
10 units. But there are no tens, and on going, successively, to the hun- 
dreds column and to the thousands column, a cipher is found in each 
case. It is not until the ten-thousands place is reached that a number 
greater than zero is found—2 in this case. It is now necessary to take 
1 ten-thousand, or 10 thousands, from the 2 and add it to the 0 thou- 
sands, giving 10+0=10 thousands; but it is necessary to continue the 
borrowing and to take 1 thousand, or ‘10 hundred, away from the 10 
thousands and add it to the hundreds column, leaving a remainder of 
10—1=9 thousands. Adding 10 hundreds to 0 hundreds gives a sum of 
10 hundreds. But 1 hundred, or 10 tens, must be taken away from the 
hundreds to add to 0 tens, leaving 10—1=9 hundreds. 

Adding 1 hundred, or 10 tens, to 0 tens, the sum is 10 tens. Finally, 
1 ten, or 10 units, must be taken from the 10 tens to be added to the 
0 unit, giving 10 units as the sum. The minuend might now be written 
as in the following: 

10 
19990 
8763 


2 St7, 


Then, 3 from 10 leaves 7; 6 from 9 leaves 3; 7 from 9 leaves 2; 
8 from 9 leaves 1; and nothing from 1 leaves 1. Usually the taking of 
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1 unit from the several places is done mentally, and is not written down 
as shown. 


33. Rule for Subtraction.—Using the preceding expla- 
nations as a basis the following rule may be formed: 


Rule.—When subtracting, write the subtrahend under the 
minuend with units under units, tens under tens, etc., and draw 
a horizontal line beneath the subtrahend. 

Subtract units of the subtrahend from units of the minuend, 
tens from tens, etc., writing the remainders beneath the line in 
the order in which they are obtained, 

If any figure in the minuend represents a smaller number 
than the figure beneath, borrow 1 from the preceding number 
and add 10 to the smaller number, then subtract the lower num- 
ber from the sum. 


34. Proof.—To prove an example in subtraction, add 
the remainder to the subtrahend. The sum should equal the 
minuend. If it does not, a mistake has been made, and the 
work should be done over. 

Proof of example 3, Art. 32. 

8763 
WM AS) 7 
20000 


30. General Remarks on Subtraction.—The student 
should practice finding the differences between small numbers, 
until he is able to name with ease and rapidity the difference 
between any two numbers less than ten. A special subtraction 
table is not required for this purpose, as the addition table can 
be referred to in case of necessity. For instance, according to 
the table the sum of 7 and 6 is 13. It follows, that if either one 
of the numbers 7 and 6 is subtracted from 13, the other number 
must be equal to the remainder. Thus, on subtracting 6 from 
13, the remainder is 7. If 7 is subtracted from 13, then 6 is 
the remainder. In the same manner, it is found that 8 from 
16 leaves 8, 9 from 13 leaves 4. 

It will be a great help to the student if he at odd moments, 
while walking or working, will mentally reverse the addition 
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table and use it as a subtraction table. For instance, instead 
of saying to himself, 6 and 5 is 11, let him ask, 6 from 11 is 
how much? 9 from 17 is what? ete., and in a short time the 
right answer will present itself without any mental effort 
whatever. 


EXAMPLES FOR PRACTICE 


i Prom: 
(a) 94,278 take 62,574. ((a) 31,704 
(b) 53,714 take 25,824. (b) 27,890 
(c) 71,832 take 58,109. Ans.{ (.) 13,723 
(d) 20,804 take 10,408. [(d) 10,396 


2. A shop employing 3,214 hands was forced to lay off 736 of them. 
What number was left? Ans, 2,478 


3. A casting weighing 2,785 pounds was poured from a ladle con- 
taining 4,210 pounds of metal. How many pounds remained in the 
ladle to be used for other castings? Ans. 1,425 1b. 


4. If an electric meter registers 7,968 watt-hours at one reading, and 
10,430 at the next reading, how many watt-hours were used by the 
customer between the two readings? Ans. 2,462 watt-hours 


Note.—A watt-hour is the unit by which electric power is measured. 


5. On January 1 a power plant had 19,860 tons of coal on hand. 
During the entire month 3,100 tons were consumed; how much coal 
was on hand February 1? Ans. 16,760 tons 


6. The total weight of a mine car loaded with coal is 4,326 pounds. 
If the empty car weighs 1,564 pounds, what is the weight of the coal? 
Ans. 2,762 Ib. 


7. In setting out the boundary line of a piece of land, it is found 
that at one point of the line the distance from the starting point is 
385 feet. At another point of the same line the distance from the 
starting point is 1,065 feet. What is the distance between the two 
points ? Ans. 680 ft. 


8. On completing a piece of work it was found that out of a stock 
of 1,037 pounds of pipe fittings there remained a quantity of 259 pounds. 
How many pounds were used? Ans. 778 lb. 


9. During a certain month, a textile mill purchased wool valued at 
5,642 dollars and cotton costing 3,834 dollars. How much greater was 
the expenditure for wool than for cotton? Ans. 1,808 dollars 
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10. The distance between New York City and Liverpool, England, 
is 3,166 nautical miles. If a ship sailing for England has covered 


1,275 miles of this distance, how far is it from Liverpool? 
Ans. 1,891 miles 


Norr.—A nautical mile differs from a statute mile. The former contains 
6,080 feet, the latter only 5,280 feet. 


MULTIPLICATION 


36. Definitions.—Multiplication is merely a short- 
ened process of addition, used when the sum of a group of 
equal numbers is to be found. To multiply a number is to 
add it to itself a certain number of times. For instance, suppose 
the sum is required that results from using the number 4 
three times in the process of addition. By the method of 
addition it is easy to see that 4+4+4=12. But, suppose it is 
desired to take the number 13,976 ninety-nine times. It would 
be a long, tedious process to find the desired result by addition, 
so the need of a shorter method is imperative. Multiplication 
meets this need. By its means it is possible to find the result 
of taking any number as many times as desired. 


3%. The number that is to be added to itself, or the number 
to be multiplied, is called the multiplicand. 

The number that shows how many times the mutltiplicand is 
to be taken, or the number by which we multiply, is called the 
multiplier. 

The sign of multiplication is X. It is read times or mul- 
tiplied by. Thus 9X6 is read 9 times 6, or 9 multiplied by 6. 


38. The result obtained by multiplying is called the prod- 
uct. Thus, 40X8=320 is read 4o multiplied by 8 equals 320, 
or 4o times § equals 320. In this example, 40 is the multipli- 
cand, 8 the multiplier, and 320 the product. 

The product of several numbers is the same, whatever may 
be the order in which they are multiplied; thus, 4X3x2=24, 
4X2X3=24, and 3X4X2=24, etc. 

The two or more numbers that, when multiplied together 
produce a product, are said to be the factors of that product. 
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Thus, 2, 3, and 4 are factors of 24; 5, 6, and 3 are factors of 
90; and so on. 


39. Practicing Multiplication.—In Table II, the prod- 
uct of any two numbers (neither of which exceeds 12) may 
be found. The table should be carefully committed to memory. 
This is especially important, as successful future work depends 
largely on the student’s ability to name promptly these products 
in any order. Study one section at a time until the product of 
any pair of numbers can be given at once; then go to the next 
section. Review the sections repeatedly. 

Any number multiplied by 1 gives a product equal to the 
number itself, as indicated in the first line of each section of 
the table. 


40. Rule for Multiplication.—To multiply numbers 
larger than those given in Table II proceed according to the 
following rule and examples: 


Rule.—I. When multiplying, write ihe multiplier under 
the multiplicand, so that units are under units, tens under 
tens, etc. 

It. Begin at the right, and multiply the multiplicand by the 
figures of the multiplier, taken in succession, placing the right- 
hand figure of each partial product direcily under the figure 
used as a multiplier. 

TI. The sum of the partial products will be the required 
product. 


41. To Multiply by a Number of One Figure Only. 
The application of the preceding rule to multiplication by one 
figure will be shown by the following example and solution: 

ExampLe.—Multiply 425 by 5. 


So_ution.—According to part I of the rule, the multiplier 5 is writ- 
ten under the figure 5 of the multiplicand. On looking in the multipli- 
cation table, it is seen that 5X5=25, of 


which the figure 5 is written in the multiplicand 425 
product directly under 5 in the multi- multiplier & 
plier and 2 is carried, or ‘added to the product 2125 Ans. 


product of 5X2; thus, 5X2+2=12, of 
which the figure 2 is Written in the product and 1 is carried, that is, 


24 ELEMENTS OF ARITHMETIC om: 
added to the product of 5X4. Thus, 5X4=20 and 20+1=21, both 
figures being written in the product because all the figures of the mul- 
tiplicand have been used. The work is now complete and the product 
1S) 225% 
This result can also be obtained by adding 425 five times; thus, 

425 

A) 

425 

425 

425 


sum 2125 Ans, 


42. To Multiply by a Number of Two or More 
Figures.—The following example and solution shows the 
application of the rule, Art. 40, to cases in which the mul- 
tiplier has two or more figures: 


Exampie—Multiply 475 by 234. 


So_tution.—Proceeding according to part II of the rule, 4X5=20, of 
which 0 is written in the first partial product and 2 is carried; 4X7=28 
and 28+2=30, of which O is written as the next figure of the first 
partial product and 3 is car- 


pede 450416 and 160 319. multiplicand 475 
' which completes the first par- multiplier 234 
tial product, 1,900. Using the first partial product 1900 
next figure of the multiplier, second partial product 1425 
3X5=15, of which 5 is writ- third partial product 950 


a 


ten directly under 3 as the 
first figure of the second par- 
tial product and 1 is carried; 3X7=21 and 21+1=22, of which 2 is 
written in the second partial product and 2 is carried; 3X4=12 and 
12+2=14, which completes the second partial product, 1,425. Using 
the last figure, 2, of the multiplier, 2X5=10, of which O is written 
directly under 2 as the first figure of the third partial product and 1 is 
carried; 2X7=14 and 144-1=15, of which 5 is written as the second 
figure of the third partial product and 1 is carried, or added, to the 
product of 2X4, or 8, making 9, which figure completes the third partial 
product, 950. According to part III of the rule, the sum of the three 
partial products gives the total product, 111,150. 


product 111150 Ans, 


43. Proof.—To prove the correctness of multiplication, 
review the work carefully, or multiply the multiplier by the mul- 
tiplicand. If the same product is obtained, the work is 
probably correct. 


TABLE If 
MULTIPLICATION TABLE 


rats 
2 is 
Buc 
4 is 
5 is 
6 is 
7 is 
8 is 
9 is 
Io is 
II is 


12/48 


I times 
I times 
I times 
I times 
I times 
I times 
I times 
I times 
I times 
I times 
I times 
I times 


Tas 
2 is 
Bats 
4 is 
5 is 
6 is 
7 is 
8 is 
9 is 
Io is 
TT is 
I2 is 


5 times 
5 times 
5 times 
5 times 
5 times 
5 times 
5 times 
5 times 
5 times 
5 times 
5 times 
5 times 


1 is 
2S 
3 is 
4 is 
5 is 
6 is 
7 is 


8 is 


2 times 
2 times 
2 times 
2 times 
2 times 
2 times 
2 times 
2 times 
2times 9 is 
2 times I0 is 
2 times II is 
2 times 12 is 


Ts 
215 
eats 
4 is 
5 is 
6 is 
Tas 
8 is 


6 times 
6 times 
6 times 
6 times 
6 times 
6 times 
6 times 
6 times 
6 times 9 is 
6 times I0 is 
6 times II is 
6 times 12 is 


3 times 
3 times 
3 times 
3 times 
3, times 
3, times 
3 times 
3, times 
3, times 
3, times 
3 times 
3, times 


I is 
2 is 
Sas 
4 is 
5 is 
6 is 
7 is 
8 is 
9 is 
10 is 
TT is 


I2 is 


4 times 
4 times 2 
4 times 
4 times 
4 times 
4 times 
4 times 
4 times 
4 times 
4 times 
4 times 
4 times 


Lal 


4 
be OU ON aN 


i 


7 times 
7 times 
7 times 
7 times 
7 times 
7 times 
7 times 
7 times 
7 times 
7 times 
7 times 
7 times 


9 is 
IO is 
Ti 15 


Ta 16 


8 times Ii 
8 times 
8 times 
8 times 
8 times 
8 times 
8 times 
8 times 
8 times 9 is 
8 times 10 is 
8 times II 
8 times I2 


is 


15 


1 is 
2is 
348 
4 is 
5 is 
6 is 
AS 


g times 
9 times 
9 times 
9 times 
9 times 
9 times 
9 times 
g times 8 is 
g times 9 is 
g times 10 is 
g times II is 
g times 12 is 


10 times 
ro times 
to times 
to times 4 is 
to times 5 is 
10 times 
ro times 
Io times 
10 times 9 is 
Io times 10 is 
10 times II is 
10 times I2 is 


II times 
II times 
II times 
Ir times 
Ii times 
It times 
It times 
II times 
Ir times 


L15 
215 
3 is 
4 1s 
5 is 
6 is 
71s 
8 is 
9 is 


99 


II times 10 is IIO 
II times II is I21 
II times 12 is 132 


2/12 times 


12 times I 


12 times 
12 times 
12 times 
12 times 
12 times 7i 
12 times 
12 times 
12 times 10 is 
12 times II is 
12 times 12 is 


oO —— a—e—aeaeuaueasea—as SS 


25 
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44. Ciphers as Multipliers.—When there is a cipher 
in the multiplier, multiply by it the same as with the other 


figures. Thus, 
(a) (b) (c) (d) 
0 Z 1S 708 
x0 x0 x 0 eb 
0 Ans. 0 Ans. 00 Ans 000 Ans. 
(e) (f) (9) 
3114 4008 31264 
203 305 OO 
9342 20040 62528 
0000 0000 00000 
6228 12024 00000 
2 rae 31264 
632142 Ans. 1222440 Ans. 
31326528 Ans. 
45. When multiplying by a number containing one or 


more ciphers, the work may be shortened by simply writing 
the first cipher of a partial product in its proper place and the 
next partial product alongside it. For example, the solutions 
to examples (c) and (g) in the preceding article may be writ- 
ten as follows: 


3114 31264 

203 OO 

OS 62528 
62280 3126400 
632142 Ans. Sli 0512/83) ATs: 


46. If there are ciphers at the right-hand end of the mul- 
tiplier, they need not be used in the multiplication, but may be 
carried down to the product. 


EXAMPLE.—Multiply 2,675 by 3,900. 


NOES 
3900 


24073 
8025 


10432500 Ans. 


SoLUTION.— 


ExpLaNnatTion.—In a case like this, the multiplier is written so that 
the ciphers at its right extend to the right of the units figure in the 
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multiplicand. These two ciphers are brought down vertically to the end 
of the product of 2,675 and 39. 

47. Ciphers in the Multiplicand.—I{ there are ciphers 
at the end of the multiplicand, the procedure is similar in all 
respects to that explained in Art. 46; thus, to multiply 4,907,- 
600 by 487 proceed as follows: 


4907600 
487 


SH Solos 
392608 
196304 
2390001200 Ans. 

If both multiplicand and multiplier end in ciphers, place the 
right-hand digits, or figures that are not ciphers, under each 
other, as above, and add to the product a number of ciphers 
equal to the sum of the ciphers contained in the multiplicand 
and the multiplier on the right of their right-hand digits. 


ExaMpLe— Multiply 590,000 by 420. 


SoLuTION.— 590000 
420 


118 
236 
247800000 Ans. 
ExpLaANaATION.—In this case there are, in all, 5 ciphers on the right 


of the right-hand digits in the multiplicand and the multipler. There- 
fore, there must be 5 ciphers on the right of the right-hand digit in the 


product. 


EXAMPLES FOR PRACTICE 


1. Find the product of the following: 


(a) 61,483X6. (a) 368,898 
Ge ige7e<s. (b) 61,875 
(c) 4,836X47. (c) 227,292 
(d) 3,257X246. Ans. (4) g01,222 
(e) 2,875X302. (c) 868,250 
(f) 17,819 1,004. (f) 17,890,276 


2. A certain machine is capable of turning out 48 finished pieces of 
work in a day. At this rate, find the output of the machine in one year 
of 296 working days. Ans. 14,208 
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3. What is the total weight of cast iron in 649 pumps, if the amount 
of iron in each pump weighs 37 pounds? Ans. 24,013 pounds 


4. A ranchman owns 945 head of cattle, valued at 117 dollars a 
head; how much are they all worth? Ans. 110,565 dollars 


5. A certain mill contains 1,830 looms, each of which produces 175 


yards (abbreviated yd.) of cloth per week; what is the total production? 
Ans. 320,250 yd. 


6. A machine turns out 50 finished pieces of work in a day. What 
would be the output of the machine in one year of 306 working days? 
Ans. 15,300 pieces 


7. In a month of 30 days, how many miles can be run by a. ship 
that averages 432 miles per day? Ans. 12,960 miles 


8. A water-tube boiler containing 144 tubes needs to be fitted with 
new tubes. Assuming the cost for each tube to be 9 dollars, what will 
be the total cost for the 144 tubes? Ans. 1,296 dollars 

Note.—A water-tube boiler is one in which the water js in the tubes, which are 


surrounded by the hot gases of combustion. In a fire-tube boiler the water suwr- 
rounds the tubes, and the hot gases pass through the interior of the latter. 


9. If 40,635,000 acres of wheat produce, on an average, 13 bushels 
to the acre, what is the total yield? Ans. 528,255,000 bushels 


10. A power station has on hand 38 barrels of lubricating oil; the 


average contents of a barrel is 50 gallons. What is the total quantity on 
hand? Ans. 1,900 gallons 


DIVISION 


48. Definitions.—Division is the process of finding 
how many times one number is contained in another; or, it is 
the process of separating a number into a given number of 
equal parts. 

For instance, a brass rod, 32 inches long, is to be divided into 
short pieces, 2 inches in length. This is an example of finding 
how many times one number, in this case 2, is contained in 
another number, here 32. Or, suppose that 150 dollars is to 
be divided equally among 5 men; how much will each man 
receive? Here it is a question of separating a number, as 150, 
into a number of equal parts, corresponding to the number of 
men, 
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49. The dividend is the number to be divided, or to be 
separated into equal parts. 

The divisor is the number by which the dividend is divided. 

The quotient is the number showing how many times the 
dividend contains the divisor. 

The sign of division is +. It is read divided by. Thus, 
54+9 denotes that 54 is to be divided by 9. Another way to 
write 54 divided by 9 is 54, Thus, 54+9=6, or54=6. 

In both of these cases 54 is the dividend, 9 is the divisor, 
and 6 is the quotient. 

Division is the reverse of multiplication, as the latter process, 
instead of separating a number into a number of equal parts, 
or factors, combines a number of equal parts into a complete 
whole. 


Notr.—The student should study Table II again until when any prod- 
uct given therein and one of its factors are named he can immediately 
name the other factor. A good plan is to cover the second column of 
factors with a strip of paper or cardboard and recall them from memory. 
In carrying out these tests the dividends should not be taken in order, 
but selected at random; otherwise the answer will be known without 
testing one’s ability in division. 


50. Rule for Division.—To divide numbers larger than 
those given in Table II, proceed according to the following 
rule and examples: 


Rule.—I. Write the divisor at the left of the dividend, 
with a curved line between them. — 

II. Begin at the left-hand end of the dividend and find 
how many times the divisor is contained in the least number 
of figures that will contain it, and write the result for the first 
figure of the quotient, separating it from the dividend by a 
curved line. 

III. Multiply the divisor by this quotient; subtract the 
product from the partial dividend used, and to the remainder 
annex the next figure of the dividend. Divide as before, and 
thus continue until all the figures of the dividend have been 
used. 

Iv. If any partial dividend will not contain the divisor, 
write a cipher in the quotient, annex the next figure of the 
dividend, and proceed as before. 
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Vv. if there is a remainder after the last figure of the divi- 

dend has been used, draw a straight line after the quotient and 

write this remainder above the line and the divisor below. 


51. To Divide When the Divisor Consists of But 
One Figure.—Proceed as in the following example: 


ExampLe.—What is the quotient of 861+7? 


Sotution.—The dividend and the divisor are written according to 
part I of the rule in Art. 50, and a place is provided for the quotient at 
the right of the dividend. On application of part II of the rule, it 15 
found that of the figures at the left-hand end of the dividend, the one 


figure 8 is sufficient to contain the Diiicone Gavadewed aman 
divisor 7. As 7 is contained 1 7)861(123 Ans. 
lime in the figure 8, the figure 1 yi 


is written as the first figure of the 
quotient. According to part III 
of the rule, 1X7=7, which product eet. 
is written under 8 and subtracted, partial dividend 21 

leaving 1, to which is annexed the Zi 

next figure, 6, of the dividend, giv- 0 

ing the new partial dividend 16. 

In this dividend 7 is contained 2 times, and 2 is written after 1 in the 
quotient. The product 2X7=14 is written under 16 and subtracted, leay- 
ing 2, to which is annexed the next figure, 1, of the dividend, giving the 
second partial dividend 21. In this dividend 7 is contained 3 times, and 
3 is written after 2 in the quotient. 3X7=21, which is written under 
21 and subtracted, leaving 0. All the figures of the dividend have now 
been used and the division is complete, the quotient being 123. 


partial dividend 16 
14 


52. To Divide When the Divisor Consists of Two or 
More Figures.—The rule in Art. 50 applies also in this case, 
its application being illustrated by means of the following 
example: 

ExampLe.—Divide 2,702,839 by 63. 


SoLution.—Applying part II of the rule, Art. 50, it is necessary to 
find the least number of figures of the dividend that will contain the 
divisor. As 63 is not contained in 2 nor in 27, the first three figures of 
the dividend, that is, 270, must be used. To determine how many times 
63 is contained in 270, it is noted that 6 is contained in 27 4 times with a 
remainder, and 4 is tried as the first figure of the quotient. As the 
product 4X63=252 is found to be smaller than 270, it is retained and 
subtracted from the latter, giving the remainder 18. Annexing the next 
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figure, 2, of the dividend to this remainder, the first partial dividend 
182 is obtained. It is found that 63 is contained in 182 2 times with a 
remainder; so 2 is written as the second figure of the quotient. At first 
thought, it might seem that this figure should be 3, because 18+6=3; 
but 3X63=189, a number larger than 182; so 3 is too large for the 
second figure of the quotient. 2X63=126, which is written under 182 
and subtracted. To the remainder, 56, the next figure, 8, of the dividend 
is annexed, giving 568 as a new partial dividend. As 6 is contained in 
56 9 times with a remainder, 63 may be assumed to be contained 9 times 
in 568, and 9 is accordingly written as the third figure of the quotient. 
9X63=567, which is written under 568 and subtracted. To the 
remainder, 1, the next figure, 3, of the dividend is annexed, giving 13, 
but 63 is not contained in 13. According to part IV of the rule, 
Art. 50, 0 is written in the quotient, and the next figure, 9, of the 
dividend is brought down, making 139 as a new partial dividend. 
139+63=2, with 13 remaining. Since this is the last remainder, all 
figures of the dividend having been used, 13 is written above a straight 
line after the quotient with the divisor underneath, according to part V 
of the rule. 


divisor dividend quotient 
63)2702839(4290213 Ans. 
252 
partial dividend 182 
126 
partial dividend 568 
DOW, 
partial dividend 139) 
12276 
remainder 3 


53. Long Division and Short Division.—When the 
process of division is carried out in full, as in the preceding 
examples, it is called long division; when shortened, or 
abridged, by performing some of the work mentally instead of 
writing it, the process is called short division. Short divi- 
sion is preferable when the divisor is not greater than 12, but 
should not be attempted before one is fully familiar with long 
division. 

In short division, only the divisor, the dividend, and the 
quotient are written, the operations being performed mentally. 
The method followed will be explained by the succeeding 


example. 
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Oe 
bo 


EXAMPLE.—Divide 992 by 8. 


Sotutton.—The divisor is placed to the left of the dividend, as in 
long division, but the quotient is placed under the dividend, and 
separated from it by a line, as shown. The mental operation is per- 


formed as follows: The divisor 8 is con- ae a 
divisor dividend 


tained in 9 1 time with 1 remaining. This 8) 9992 
remainder is conceived to be written imme- 

* vite . i ? 

diately before the next figure, 9, of the divi- quotient 124 Ans. 


dend, as shown by 1 in small type, and 8 is 

contained in 19 2 times with 3 remaining. This remainder is con- 
ceived to be written before the next figure, 2, of the dividend, and 8 is 
contained in 32 4 times with no remainder. This completes the division, 
giving the quotient 124. 

54. Proof.—To prove division, multiply the quotient by 
the divisor, and add the remainder, if there 1s any, to the 
product. The result will be the dividend. ‘Thus, the correct- 
ness of the work in the example, Art. 52, can be proved, as 
shown, by multiplying 42,902 by 63 and adding 13. The 
result is equal to the dividend. 

quotient 42902 


divisor 63 
128706 
Zo/ 412 
2702826 
remainder 13 


dividend 2702839 


EXAMPLES FOR PRACTICE 
1. Divide the following: 


(a) 126,498 by 58. [ (a) 2,181 
(b) 3,207,594 by 767. (b) 4,182 
(c) 11,408,202 by 234. Ans. (c) 48,753 
(d) 2,100,315 by 581. | ( 3,615 
2. A lot of castings weigh 11,060 pounds. If they are alike, and one 
weighs 28 pounds, how many are there in the lot? Ans, 395 


3. If the driving shaft of a machine makes 9,730 turns in 35 minutes, 
how often does it turn in 1 minute? Ans. 278 times 


4. If sound, under certain conditions, travels at the rate of 1,118 feet 


per second (abbreviated sec.), what time will be required for it to travel 


23,478 feet? Ans. 21 sec. 
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5. A steamship company pays 6,120 dollars monthly wages to 85 fire- 
men, each receiving the same amount. How much does each fireman 
receive per month? Ans. 72 dollars 


6. There are 5,280 feet in a mile. How many rails would it take to 
lay a double row of rails, each row 1 mile long, if the length of a rail 
is 30 feet? Ans. 352 rails 


7. How many electric lamps at 30 cents each can be purchased for 
90 cents? Ans. 3 lamps 


8. If 16 carloads of coal weigh 46,336 pounds, what is the weight per 
carload, assuming each car to contain the same quantity? Ans. 2,896 Ib. 


9. A mill purchased cotton to the value of 12,600 dollars, at 42 dol- 
lars per bale; how many bales were purchased? Ans. 300 bales 


10. If 20 water tanks of equal size contain 25,500 gallons, when all 
are filled, how many gallons does each tank contain? Ans. 850 gal. 


COMBINATIONS OF ARITHMETICAL 
OPERATIONS 


55. Order of Operations.—The various signs used in 
arithmetical operations, such as +, —, X, and +, are known 
as symbols. Several numbers may be connected by various 
symbols, so as to constitute a row, or a series, as, for instance, 
4+8—3X2+10+5. Such a combination of numbers and 
signs is called an expression. This expression indicates that 
the product obtained by multiplying 3 by 2 is to be subtracted 
from the sum found by adding 8 to 4. To the resulting differ- 
ence is to be added the quotient obtained by dividing 10 by 5. 

To insure correct results it is necessary that the operations 
indicated by the symbols in this and similar expressions should 
be performed in the following order: 


1. Multiplication. 
2. Division. 
3. Addition or subtraction. 
Applying this method to the preceding series, the process of 
multiplication is performed first; then, division. Thus, oe 


=6, and 10+5=2.° The series may now be written 4+8 
ILT 271B—4 
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—6+2. Performing the operations indicated by the symbols 
from left to right the final result is 8. 


56. Symbol of Aggregation.—The ordinary parenthe- , 
sis, ( ), is used also in arithmetical operations. It is then called, 
a symbol of aggregation, the word aggregation meaning 
combination. 

A parenthesis indicates that the numbers enclosed within it 
are to be considered as a whole with respect to any preceding 
or following arithmetical symbol. It is important to note that 
the operations indicated by the sign or signs within the paren- 
thesis should be performed first. Thus, in the expression 
13X(8—3) the numbers contained within the parenthesis are 
considered as a whole, and the process of subtraction, indi- 
cated by the symbol, is to be performed before multiplication 
takes place. That is, 3 is to be taken from 8 before multi- 
plying by 13; thus, 13% (8-3) =13X5=65. 

When the parenthesis is not used, then the multiplication is 
to be performed before the subtraction, as explained in Art. 55. 
Thus, 13X8—3=104—3=101. 

Again, 2X (8—3) means 2X5=10. On removing the paren- 
thesis, thus, 2X8—3, multiplication precedes subtraction. 
Hence, 2X8=16, and 16—3=13. 


57. Examples.—The application of the preceding rules 
will be further illustrated by the following examples: 

Exampe Le 1.—Find the value of the expression 4X24—8+17. 

SoLution.—Performing the operations indicated according to 
Art. 55, 4X24=96; 96—8=88; 88+17=105. Ans. 

ExampLe 2.—F'ind the value of the expression 1,296+12+160—22X3. 

SoLution.—Multiplication and division must be performed before 
subtraction can take place. Thus, 22X3=66; 1,296+12=108. The 
expression may now be written 108+160—66. Performing the remain- 
ing operations from left to right: 108+160=268; 268—66=202. Ans. 

EXAMPLE 3.—Solve the following expression: (26—4) X (16+4). 

SoLutTion.—First perform the operations indicated within the paren- 
thesis. Thus, (26—4)=22, and (16+4)=20; then, 22X20=440. Ans. 

EXAMPLE 4.—Solve the following expression: (26—4)16+4. 


SoLtution.—First remove the parenthesis by performing the operation 
indicated within; thus, (26—4)=22, Next remove the multiplication 
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sign by performing the required operation; thus, 22X16=352. Finally, 
352+4=356. Ans. 


Note. —Comparison should be made between the answers obtained in the two 
preceding examples. The only difference in the examples is the omission of a 
parenthesis in example 4; yet, there is a difference in the results of 440—356=84. 


ExampLe 5.—Solve the following expression: 5X4—21+7—(15—5 
4). 

So.ution.—The parenthesis is removed first by carrying out the 
operation indicated by the signs within it. Thus, subtracting 5 from 15 
leaves 10, to which is added 4, thus obtaining 14. The same result may 
be obtained by adding 4 to 15, thus obtaining 19, and subtracting 5. 
Next, the signs of multiplication and division must be removed by per- 
forming the required operations. Thus, 5X4=20; 21+7=3. The 
expression now has the following form: 20—3—14. Performing the 
two subtractions, 20—3=17, and 17—14=3. Ans. 


EXAMPLES FOR PRACTICE 


Find the values of the following expressions: 


Ga) (eds 1) 4 (a) 3 
(6) §X24—32. (b) 88 
Ces ae (c) 8 
(d) 144-524, Ams.) (q) 24 
(ec) 2,080+120—80X4—1,670. (e) 210 
(f) (90+60) + (2X5). (f) 15 


SIMPLE ARITHMETICAL EQUATIONS 

58. Definitions.—An equation is an expression in 
which two equal quantities are connected by an equality sign 
(=). The term quantity in this case refers to a single num- 
ber or to several numbers connected by arithmetical symbols. 
For example, the number 8 is a quantity, and so is 5+3. 
These two quantities are equal, and if they are connected by 
an equality sign, as 5+3=8, an equation is obtained. Examples 
of other equations are: 6+2+1=9; 41+517=10+6. They 


are all called simple equations. 


59. Solution of Equations.—In an equation there is 
usually a missing number or quantity the value of which has to 
be found. The position of the missing quantity may be indi- 
cated by a question mark (?) or by a letter; for this purpose 
the letter x is generally used. Following are some examples of 


36 ELEMENTS OF ARTE MEE Si 


simple equations and the methods followed in finding the miss- 
ing quantity : 


Exampte 1—Find the value of the missing number belonging on the 
right side of the equality sign in the equation 5+2=? 


SoLtution.—The sum of 5+2 is equal to 7; therefore, 7 is the value 
of the missing number. 


EXAMPLE 2.—What is the value of + in the equation 9+4+#=15. 


Sotution.—It is required to find a number, which added to 9 gives a 
sum equal to 15. If 9 and the unknown number make a sum of 15, it is 
evident that by subtracting 9 from 15 the difference will give the 
number required. Thus, 15—9=6 and +=6. Ans. 


Examp.e 3—TI'ind the value of x in the equation 5X +=40. 


So_uTion.—It is required to find a number, that multiplied by 5 gives 
a product equal to 40. If the latter product is obtained by multiplying a 
number by 5, it is evident that the quotient found by dividing 40 by 5 
must be the number required. Thus, 40+5=8, and 5X8=40; therefore, 
x=8. Ans. 


EXAmpLe 4.—F ind the value of x in the equation ++5=6. 


So_ution.—It is required to find a number which, when divided by 5, 
will give the quotient 6. It follows that the product of 5 and 6, which is 
30, must be the value of ». Thus, 5X6=30, and 30+5=6. The value 
of « is 30. Ans. 


60. Incorrect Use of the Equality Sign.—In show- 
ing the several steps of a calculation, the equality sign is some- 
times used in an incorrect manner, because it is made to connect 
expressions that are not of equal value. For instance, it is 
incorrect to use an equality sign as in the following example: 


2004 = 800+25 = 32 


The expression is apparently an equation, but on closer 
examination it is found that this is not the case. The product 
200X4= 800, found on one side of the equality sign, is not 
equal to the quotient 32, obtained by dividing 800 by 25. Hence, 
the equality sign is out of place and is misleading. The two 
operations indicated should be written separately, as, for 
example: 

2004 = 800 
800+ 25 = 32 
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EXAMPLES FOR PRACTICE 


Find the value of x in the following equations: 


(a) 4Xx=12 (a) 3 (e) #—5=12 (e) 17 
(b) ++12=16 (b) 4 (f) 16++=4 (f) 4 
(c) 7+xr=14 AMS) (0) 7 (@) See=3 2") Gg) 12 
(d) 9—x=7 ha , (h) #+8=5 (n) 40 


FRACTIONS 


FUNDAMENTAL PROCESSES 


REDUCTION OF FRACTIONS 


INTRODUCTION 


1. Fractions in General.—A fraction is one or more of 
the equal parts into which a whole thing, or unit, is divided. 
The unit may be anything, as a circle, a dollar, a mile, a plot of 
land, etc. In Fig. 1 (a) is shown a circle divided into two equal 
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parts by a straight line, with one of the parts shaded. Each of 
these parts is a half of the whole circle; that is, each is a frac- 
tion of acircle. When the circle is divided into two equal parts, 
as shown, each part, or fraction, is one-half, which is written 3. 

Another circle is shown in (b), divided into three equal parts. 
Each of these equal parts is a third, or one-third, of the entire 
circle. This fraction is written $. The circle in (c) is divided 
into four equal parts, each of which is a fourth, or one-fourth, 
of the whole circle. The fraction one-fourth is written }. The 
circle in (d) is divided into five equal parts, each of which is 
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one-fifth of the whole circle. This fraction is written $. Two 
of the equal parts in (d) are shaded; consequently, the part of 
the whole circle that is shaded is two-fifths, which is written $. 
Similarly, in (b), there are two parts not shaded, so that the 
part or fraction not shaded is two-thirds, written 3. In (c), 
three of the equal parts are not shaded; consequently, the 
fraction of the circle that is not shaded is three-fourths, or 3. 


2. Numerator and Denominator.—From what has just 
been stated it must be plain that two numbers are needed to 
write a fraction. The numbers are written one above the other, 
with a line between them, and each has its own name. A frac- 
tion expressed by means of two numbers, one over the other, 
separated by a line is known as a common fraction, to dis- 
tinguish it from a decimal fraction, which will be described in a 
succeeding Section. The number above the line is called the 
numerator of the fraction and the number below the line is 
called the denominator of the fraction. Every common frac- 
tion must have a numerator and a denominator. The denomi- 
nator shows how many equal parts a thing is divided into, and 
the numerator shows how many of those equal parts are taken, 
or considered. 

For example, in Fig. 1 (a) the shaded part of the circle is 4 of 
the circle. In the fraction 4, the numerator is 1 and the denomi- 
nator is 2. The denominator 2 shows that the circle is divided 
into two equal parts, and the numerator 1 shows that one of 
those parts is considered. In (d), the fraction of the circle 
that is shaded is 2. The denominator 5 of the fraction shows 
that the circle is divided into five equal parts, and the numer- 
ator 2 shows that the two parts that are shaded are considered. 
If the unshaded part had been considered, the numerator would 
have been 3, and the fraction would have been 2, because three 
of the five equal parts are not shaded. 

The numerator and the denominator of a fraction are called 
the terms of a fraction. 


3. Effect of Denominator on Value of Fraction.—The 
larger the denominator of a fraction, the smaller is the fraction, 
the numerator being the same. This may easily be shown by 
referring to Fig. 1 (b) and (d). The fraction represented by 
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one of the equal parts in (0) is } and that represented by one 
of the equal parts in (d) is 3. The denominator 5 is greater 
than the denominator 3, but the fraction 1 is smaller than the 
fraction 3. This can be seen by comparing one of the equal 
parts in (d) with one in (b). One of the parts in (d), or 3 of the 
circle, is much smaller than one of the parts in (6), or 4 of the 
circle. Ilence, if the numerators of two fractions are equal, 
the fraction with the smaller denominator is the greater. Thus, 
of the two fractions 7° and 3, the latter is the greater. But if 


the denominators are Soe the one with the larger numerator 


ee 
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is the greater. Take # and %, for example; in this case the 
denominators are equal, and 4 is greater than 2 because 4 is 
greater than 3. 

To illustrate the point more fully, it may be supposed that 
the circle represents some object, such as a cheese or a large 
cake weighing 60 pounds. Then, : 

One-half weighs 60+-2=30 pounds 
One-third weighs 60+3=20 pounds 
One-fourth weighs 60+-4=15 pounds 
One-fifth weighs 60+-5=12 pounds 
One-sixth weighs 60+6=10 pounds 
One-tenth weighs 60+10=6 pounds 

Therefore, the larger the denominator of the fraction the 
smaller is its value. It was said before that 3% is less than 3. 
In the case of the object weighing 60 pounds, one-tenth weighs 
6 pounds, and 3%, which is three times yy, weighs 3X6=18 
pounds; one-fourth weighs 15 pounds, and { weighs 3X15 
=45 pounds. We thus see in another way that 75 weighs less 
than 3, or 33; is less than 7. 

4. Division Expressed by a Fraction.—A fraction may 
also be used to express division; for example, 4+5 may be 
written #, which is a fraction; and similarly, 3+16 may be 
written ;°;. The value of a fraction is the result obtained by 
dividing the numerator by the denominator. 


5. Proper Fractions and Improper Fractions.—If the 
numerator of a fraction is less than the oe the frac- 
tion is called a proper fraction ; thus, 3, 3, $, 16) yo are proper 
fractions. If the numerator is equal to or greater than the 
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denominator, the fraction is an improper fraction; thus, 
g 5 16 12 28 are improper fractions. 
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6. Prime Numbers and Composite Numbers.—A 
prime number is one that cannot be divided by any number 
except itself and 1, without a remainder; thus, 1, 2, 3, 5, 7, 11, 
13, 17, 19, 28, 29, etc. are prime numbers. 

Any number not a prime number is called a composite num- 
ber, and may be considered as the product of two or more 
prime numbers. Thus, 60 is a composite number, and is equal 
to the product of the prime numbers 2, 2, 3, and 5; or,2X2X3 
x<5=60. 


7. Whole Numbers and Mixed Numbers.—A whole 
number is a number that does not contain a fraction. For 
example, 2, 36, 185, 4,063 are whole numbers. A mixed num- 
ber is a number composed of a whole number and a fraction 
united. For example, 33 is a mixed number, being composed 
of a whole number 3 and a fraction #. This number is read 
three and three-eighths. It is equal to 3+3, but for convenience 
the plus sign is omitted in writing it and it appears simply as 
33. The mixed number 103; is read ten and five-sixteenths. 
A whole number is very frequently called an integer. It is 
also occasionally referred to as an integral number. 


8. Fractions Smaller or Greater Than 1.—A fraction 
whose numerator and denominator are equal has a value of 1; 
thus, ¢=1, #=1, $=1. If the numerator is less than the 
denominator, the value of the fraction is less than 1; thus, 
the value of each of the fractions 4, $, 5 is less than 1. If the 
numerator of the fraction is larger than the denominator, the 
value of the fraction is more than 1; thus, 2=6, 4°=2, $=14. 
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SIMPLE REDUCTION 


9. Same Fraction in Different Forms.—The form of 
a fraction may be changed without changing its value; or, in 
other words, a fraction may be expressed in several ways. The 
form chosen depends on the number of equal parts into which 
a thing is divided. This may easily be understood by referring 
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to Fig. 2, which shows three circles of equal size. It is supposed 
that one-half of each circle is to be taken, but that the circles 


Fic. 2 

are not divided into the same number of equal parts. The 
circle in (a) is divided into two equal parts, one of which is 
shaded; that is, the part shaded is 4 of the whole circle. The 
circle in (b) is divided into four equal parts, two of which are 
shaded; that is, the shaded portion is ¢ of the whole. The 
circle in (c) is divided into six equal parts, three of which are 
shaded; that is, the shaded portion is 3 of the whole. But, as 
the three circles are of the same size, and the same amount is 
shaded in each, it follows that 3, $, and # must be equal to one 
another, because each one represents the same amount, or 
one-half of the circle. 

10. That fractions of equal value may be expressed in dif- 
ferent forms may be further illustrated by Fig. 3, which is an 
oblong divided into equal spaces. There are 4 squares in a 
row and there are 6 rows, making 24 squares in all. Hence, 
each square is | twenty-fourth of the whole. 
As there are 6 rows, one row is 1 sixth of 
the whole. From this it is seen that 4 
twenty-fourths equals 1 sixth, or writing 
this in figures, a 
fo=s6 

Since 4 twenty-fourths equals 1 sixth, 8 
twenty-fourths equals 2 sixths, 12 twenty- 
fourths equals 3 sixths, and 20 twenty- 
fourths equals 5 sixths. It is also seen that 
3 rows are equal to 3 sixths; but 3 rows 
are equal to 3X4=12 squares, which is equal to one-half of the 
oblong. It follows, then, that 


alee 


mae | 
td: 


6 FRACTIONS oe 


In each strip running up and down the figure there are 
6 squares; but, as there are 4 strips, each strip is 1 fourth of 
the figure; hence, 6 twenty-fourths equals 1 fourth, or 


In two strips, or one-half of the figure, there are 12 squares; 
hence, 


If the figure is divided into 12 equal parts there will be 
2 squares in each part; then, 


1i. General Principle of Reducing Fractions.—If 
both terms of a fraction, that is, both numerator and denomi- 
nator, are multiplied or divided by the same number, the value 
of the fraction is not changed. For example, suppose that in 
the fraction 4, both terms are multiplied by 2. Then, 3X} =#. 
The fraction ? has the same value as 4, as was shown in the pre- 
ceding article. Again, take } and multiply both terms by 3. 
Then, $x$ =#%, which has the same value as 4, according to the 
preceding article. Now take the fraction 3 and divide both 
terms by 3. Then, #23=4%. But it was shown that 4=%, in 
the preceding article; therefore, by dividing both terms by the 
same number, the value of the fraction is not changed. This 
process of changing the form of fractions without changing 


their values is called reduction of fractions. 


12. Reducing a Fraction to Higher Terms.—A frac- 


tion is reduced to higher terms by mulitplying both terms of the 


fraction by the same number. For example, } is reduced to 34 


by multiplying both terms of the fraction by 4. The operation 
may be written as follows: 


pean ee eee 
6” 6x47 24 


That these fractions are equal may be seen from Fig. 3, in 
which one row is equal to 1 sixth of the whole. Each row con- 
tains 4 twenty-fourths; hence, += .;. 

As another example, let } be changed to $4 by multiplying 
each verm by 8; thus, 
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If Fig. 3 is divided into three equal parts, and two of the 
parts are considered, there will be 16 squares in the parts con- 
sidered, or 3£ of the whole figure. This shows that the result 
just obtained is correct. 


13. Reducing a Fraction to Lower Terms.—A fraction 


is reduced to lower terms by dividing both terms by the same 
number. For example, ${ is reduced to § by dividing both 


terms by 4; thus, 


2 


O_ 20+4 
p4 "2424 — 6 


In Art. 10 it was shown that 5 sixths was equal to 20 twenty- 
fourths, thus proving that the preceding reduction is correct. 


14. A fraction is reduced to its lowest terms when both its 
numerator and its denominator cannot be divided by the same 
number without a remainder; for example, 3, 3, 34, + are frac- 
tions reduced to their lowest terms. 

EXAMPLE 1.—Reduce 12 to its lowest terms. 

SoLuTION.—By trial find the greatest number that will divide 12 and 
16 without aremainder. This number is 4. 

ie = me ee ISS 

EXAMPLE 2.—Reduce <8; to its lowest terms. 

SoLUTION.—The number that will divide 8 and 10 without a remainder 
is 2. 
fo.e = 5. Ans. 

15. Reducing a Fraction to One of Equal Value and 
With a Given Denominator.—In practice, it is often required 
to change a given fraction to another one of equal value, but 
with a different denominator. In such cases the following rule 


applies: 

Rule.— Divide the given denominator by the denominator of 
the given fraction, and multiply both terms of the fraction by the 
result. 


EXAMPLE 1.—Reduce Z to an equal fraction having 96 for a denominator, 


Sotution.—Both the numerator and the denominator must be mul- 
tiplied by the same number in order not to change the value of the frac- 
tion. The denominator must be multiplied by some number which will, 
in this case, make the product 96; this number is evidently 96+8=12, 
because 8X12=96. Hence, 


7X12 _ 84 a 
Bx12—-96- Ans. 
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EXAMPLE 2.—Reduce 2 to 100ths: that is, to a fraction having 100 for a 
denominator. ; 
SoLu11I0oN.— 100+4=25; hence, 


EXAMPLES FOR PRACTICE 


Reduce the following: 


(a) 7¢ to 128ths. Gy ts 
(b) 7%s'x to its lowest terms. (b) ar 

(c) eta to its lowest terms. Ans.4 (c) 73s 
(d) *% to 49ths. (d) $8 

(ec) rT to 10,000ths. (ce) 125, 


16. Reducing a Whole Number or a Mixed Number 
to an Improper Fraction.—The process of reducing a whole 
number or a mixed number to an improper fraction is of impor- 
tance as it is used to a great extent in the multiplication and 
division of fractions. The following rule applies: 


Rule.—To reduce a mixed number to an improper fraction, 
multiply the whole number by the denominator of the fraction, add 
the numerator to the product, and place the denominator under the 
result. If it is desired to reduce a whole number to a fraction, 
multiply the whole number by the denominator of the given frac- 
tion, and write the result over the denominator. 

ExaMPLeE 1.—Reduce 5 to an improper fraction having 4 as a 
denominator. 

SoLuTION.—There are 4 fourths in 1, because ¢=1, and in 5 there will 
be 5X4 fourths, or 20 fourths; that is, 5<{="2. Ans. 

EXAMPLE 2.—Reduce 8? to an improper fraction, 


SoLuTION.—According to the rule, 


gh 8 X4+3 82+ 
a 4 4 


4 
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EXAMPLES FOR PRACTICE 


Reduce to improper fractions: 


(a) 45. (a) 4 
(bt) 5i's- (b) 7 
(c) 1075. Ans.} (c) 4492 
(d) 37%. (d) 484 
(e) 506. (e) 224 
(f) Reduce 7 to a fraction whose denominator is 16. (ee 


17. Reducing an Improper Fraction to a Whole or 
to a Mixed Number.—The result obtained in the multiplica- 
tion or division of fractions is in many cases in the form of an 
improper fraction. Preferably, the answer should be in the 
form of a mixed number. An improper fraction is reduced to 
a mixed number by applying the following rule: 

Rule.—To reduce an improper fraction to a whole or a mixed 
number, divide the numerator by the denominator and write the 
result as tn ordinary division. 

ExAmpLe.—Reduce 2;+ to a mixed number. 

SoLuTION.— 4 is contained in 21,5 ‘imes with lasaremainder. The 
latter number is written as the numerator of a fraction with 4 as a denomi- 


nator. This fraction is added to the whole number. Therefore, 5+4, or 
54, is the mixed number required. Ans. 


EXAMPLES FOR PRACTICE 


Reduce to whole or mixed numbers: 


(c) 145, [(a) 242 

(6) 73°. (b) 613 

(c) 76. _ J (c) 1165 

(@) 142, ANS (4) 492 

(fe) 42. (e) 4 
2 
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PROCESSES PREPARATORY TO ADDITION AND 
SUBTRACTION OF FRACTIONS 


FINDING LEAST COMMON DENOMINATOR 

18. Adding Fractions With Different Denominators. 
Fractions cannot be added unless they have the same denomi- 
nator. If the denominators are not the same the fractions 
must be changed into such forms that they have the same 
denominator. For instance, 2? may be added to 4, but $ can- 
not be added to 7 as the fractions now stand, because the 
denominators are different; fourths cannot be added to eighths. 
The reason for this may be seen from the following example: 

Suppose that an apple is divided into 4 equal parts, and that 
2 of these are each divided into 2 equal parts. It is evident 
that there are 2 one-fourths and 4 one-eighths. If these parts 
are added, the sum is 6. But what does this sum represent? 
It cannot be fourths, for 6 fourths is equal to $=1}, and only 
1 apple was divided; neither can it be eighths; for =? is less 
than 1 apple. By reducing the quarters to eighths, there are 
¢=4; on adding these to the other 4 eighths, there are 444 
=S8eighths. This result must be correct, since $=1. Another 
way would be to combine the eighths into quarters. Thus, 
4=%; then, adding the quarters, there are 2+2=4 quarters. 
This result is also correct, since += 1. 


19. Common Denominator.—Several fractions are said 


to have a common denominator when all their denomina- 


tors are the same, as 74, +4, 4, +2. Two or more fractions 


having different denominators can be reduced to others having 

a common denominator by reducing each fraction to higher or 

lower terms. For example, 4 and 4 can each be reduced to 

sixths; thus, 3=%, because 3X3 =; also 4=2, because 1X2 =2. 
1 


+40 hie silt ‘ : 4 E 
Likewise, 3, 3, and $ can each be reduced to twelfths; thus, 
2 = 


1 1 
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“7, and 2=,%, 
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20. Least Common Denominator.—Fractions with dif- 
ferent denominators may have as a common denominator any 


number that will contain each of the denominators without a 


CP 
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remainder; for example, the fractions 4, 4, and 1 can be reduced 
to twelfths, twenty-fourths, thirty-sixths, or to fractions having 
as a common denominator any number that will contain 2, 3, 
and 4 without aremainder. But the least common denomi- 
nator is the least number that may be divided by each denomi- 
nator of the given fractions without aremainder. The following 
example will illustrate the meaning of this definition: 

Let it be supposed that the fractions }, 2, and 2 are to be 
reduced to fractions that have the same denominator. As 2, 
3, and 4 can be divided into 12 without a remainder, 12 is taken 
as the common OO Thus, 12+2=6, then 2%§=74; 


similarly, 2 =e, ale =a 4s, and the fractions 4, 2, and # there- 
fore become 44; , and 3%. The number 24 could also be used 


as a common Cee because it can be divided by 2, 3, 
or 4 without a ea onnace, The three fractions would then 
oe a ao and #4, and these values would be the same 
But the point to be noticed is that although 
12 nae D4 can both be used as common denominators for these 
three fractions, 12 is the least common denominator, because 
it is the smallest number that can be divided by 2, 3, and 4 
without leaving a remainder. A series of fractions may have 
a great many different common denominators, but they can 
have only one least common denominator. In adding or sub- 
tracting, fractions are generally reduced to the least common 
denominator. ‘The methods by which fractions are reduced 
to the least common denominator will be explained in detail 


further on. 


21. Finding the Least Common Denominator by 
Inspection.—The least common denominator of several frac- 
tions may be found either by inspection or by calculation. The 
method of finding it by inspection will be explained by means 
of an example taken from practice. For this purpose the foot 
rule, generally used in English-speaking countries for taking 
measurements of length, will be considered. 

A foot rule is divided into equal parts called inches, and each 
inch is further divided into equal parts called fractions of an 
inch. A part of a rule showing a common way of dividing the 
inch is illustrated in Fig. 4. The long line a at the middle of 


i 271 B—§ 
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the inch divides it into halves. At the middle of the halves are 
shorter lines b and c that divide the half inches into halves, 
making quarter inches, and the quarter inches are still further 
divided by the lines d, e, f, and g into eighths. Finally, the 
shortest lines divide the cighths, so that there are sixteen equal 
divisions in 1 inch, and these are called sixteenths. Suppose 
that the rule is used to measure the length of a block h. The 
end of the rule is put in line with the end of the block, and the 
other end of the block comes just to the line a, which is the half- 
inch mark; therefore, the block is said to be } inch long. 


22. Now, suppose that the length of the block h, Fig. 4, 
is to be found in quarters, eighths, or sixteenths of an inch. 
By looking at the rule, it is seen that there are just two quarter 
inches between the line a and the end of the rule; so the length 
of the block is two quarter 
inches or two-fourths of an 
inch, which is written 2 inch. 
This is exactly equal to 
4 inch, because 4%2=2. If 
\ the length of the block is ex- 
pressed in eighths of an inch, 
. it is $ inch long, because 

there are four eighth-inch 

divisions between the line a 
andthe end of therule. Also, the block is +g inch long, because 
there are eight sixteenth-inch divisions from the line a to the 
end of the rule. This simply shows that }=2=4=7%. Some- 
times rules are divided into diesesceond: and sixty-fourths 
of an inch. 

Ifarulesimilar to Fig. 4is also divided into thirty-seconds and 
sixty-fourths of an inch, the fractions considered will be halves, 
fourths, eighths, sixteenths, thirty-seconds, and sixty-fourths. 
When a common denominator is to be found for several such 
fractions, all that is necessary is to take the greatest denomina- 
tor in the group. For example, in the fractions 75, 3, 7, and 4 
the largest denominator is 16, and this is chosen as the least 
common denominator. Then, =74, $=1%, and}=. Again, 
suppose that the fractions are 24, 3, 35, and t. The largest of 


Fie. 4 
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these denominators is 64, which is taken as the least common 
denominator, and then 2=24, .-4=24, and 1=48. It is there- 
fore a very simple matter to choose the least common denomi- 
nator for fractions of an inch as found by a rule divided in the 
manner explained. This method of finding the least common 
denominator by merely looking at the denominators and find- 
ing the common denominator mentally at once, or after a few 
trials, is called finding the least common denominator by 
inspection. 


23. Finding the Least Common Denominator by 
Calculation.—It is not always possible to find the least com- 
mon denominator by inspection as in the preceding article. 
For this reason, the following method is given, showing how to 
find by calculation the least common denominator of any set 
of fractions. It is important that this method should be thor- 
oughly understood. The method will be explained by applying 
it directly to the following examples: 


ExamPLeé 1.—Find the least common denominator of 4, 4, $, and ee 


SoLuTION.—The denominators of the fractions are placed in a line, as 
in short division, and separated by commas. In this case they are 4, 3, 9, 
and 16, as shown. The denominators are now divided by some prime 
number other than 1 that will be contained in at least two of the numbers 
without a remainder. The number 2 is contained in 4 and 16; hence, 
dividing by 2 and placing the quotients in the second line, under the num- 


Da. 3 0 AG 
ay) 3, 9 8 
231 3. 9 4 
hime 4 


2X2*3X*3X4= 144, the least common denominator. Ans. 


bers divided, the quotients 2 and 8 are obtained. The numbers 3 and 9, 
which will not contain the divisor without a remainder, are transferred to 
the second line, as shown. 

Next, another prime number is found that will be contained in at least 
two of the numbers in the second line. The divisor 2 is again selected, 
as being contained in the numbers 2 and 8. The quotients 1 and 4 are 
written in the third line, as well as the numbers not divisible by 2, in this 
case 3 and 9. The divisor 3 is chosen for the third line, giving the quo- 
tients 1 and 3. In the fourth line there will then appear the numbers 
1, 1, 3, 4, as shown. 
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These operations are repeated until the last line contains no two num- 
bers that can be divided by the same prime number. In this case the 
numbers 3 and 4 remain, which cannot both be divided by any one prime 
number. Finally, the divisors and the remaining numbers in the last 
line are multiplied together, the product being the least common denomi- 
nator. In the example the product is 2X2X31X1X3X4=144, which 
is the least common denominator. Ordinarily the prime numbers 1 are 
omitted as being without effect on the final result. 


EXAMPLE 2.—Find the least common denominator of 4, “8s, 15. 
SOLUTION.— 
3) 9, 12, 18 
253; 4% 
I ee ee 
to 1 


3x<3*2xK2=36.. Ans: 


24. Reducing Fractions to Equivalent Fractions 
Having the Least Common Denominator.—The preceding 
article explained the method of finding the least common 
denominator of several fractions. There remains yet to be 
shown how a number of given fractions may be reduced to 
equivalent fractions having the least common denominator. 
Reductions of this kind are performed in accordance with the 
following rule: 


Rule.—To reduce fractions io the least common denominator, 
divide the least common denominator by the denominator of the 
given fraction, and multiply both terms of the fraction by the 
quotient. 

EXAMPLE 1.—Reduce 2, 3, and 3 to fractions having the least common 
denominator. 

SOLUTION.—The least common denominator is first found as follows: 

PI Bie ee 
ay al 
Then, 2X3 X2=12, the least common denominator 

In this example, each of the three fractions must be changed to a form 
in which it will have 12 for its denominator. In the first fraction, 3, the 
denominator is 3. By the rule, the least common denominator is to be 
divided by the denorninator of the fraction; or, 12+3=4. Both terms 
of the fraction are then to be multiplied by this quotient, 4; that is, $4 


=7qy. The fraction to be considered next is 3 whose denominator is 4, 
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Following the same method, 12+4=3, and $%3 =7%, Tne third fraction, 


3, has 2 for a Raney ator: Then, 12+2=6, and $X§=7%. Hence, the 


3 
fractions cro and 2, when reduced to the least common Sete cioe 
become ey 2) =E tea and So ae Ans, 


see a : 
EXAMPLE 2.—Reduce 7%, 7, and ty to the least common denominator. 


SOLUTION.—The least common denominator is found first, as follows: 


2) 16, 7% 12 
De, oe 
TO pe 


lor) 


Least common denominator =2*2*4xX%7X3=33 


In the case of the fraction +2, 336+16= 21, and aes =273 Inthe 
case of 4, 336-+-7=48, and =X48=242  Pinally, in the case of 14, 336+12 
28, and 4 Bae = $08. Therefore, the ae i reduced to the 


27 
least common denominator are 34%, 4%, and 334. Ans. 


EXAMPLES FOR PRACTICE 


Reduce to fractions having the least common denominator: 


@ 254% (a) 8% 

(6) qa, 525 (Oia soa 
(c) $ 8m, 11. Ans.4 (©) 8B BB 88 
Op ee ") a) #4, 35,4 
(e) qo; 20) 30: (@) 4, a0) te 
@) ste tosas @) 35,30) 36 


ADDITION GF FRACTIONS 


25. Rule for Addition of Fractions.—The preceding 
rules and exercises referring to finding the least common denomi- 
nator are to be considered as preparatory processes that must be 
performed before addition of fractions can take place. The 
reasons for providing fractions with the same denominator 
before adding them have been given in Art. 18, but it may 
be well to emphasize the point again at this place. For instance, 
if a workman measures off the thicknesses of three pieces of 
material as #4; inch, <5; inch, and 7% inch, respectively, he knows 
that the total thickness is 12 inch. This result is obtained by 
adding the numerators, thus, 1+5-++-7=18, and placing that 
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sum over the common denominator, 16, giving +3. But if the 
thicknesses measured off are, for instance, + inch, 2 inch, and 
~, inch, the total thickness cannot be found by adding the 
numerators, because the fractions have different denominators. 
Before the fractions can be added they must be changed to 
forms in which they have the same denominator, that is, a 
common denominator. After they have been reduced to this 
form the process of addition is a very simple one. The follow- 


ing rule applies to the addition of common fractions: 


Rule.—I. To add fractions, first reduce them to a common 
denominator. Then add the numerators, and write thetr sum over 
the common denominator. If the result 1s an improper fraction, 
reduce it to a mixed number and reduce the fractional part to tts 
lowest terms. 

TW. To add whole and mixed numbers, add the whole numbers 
and the fractions separately, and then add the results. 

The application of this rule will be shown in the following 
examples: 

EXxamP_e 1.—Add 4, 3, and 75. 


BK 


is 3 5 6 9 5 
SOLUTION. 9+4+72=12+12+12= 


area) ¢ 
12 sie =lp=12. Ans. 
Part I of the rule applies. The least common denominator is readily 
seen to be 12, the new numerators are 6, 9, and 5, and their sum is 20. 
The rest of the work is reduction, as previously explained. The sum of 
the fractions is 72, but as the latter is an improper fraction, it must, accord- 


u 


poe eee : 


Fre, 5 


ing to part I of the rule, be reduced to a mixed number, that is, 1q3s. The 
fractional part, @y, should, according to the same part of the rule, be 
reduced to its lowest terms. It is seen that it may beso reduced by dividing 
numerator and denominator by 4, the reduced fraction being 3. The final 
form of the mixed number is 13, as shown. 


EXAMPLE 2.—What is the total length, or overall length, of the piece 
of shafting shown dimensioned in Fig. 5? 
Note.—The marks (”’) used on the drawing, mean inches; thus, 122/’ means 122 inches. 


SOLUTION.—The total length is the sum of the three parts, measuring 
123 inches, 143 inches, and 77's inches. Then, applying part I of the rule, 
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the fractions are reduced to a common denominator. The least common 
denominator of the three frac- 


Eni 3 ; aa bee 
tionsis 16. Part Il of the rulcis a ae 
now applied, and the whole num- l4g=1476 

if 


bers and the fractions areadded 735 = 
separately. ee esl of the 27 Fi 

fractions is ?$=144;thesumof °”">= 334+76=33+115=S415. Ans. 
the whole numbers is 33. The sum of both, which is the total, or overall, 
length of the shaft, is 34 § inches. 


EXampLe 3.—A workman has five pieces of belt whose lengths are 93, 
6x, 33, 33, and 12 feet, respectively, and he needs a belt 24 feet long for 
some special work. Can he make up a belt of the required length by 
lacing the pieces together, end to end? 


SOLUTION.—The least common denominator of the fractions is 12. 
gree — reduced to the least common denominator are as follows: 
2 = mi Ly Wet $s; 2=7%5; 4=a4; 3=13. Therefore, the mixed numbers 

64432434413 are equal to Ope tOps- ora Saal pee The sum 
i se latter numbers is 2215 3. Reducing the improper fraction #5 to ~ 
mixed number, it becomes 27°y, in which the fraction may be aes to 2; 
thus, 275; =22, The sum 22 92 = 242 is the total length, in feet, of the 
joined pieces. As the length required is only 24 feet, the pieces can be 
joined to form the required belt. Ans. 


26. Adding Fractions by Means of a Foot Rule.—In 
practice, it is often required to add dimensions expressed in 
3" 15” 3” 
(o) 


lee ee = a eeeae ees Sal 
ey au | 
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inches and fractions of an inch. This may be done either by 
the methods described for the addition of fractions, or by means 
ofafootrule. To illustrate, let it be supposed that the dimen- 
sions 13, 3, 233, 3, 18, and 1§ inches are to be added. The 
several fractions 4, 5, 335, 3, 18, and § are first added, by using 
a tule graduated in sixteenths of an inch, as shown in Fig. 6. 


Beginning at the end a, count off } inch, to the point b. From 6 
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count off five }-inch divisions, or 3 inch, toc. Next count three 
z;-inch divisions, or 33; inch, to d. From d count off three 
1-inch spaces, or 2 inch, which is the same as twelve 7g-inch 
divisions, because 3=+3. This locates the mark e. From ¢ 
count off 15 inch, or fifteen ~j-inch spaces, to f. Finally, 
from f count off three }-inch divisions, to g. The point g thus 
found is at a distance of 32 inches from a; hence, }+2+ 3;+2 
+13+3=33 inches. To this add the whole numbers of inches, 
1, 2, and 1, and the total is 33-+1+2+1=73 inches; that is, 
at3t2%e+i+iet+ls =75 inches. 


EXAMPLES FOR PRACTICE 


1. Find the sum of the following: 


115 inches, is plain for 32 inches, has a collar 34 inch long, and has a head 
z inch thick. What is the overall length of the bolt? Ans. 737 inches 


3. A helper works 2% hours on one job, 14 hours on another, and 73y 
hour on a third. Whatisthe totaltimethat he worked? Ans. 43 hours 


4, The weights of a number of castings are as follows: 4123 pounds, 
2703 pounds, 1,020 pounds, 754 pounds, and 684 pounds. What is their 
total weight? Ans. 1,847 lb. 


5. Find the total length of five cuts of cloth, the lengths of the cuts 
being as follows: 514 yards, 512 yards, 554 yards, 532 yards, and 485 
yards. Ans. 260 yd. 


6. The beam shown in Fig. 8 has rivet holes spaced from left to right 
at the distances indicated in the drawing. The distances are as follows: 
14@ inches, 9% inches, 6} inches, 52 inches, and 27% inches. What is the 
length of the beam? Ans. 26 inches 
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7. Apiece of lead pipe work is made up of the following lengths: 39%, 


461, 32, 93, and 123 feet, respectively. What is the total length of the 
pipe? Amey ain tice 


8. During a journey of three days a man travels the following dis- 


Fre, 8 


tances: 507% miles, 56% miles, and 85¢ miles. What is the total length 


b 


of the journey? Ans. 193 miles 

9. Four castings of the following weights are ordered from a brass 

1 fe : 5 P . 

foundry: 6% pounds, 34 pounds, 53 pounds, and 82 pounds. What is 
the total weight of the castings? Ans. 24% tb. 

10. The stock required for three bolts must be cut from a bar of iron. 
The finished lengths of the bolts are to be 27’s, 143, and 3+ inches, respec- 
tively. Allowing, in all, 2 of an inch of stock for cutting off, for forming 
heads, and for finishing the ends of the bolts, how long must be the piece 
of stock? Ans. 8 inches 


SUBTRACTION OF FRACTIONS 


27. Rule for Subtraction of Fractions.—Reasons were 
given in Arts. 18 and 25 for the necessity of reducing frac- 
tions to a common denominator, before addition can take place. 
The same reasons hold good in the case of subtraction. For 
instance, if the fraction $ were subtracted from 7%; by simply 
finding the differences between the numerators and the denomi- 
nators, the difference would be 7—€=2. But +4,=3 and =}; 
therefore, the difference between them cannot be #, but is instead 
3—3—0, In other words, six ezghths cannot be subtracted 
from nine twelfths any more than six apples can be subtracted 
from nine oranges. The two fractions must be reduced to a 
common denominator before one can be subtracted from the 
other. 


The following rule applies to subtraction of fractions: 

Rule.—I. Reduce the fractions to fractions having a common 
denominator. Subtract’ one numerator from the other and place 
the remainder over the common denominator. 
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Tl. When there are mixed numbers, subtract the fractions and 
whole numbers separately, and place the remainders side by side. 


I. When the fraction in the subtrahend is greater than the 
fraction in the minuend, take 1 from the whole number in the 
minuend and add it to the fraction in the minuend, from which 
subtract the fraction in the subtrahend. 


Iv. When the minuend ts a whole number, take 1 from tt, 
reduce the 1 to a fraction whose denominator is the same as the 
denominator of the fraction in the subtrahend, and place it over 
that fraction for subtraction. 


EXAMPLE 1 Subtract ¢ from 73. 


SoLutTIon.—The least common denominator is 16, and 3=4%;. Then, 
according to part I of the rule, 


9 
Pe les 6. 13—6 7 Nene 
Be 8 IS) 16 = 16° ¢ . 
: 16 
EXAMPLE 2.—From 7 take 3. 


SoLUTION.—There is no fraction in the minuend 7, so it is necessary 
to take 1 from 7 to form a fraction whose denomi- 
nator is the same as chee of the fraction to be sub- 
tracted, or 8. Asl1=$, it followsthatinstead of 7, S¢btrahend ie 
it is possible to write 6+1, or 6+, or simply 68. +emainder 62 Ans. 
Then, 6g—¢=62; that is, 7-3 =63. 


. 8 
minnend 7 =63 


EXAMPLE 3.—A block of 
wood 173%; inches long, as 
shown in Fig. 9, has a 
piece a@ 933 inches long 
sawed off. What is the 
length of the remaining 
piece b, neglecting the thick- 
ness of the saw cut? 


Se tet common denominator of the fractions is 32. 1735 
=1733 De 


71s 
minuend 1735 
1 


subtrahend gis 


BON bs\o00 


e 


difference 8x3 Ans. 


That is, the remaining portion 6, Fig. 9, is 83° inches long. 


EXAMPLE 4.—A piece 44% inches long is cut from a bar 9+ inches long, 
What is the length of the remaining piece? 
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SoLutTion.—The common denominator of the fractions is 16. 9+ aie 
As the fraction in the subtrahend is greater minuend 9345 or 82-2 


than the fraction in the minuend, it cannot sybtrahend 454g 


be subtracted. Therefore, 1, or +, is taken —= 
: ; * Sp ens 13 Fe 
Hee the 9 an te minuend and added be the difference4;§ 4 76 Ans. 
20 ; 
ye; thus, e++¢=22. Subtracting 7 from 2% leaves a ie of 33, 


Since 1 was on from 9, 8 remains. 4 from 8=4; 417¢=412 the re- 
required answer. 


EXAMPLE 5.—From 9 take 8355. 


SOLUTION.—There is no fraction in the minuend from which to eee 
the ras in the subtrahend, so 1, or +$, is taken from 9. Thus, 9=87¢, 
and +¢ —i¢6=T6- Since 1 was taken from 9, only 8 is left, and 8 from 8 


=0. 


minuend 9 


subirahend 83; 8735 


. 18 
difference 4% i¢6 Ans. 


EXAMPLES FOR PRACTICE 


1. In the following examples, subtract: 


(a) ea from a5. (a) 


3 
(b) 134 from 304. Ans.4 (6) 174 
(c) 12% from 27. (c) 14% 


2. Abar of iron 22% inches long, as shown in Fig. 10, has three pieces 


: : outers gtd, A Ms 
cut from it, measuring 64 inches, 4% inches, and 235 inches in length. 


ee 19 : 
What length of the original bar remains? Ans. 83 3 inches 


Succresrion.—Add the lengths of the three pieces that are cuit off and subtract their 
sum from the total length. 


3. <A piece of cast iron 4§ inches thick was planed down to a — 
of 334 inches. What thickness of metal was removed? Ans. #7 inch 


4. At the beginning of a week an engineer had on hand 48% gallons of 
cylinder oi During the week the following quantities were used: 25 gal- 
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lons during the first three days, 3 gallon on the fourth day, 1 gallon on the 
fifth day, 4 gallon on the sixth day, and not any on the seventh day. How 
much oil remained at the end of the week? Ans. 44% gal. 


5, The main line shaft in a manufacturing plant is driven by an engine 
capable of developing 2503 horsepower. To operate all the machinery 
requires 2103 horse pew er, and to overcome the friction of the shafting and 
bearings requires 25% horsepower. What surplus power is ae coe engine 
capable of developing in case it is required? Ans. 1434 horsepower 


6. Onacertain day a power plant had on hand 2 844 tons of coal. Dur- 
ing the day 254 tons of coal were received, and 504 tons were consumed. 
How many tons of coal remained at the end of the day? Ans. 2593 tons 


7. A filling box in a textile mill contains 10? pounds of yarn. When 
71¢ pounds of the yarn is removed from the box, how many pounds remain? 
Ave, 237 ib. 


8. At the beginning of a voyage of a large steamship, an engineer’s 

5 5 fz 5 oe) 
storekeeper had on hand 5075 pounds of various sizes of rod packing. 
During a period of 6 days, all the hoisting engines, anchor windlasses, 


steering engines, and other auxiliary machinery were repacked, the quan- 
tity used each day being as follows: 


INIIGING Enea oOo fain eerie Gets.) “Uadaye oss oneal 63 Ib. 
MN STOSC EN IME Gr Montana, Memos SPS) we nl yeti nar emet wy Meee te LOGY tl i 
NEC MeSCaigrarimaneya cater cere Gelb. sSabenday cick teen oe 43 Ib. 

How many pounds of packing remained on hand? Ans. 1534 lb. 


9. Asteamship has to run a distance of 498% miles. If during the first 
day she made 374# miles, how many miles remained to complete the voy- 
age? Ans. 12499 miles 


10. A certain factory requires a total motor installation of 274 horse- 
power. nee motors have been pur chased, one rated at 5 horsepower, a 
second at } horsepower, and a third at } horsepower. What must be the 
combined iomeoon er of the motors that still remain to be punchesed, to 
give the required total of 274 horsepower? Ans. 2144; horsepower 


MULTIPLICATION OF FRACTIONS 


28. Principle of Multiplication Explained.—Fractions 
can be multiplied without reducing them to a common denomi- 
nator. A fraction is multiplied by a whole number when the 
numerator of the fraction is multiplied by that number. For 
example, the expression {X38 means add the fraction 3 three 
times; thus, #+3+4%. As these fractions have a common 
denominator their sum is found, according to the rule in Art. 25, 
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by adding the numerators and writing the sum over the common 
denominator. Hence, ?X3=4, or 21, 

The word “of’’ when placed between two fractions, or between 
a fraction and a whole number, means the same as X, or finies. 
For instance, 3 of $ is equal to 1x and means that one-half 
of § shall be taken. As $=$+$+1+4+1-414, it follows that 
one-half of these fractions is $+4+4=3. Hence, 1x$=32. 
This example shows the results obtained by multiplying 4 by £, 
but it does not show how the fractions are multiplied to obtain 
the results. According to the succeeding rule the numerator 
of one fraction is multiplied by the numerator of the other to 
obtain the numerator of the product, and the denominator of 
the one is multiplied by the denominator of the other to obtain 


the denominator of the product. According to this rule 4x$ 
6 


=7°5, which product reduced to its lowest terms is equal to 3, 
as before. 


29. Rule for Multiplication.—The following rule applies 
to multiplication of fractions: 

Rule.—!I. To multiply etther proper or tmproper fractions, 
multiply the numerators together for a new numerator, and the 
denominators together for a new denominator. 

Ti. To multiply one mixed number by another, reduce them 
both to improper fractions and then multiply them as in part I of 
the rule. 

WW. To multiply a fraction by a whole or by a mixed number, 
proceed as in part I of the rule, treating the wholz number as a 
numerator or first reducing the mixed number to an improper 
fraction. 

Iv. To multiply a mixed number by a whole number, first 
reduce the mixed number to an improper fraction; then multiply 
the numerator of this fraction by the whole number, and divide 
the product by the denominator. Or, multiply the whole-number 
part of the mixed number by the whole-number mulirplier, and 
then the fractional part by the whole-number multiplier, and add 
the products. 

In the preceding rule reference is made to the multiplication 
of two numbers only. ‘ This was done so as to keep the rule as 
simple as possible. But it is to be understood that the rule 
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also applies when more than two numbers are to be multiplied 
together. The application of the rule is illustrated by the fol- 
lowing examples: 

EXAMPLE 1.—Multiply 3 by 7°5. 

SoLution.—Applying part I of the rule, 3X qg=1iu's. Ans. 

EXAMPLE 2.—Multiply 23 by 45. 


SoLuTION.—Applying part II of the rule, the mixed numbers are reduced 


to improper fractions. Thus, 23=+/, and 44=%'; then, 44x42 =347 
=I125. Ans. 

EXAMPLE 3.—Multiply 3 by 2. 

SoLuTion.—Part III of the rule is applied. Thus, 2x2=3*%? =%=2. 


EXAMPLE 4.—Multiply 3$ by 5. 
SoOLUTION.—By the first method in part IV of the rule, 3% is reduced 
to an improper fraction and becomes equal to 73°; then, +;°x5=92=19. 


Ans. 
By the second method, 5X34=5X3+5x$=15+-4%=15+4=19. Ans. 


EXAMPLE 5.—Multiply 3 by } and by 5. 


SoLuTion.—Parts I and III of the rule are applied. Thus, 2x25 
is equal to X44 =te=lor—=12. Ans. 


30. Cancelation of Fractions.—It is seen from the pre- 
ceding rules and examples that when several fractions are mul- 
tiplied together, a product is found of the numerators and of the 
denominators, these products representing, respectively, the 
numerator and the denominator in a new fraction. It follows 
that the product ?X$Xi% may be represented in this form: 
38x10 
4x9X16" 
tiplied together, they may be represented as one fraction in 
which all the numerators are written above the line and con- 
nected by multiplication signs, and all the denominators are 
written below the line, likewise connected by multiplication 
signs. 


That is, if a number of fractions are to be mul- 


31. By arranging the fractions in the manner just described, 
the operation of multiplication may often be shortened. Thus, 
instead of multiplying the numerators together and then mul- 
tiplying the denominators together, it may be possible to divide 
the numerators and the denominators by the same number, 
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just as in reducing a fraction to its lowest terms. Doing this 
will change the form of the fraction, but not its value, as was 
3xX8X10 
4x9X16 
the numerator and a 9 in the denominator; it is therefore pos- 
sible to divide by 3. That this division has been done is indi- 
cated by drawing a line through the respective numbers and 
writing the quotient of each division near the dividend. This 
first step will then be 


proved in Art. 11. In the example there is a 3 in 


1 
£X8X10 


4X<9X16 


(3) 


showing that the divisor 3 is contained once in 3 and 3 times 
in 9. Again, 8 is above the line and 16 below it, and both of 
these can be divided by 8. The next step is 

esa 

BXBX10 

4X9X16 

on 
Now, there is a 10 above the line and a 4 below it, and both 

of these can be divided by 2 without any remainder. The next 
step then is 


i sk 
AXPXiIp 


AXPxI1G 
23 2 
This process cannot be carried any farther, because there are 
no numbers above and below the line that can be divided by the 
same number without aremainder. Therefore, all the uncrossed 
numbers in the numerator are multiplied together, or 1X15 
=5; next, all the uncrossed numbers in the denominator are 
multiplied together, or 2X32=12. The first product is then 
written over the second, giving + as the reduced fraction. In 
other words, 2X$X1$=;%. This can be proved very simply; 
; er 248, which can be reduced to its lowest 
terms by dividing both terms by 48. Thus, #70513=z2. This 


for example 
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shows that the process of dividing numbers above and below 
the line of a fraction by the same number will give the same result 
as taking the product of all the numerators and dividing it by 
the product of all the denominators. 

The operation of dividing the numbers above and below the 
line by the same number is called cancelation, and when a 
line is drawn through one of the numbers, as shown, the num- 
ber is said to be canceled. In cancelation, if the quotient is 1, 
it is not written at all, but it is understood. The preceding 
example, therefore, would commonly be written 

ii 
BXPRAM 
AXOX16 7? 


€ 9 
2 oo 


32. It is important to remember that cancelation can be 
used only in cases where the numbers in both numerator and 
denominator are multiplied together. Where addition or sub- 
traction is indicated in either term of the fraction, cancelation 
cannot be used. 

The following examples show the advantage of employing 
cancelation in the multiplication of fractions: 

Examp_e 1,—What is the product of 74; and 2? 

OA ec eee 


“= 
7 


SOLUTION.— TEX = ieee ue—=gs- Ans. 
x if o 
Or, by cancelation, Apan re 3g. Ans. 
4 
9 3 3 &> 
EXAMPLE 2.—What is $ of 2 of $$? 
16 3 

SoLUTION.— ——=;%.. Ans, 

oO <AXHe = guy 28 Ans 

9 


-_ 
EXAMPLE 3.—What is the product of 323 and 24? 
SoLUTION.—The mixed number 322 when reduced to an improper frac- 


32x*8+5 4 
tion becomes —— = 


¢ 


Ga 
8 


Applying the first half of part IV of the 


rule, Art. 29, 


3 
261 24 261 th 


5 5 


Pee Sees as 
e x 24=— =261%3=783. Ans. 
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The solution of this example may also be found by means of the method 
given in the second half of part IV of the rule, Art. 28, as follows: 3224 


3 
5X fA 


=768, and x26 = 15. Then, according to the rule, it is neces- 


sary to add the two products, giving 768+15=783. That is, 
323 X24=783. Ans. 


EXAMPLES FOR PRACTICE 


1. Find the product of: 


(q) 7X#e. (a) iy 
(b) 14x35. Ans.} (b) 43 
() axvexs. () 3 


2. How long must a piece of stock be to make 4 bolts, if each bolt 
requires a piece of stock 3% inches long, including the allowance for cutting? 
Ans. 153 inches 


3. Eleven holes are spaced equally in a straight line, as in Fig. 11. 


a b 
Door QoQu®aionQas8 
iG DG iG ig FG Sp Sg 3g + IF 


Fie. li 


What is the distance between the centers of the end holes a and 3, if the 
spacing from center to center of two adjacent holes is 33° inches? 
Ans. 33 inches 


Note.—The number of spaces is one less than the number of holes, 


4. A single belt can transmit 10732 horsepower, but as it is desired to 
use more power, a double belt of the same width is substituted for it. Sup- 
pose that the double belt is capable of transmitting 14 times as much power 
as the single belt; how many horsepower can be used after the change? 

Ans. 15334 horsepower 

5. At 3032 pounds per mile, what is the weight of 2% miles of copper 

wire? Ans. 7963 Ib, 


6. The grate of a steam boiler contains 20% square feet. If the boiler 
burns 83°5 pounds of coal an hour per square foot of grate area and can 
evaporate 7 pounds of water an hour per pound of coal burned, how many 
pounds of water are evaporated by the boiler in 1 hour? Ans, 1,2765 lb. 


ILT 271B—6 
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7. If an electrician receiving 70 cents an hour works on a job at dif- 
ferent times 84 hours, 74 hours, 6% hours, and 53 hours, how much does 
he earn in dollars and cents, 100 cents equaling 1 dollar? 

Ans. 19 dollars 425 3 cents 


8. Amechanic works 56 hours in one week at 504 cents perhour. How 
much pay does he receive for that week? Ans. 28 dollars 28 cents 


9. Condensed water is discharged by a return pipe at the rate of 136 
gallons per hour. If the discharge takes place during a period of 10% hours 
per day, how many gallons will be discharged in 92 days? 

Ans. 7,299; 00 gal. 


Notr.—A return pipe conveys the condensed steam in a heating system back to the 
steam boiler in which the steam was generated, 


10. <A foundry turns out 85 cast-iron pulleys weighing 622 ee 
apiece. What is the total amount of metal used? Ans. 5,823% Ib. 


DIVISION OF FRACTIONS 


33. Compound Fractions.—The sign of division used for 
whole numbers is also used for fractions, as } +32, or the division 
may be indicated by writing the dividend above the divisor 


with a heavy line between them, as 


He [co] nol pee 


A fraction whose terms are whole numbers, as 4 or 3, is called 
a simple fraction in distinction from a Gana und fraction, 


either or both of the terms of which are simple fractions. The 
1 1 


fractions =, 5, and 2 3 are compound fractions. 


Sues 
4 4 


34. Reciprocal of a Fraction.—Any whole number may 
be considered as a fraction with 1 as its denominator; thus, 16 
may be written 4°. The reciprocal (pronounced ree-sip’-ro- 
kal) of a fraction is obtained by inverting the fraction; that is, 
turning it upside down by writing the denominator above the 
line and the numerator below. Thus, the reciprocal of 12, 
which may be written 47, is 7s; the reciprocal of 2 is 4, etc. 
The reciprocal of the fraction 7 is $, and of 44 is 14. 


35. Preliminary Remarks on Division of Fractions. 
At first it may seem difficult to understand what is meant by 
dividing a number by a fraction or dividing one fraction by 
another. An attempt will therefore be made in the following 
to make the subject clearer. The case of dividing by a whole 
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number will be dealt with first, as, for instance, 12+3. The 
question to be answered by this expression is; How many times 
is the number 3 contained in the number 12? Or, into how 
many parts may 12 be divided, if each part is to consist of 
3 units? Or, by what must 3 be multiplied in order to make 
the product 12? The answer to all three questions is 4. 

As the divisor decreases in value, the quotient will increase, 
until finally, with a divisor equal to 1, the dividend and the 
quotient will be equal. For instance, 12+1=12, showing that 
the number 12 may be divided into 12 parts, each equal to 1. 
Judging from this fact, one may draw the conclusion that on 
dividing by a number smailler than 1, as, for instance, with a 
proper fraction, the quotient will become greater than the 
dividend, and this is found to be the case. 


36. Proceeding now to division by fractions, the first exam- 
ple chosen for further consideration is 9+4. The problem 
indicated by this expression is to ascertain how many times 
the fraction 4 is contained in the number 9. Or, by what num- 
ber must $ be multiplied in order to make the product 9? As 
the number 1 contains 3 parts, each equal to one-third of the 
number, it follows, that the number of one-thirds contained in 
9 must be equal to 9X3=27. In other words, } must be mul- 
tiplied by 27 to make the product 9. This example shows that 
when dividing by a fraction having 1 as a numerator, the quo- 
tient is found by multiplying the dividend by the denominator 
of the divisor. That is, the divisor is znverted, or turned upside 
down, and used as a multiplier. Thus, 9+3=9xX?=27. Mul- 
tiplying by the inverted fraction is equivalent to multiplying 
by the reciprocal; the latter term was defined in Art. 34. 

The same reasoning holds good in the case of dividing one 
fraction by another. For instance, in the expression $+ it 
is required to find how many times } is contained in $. As the 
fraction + is 4 times as great as $, it is evident that $ is con- 
tained 4 times in 4, and that the quotient must be 4. The same 
result is obtained by inverting the divisor and multiplying; 
thus ¢-2—¢x}=4> —4, 

In this: case, also, the quotient is greater than either the 
divisor or the dividend. 
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If, in the preceding expression, the divisor } is replaced by , 
as 4+2, it is evident that as the divisor has been doubled in 
size, the number of times it is contained in the dividend is cor- 
respondingly decreased. In this case the dividend must be 
divided by 2; or, 4+2=2, instead of 4, as in the preceding 
example. This result is also obtained by multiplying by the 
inverted divisor, or #+2=%X$=2¢=2. 

After these preliminary explanations the subject of dividing 
fractions will be considered more in detail. 


37. Rule for Dividing Fractions.—One fraction can be 
divided by another fraction without reducing them to a common 
denominator. 

In dividing fractions the following rule applies: 

Rule.—To divide by a fraction, multiply by its reciprocal. 
Reduce mixed numbers to improper fractions before dividing. 

ExamPLe 1.—Divide } by 75. 

SoLuTIon.—In this case, the divisor is is, and its reciprocal is +8. 
Then, according to the rule, 


4 
3X16 
Als 5 2 2 
st T6 EX = Gye 8 =25. Ans. 


EXAMPLE 2.—Divide 3 by 3. 


SoLuTIoN.—The divisor is 3, and its reciprocal is 4. According to the 
rule, the fraction is to be multiplied by this reciprocal; then, 


Cre 3 1 
tt 4 Xe = 3. Ans. 


EXAMPLE 3.—Divide 48 by 3%. 


SoLuTION.—The divisor is 7's and its reciprocal is 48. Then, 


EXAMPLE 4.—Divide 13} by 2}. 


SOLUTION.—First reduce both mixed numbers to improper fractions; 
thus, 13$=*? and23= . Then 


11 
: BBX? 
133 +25 ==8 a B= "E XE= ti = 5h Ans. 
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EXaAmpPLe 5.—A bar of steel 232 inches long is divided into 7 equal parts. 
What is the length of each part? 


SoLuTion.—The length of each part must be 233+7. Now, 232=122, 
The reciprocal of 7 is 7 Then, applying the rule, 


27 
Ta eet Ss eee a 
8Xt 8 


Therefore, the length of each part is 32 inches. Ans. 


EXAMPLES FOR PRACTICH 


1. In the following examples, divide: 


(a) 15 by up (a) 23 
(b) 172 by 4%. Ans.4 (b) 215 
(c) *e% by 145. (o) 188 


2. How many gears, each 1} inches thick, can be set side by side ina 
space 45 inches long? Ans. 40 


3. A distance measuring 34/5 inches is divided into 15 equal parts. 
What is the length of each part? Ans. 233 inches 


4. A boiler plate containing 24 square feet of surface weighs 36216 
pounds. What is its weight per square foot? Ans. 1575 Ib. 


5. A certain boiler has 9274 square feet of heating surface, which is 
equal to 35 times the area of the grate. What is the area of the grate in 
square feet? Ans. 26% 


6: If the distance around the rim of a locomotive driving wheel is 
13715 feet, how many revolutions will the wheel make in traveling 682 feet? 
Ans. 527%°, rev. 


7. A tank containing 1,830 gallons of water supplies a family whose 
daily consumption, according to a meter, averages 5215 es How 
many days’ supply does the tank contain? Ans. 37025 days 


8. If one horsepower will drive 32 cotton looms of a certain kind, how 
much power will be required for a weave room containing 600 looms? 
Ans. 160 horsepower 


9. How many bolts can be obtained from a steel bar 15% inches in 
length, if each bolt requires a piece 31¢@ inches long? Ans. 4 bolts 
10. A piece of land having an area of 12% acres is to be divided inta 


plots, each plot containing 2 of an acre. How many plots will there be? 
Ans. 34 plots 
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COMBINED PROCESSES 


MULTIPLICATION AND DIVISION COMBINED WITH ADDITION 
AND SUBTRACTION 


38. Order of Operations.—When the numerator or the 
denominator of a fraction contains several numbers or fractions 
connected by signs that indicate different processes, such proc- 
esses must be performed in the order used in the case of whole 
numbers; that is, unless otherwise indicated, multiplication and 
division must precede addition and subtraction. The method 
to be used is shown in the following examples: 

£t3X9 
10¢¢—ZX12 
Sotution.—As multiplication must precede addition, first find the 


product of 3X9. Add this product to + and divide the sum by the dif- 
ference between 10;¢ and the product of $12. The numerator, or 


EXAMPLE 1.—Find the value of 


9 


,) 


0 
ees . 2 Pionols : Per : 
dividend, is 4X0 =6; ++6=6;=72. The denominator, or divisor, is 


3 ao 
= 5) f 5 eet large ecole 
gq te=9; 10z¢ 9=1;3=Ts 
Therefore, 
‘ 4 
2 ~ 
4+3X9 ae Za\ Ho ee Geer eee : 
Ta a ie Ch ae =— Sie ae oie eS 
Ope — 2x12 #31 3 
iS) 4 1 
EXAMPLE 2.—Find the value of 7 
ern ead 
fale pale ci sip RlnO 
= = * 1 iE 1 1 1 35 23 2 
SOLUTION.—The denominator ¢+9-+-7 -qy=F472 pt lS 
97 2 ; : 
=74o9- Therefore, the whole fraction 
ib 1 
~ 9T_ 140 140 A$ 
=1eq7p=1 Xe = f= 162. Ans. 


s+4+44+a5 2h 


< 
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EXAMPLES FOR PRACTICE 
Find the value of the following expressions: 


(a) 
(b) 4+ 7 


(¢) 


FACTORS AND AVERAGES 


39. Factors.—In some calculations it is necessary to factor 
a fraction or a whole number, that is, to separate the fraction 
or the number into its factors. The factors of a number are 
simply those numbers which, when multiplied together, will 
equal the number. Thus, 2 and 3 are factors of 6, because 
2X3=6; 2 and 5 are factors of 10, because 2X5=10; 3 and 4 
are factors of 12, because 3X4=12. But 6 and 2 are also fac- 
tors of 12, because 6 2=12; also, 3, 2, and 2 are factors of 12, 
because 3X2X2= 12. 

A fraction is factored by finding the factors of its numerator 


and denominator. Thus, the factors of }2are 3 and 2, because 


ae Se 
TS == iXd. 

Some numbers have no factors except themselves and 1; thus, 
the factors of 5 are 1 and 5, because 1X5=5. The factors of 
7 ate land 7; of 11, land 11; of 18, 1 and 13; andsoon. Such 
numbers are called prime numbers, as explained in Art. 6. 

The same number may often be factored in several different 
ways; thus, 24=6x4, or 3X2x4, or 3X8, or 6X2X2, or 
3xX2X2X2, because the product of each of these groups of 
numbers is 24. Similarly, the fraction $$ has the factors $x #, 
35%, 3X43, and many others. 

40. Averages.—It often becomes necessary to find the 
average of several numbers; for instance, a number of men will 
require different lengths of time in which to do a piece of work, 
and it may be required to find the average time. 
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The average of several terms is equal to their sum divided 
by the number of terms. 


EXAMPLE 1.—Find the average of the numbers 6, 12, 8, 10, 11, and 7. 

SoLuTION.—There are six numbers, and their sum is 6+12+8+10+11 
+7=54. Then, the average is 54+6=9. Ans. 

EXAMPLE 2.—If five gear-wheels weigh 28, 12, 36, 25, and 14 pounds, 
respectively, what is the average weight per wheel? 

SoLuTIon.—There are five wheels, and the sum of their weights is 
28+12+36+25+14=115 pounds. The average is therefore 115+5 
=23 pounds. Ans. 

It will be noted that if the average is multiplied by the num- 
ber of things it will give the sum. Thus, in example 1 the aver- 
age of six numbers is 9; hence, the sum of the six numbers is 
9xX6=54. In example 2, the average weight of the gears is 
23 pounds; hence, the weight of the five gears is 283X5=115 
pounds. 


EXAMPLES FOR PRACTICE 


1. A workman finishes 23 pieces of work on Monday, 26 on Tuesday, 


19 on Wednesday, 27 on Thursday, and 20 on Friday. What is the aver- 
age per day? Ans. 23 


2. Six workmen engaged on the same class of work require 48, 42, 56, 
50, 45, and 51 minutes, respectively. What is the average time for the 
work? Ans, 483 minutes 


3. If the average weight of eight castings is 3344 pounds each, what 
is the total weight of the castings? Ans. 2,676 Ib. 


4. Six rivets measure, respectively, 21 oe 25, 23 275, and 24 inches 
inlength. What is the average length? Ans. of. inches 


5. What prime numbers are factors of: (a4) 210? (6) 1,001? 


eh 2 Oso; And 
Ans. 
(b) 7,11, and 13 
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FUNDAMENTAL OPERATIONS 


DEFINITIONS, NUMERATION, AND NOTATION 


DEFINITIONS OF TERMS AND NUMBERS 


1. Decimal Fractions,—In many branches of industry 
and in nearly all books of a scientific nature, it is found advan- 
tageous to use a form of fraction known as a decimal, or 
decimal fraction, as by its use the main fundamental processes 
of arithmetic are greatly simplified. 

Decimals are tenth fractions; that is, they indicate tenth 
parts of a unit or their subdivisions into hundredths, thou- 
sandths, etc. The denominator of a decimal consists, therefore, 
always of the figure 1 followed by one or more ciphers, as 
10, 100, 1,000, ete.; for this reason it is possible to use an 
abbreviated method in writing decimal fractions and to dis- 
pense entirely with the method adopted in writing common 
fractions. Thus, instead of drawing a line below the numerator 
and writing the denominator below it, the line and the denomi- 
nator are omitted in a decimal fraction and replaced by a point. 


2. Decimal Point.—The decimal point (.) used in 
decimals is written at the left of the number expressing the 
numerator. For example, .3 is a decimal, and it is read three 
tenths. Its value is the same as the fraction ;°;; that is, .3= 4%. 
Every decimal consists of a decimal point followed by one or 
more figures. For instance, .25, .625, .73056, etc. 


Note.—In English technical literature the decimal point is above the 
base line and before the middle of the figure, as °32. On the European 
continent the decimal point is, in general, replaced by a comma placed 
on the base line in the usual position. 
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3. Decimal Places.—Each figure to the right of a 
decimal point occupies a decimal place. These decimal places 
are of great importance in decimals, as the place occupied by a 
figure serves as a means for indicating the value of its denomi- 
nator. When referring to the number of figures after a decimal 
point, it is customary to state the number of places occupied 
by them. Thus, in the decimals .47 and .372, there are two and 
three places, respectively. 


4. Numerator and Denominator.—The numerator 
of a decimal fraction is the number that follows the decimal 
point, and the denominator is the figure 1 followed by as 
many ciphers as there are places in the decimal. To illustrate, 
take the decimal .42, The number following the decimal point is 
42, which is the numerator; the figures after the decimal point 
occupy two places, that is, the decimal has two places. Hence, 
the denominator is 1 followed by two ciphers, or 100. Then, 
the value of .42 is -'25, and it is read forty-two hundredths. 


5. Changing Value of Denominator.—The value of 
the denominator of a decimal fraction depends on the number 
of decimal places. Thus: 

One decimal place expresses tenths 

Two decimal places express hundredths 

Three decimal places express thousandths 

Four decimal places express ten-thousandths 

Tive decimal places express hundred-thousandths 

Six decimal places express mullionths 

The following series of decimals shows how the number of 
places in a decimal fraction affects the value of its denomina- 
tor, the same numerator, 3, being used in each decimal: 


“3 —- y  =d3tenths 

03 = pe —=s3 hundredths 

C03 = zy =3 thousandths 
0003 = tivo =3 ten-thousandths 


00003 = toosoo =3 hundred-thousandths 
.000003 = oa 3sa~ = 3 millionths 


From these examples it is seen that to change a decimal to a 
common fraction, the number in the decimal is written as the 
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numerator, and the numeral 1 followed by as many ciphers as 
there are decimal places in the decimal is written as the denomi- 
nator. It is important to remember these facts. For example, 
let it be required to write the decimal .5625 as a common frac- 
tion. The number 5625 is the numerator of the fraction; there 
are four decimal places, hence the denominator is 1 and four 
ciphers, or 10,000, and the complete fraction becomes 355)5. 

6. Mixed Numbers.—Very often there are figures writ- 
ten to the left of the decimal point as well as to the right of it, 
as, for example, 12.5, 7.25, and 18.125. These are called 
mixed numbers, because each consists of a whole number 
and a fraction combined. The decimal point simply separates 
the whole number at its left from the decimal at its right. The 
number 12.5 is read twelve and five tenths; 7.25 is read seven 
and twenty-fve hundredths; 18.125 is read eighteen and one 
hundred twenty-fve thousandths, Another method of reading 
these numbers is as follows: The number 12.5 is read twelve 
point five; 7.25 is read seven point twenty-five; 18.125 is read 
eighteen point one hundred twenty-five. 

Sometimes decimals are written with a cipher to the left of 
the decimal point, as 0.6. The cipher in this case merely shows 
that there is no whole number. A decimal thus written has 
the same value, and is read in the same way, as though the 
cipher were omitted. 


NUMERATION AND NOTATION 
7. Numeration of Decimals.—The relation of decimals 


and whole numbers is clearly showa by the following table: 


n 

n bi n 
5 5 Pe . 
2 S = 2 
Neial. olUY no co] 
ks = 4 S ce a ae 
ney 1S) Oe q 0s tet t= 
os aS ha ma) See 4 °S 
ee a oe Ge wg oe 
a t t o 
oo ee, ce a so Boo ges 
> ea ge OF He gO ef OS OF eee 
BS) Jone! Sw ee ee ee a CS et Ste ice 
Me) See) eas | MS Seo hy STS! ie haa 
Oe al ee) ae ieth 8CO) aes ere get a A Se eS 
Boge Se Oe ao oe Re oe ee eee os 
fe See ete ea Ae eS 4 yo ee oe 
OR e oor Aaa ee idee ae Oe 8 
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As stated in Art. 1, decimals are tenth fractions, that is, 
they are based on the scale of ten, each division and sub- 
division being divided in tenths. In the preceding table the 
starting point is the units place in both decimals and whole 
numbcurs. The decimals decrease on the scale of ten to the 
right, and the whole numbers increase on the scale of ten to 
the left. The first figure to the left of units is zens, and the 
first figure to the right of units is tentis. The second figure to 
the left of units is hundreds, and the second figure to the right 
is hundredths. The third figure to the left is thousands, and 
the third to the right is thousandths, and so on. The figures 
equally distant from units place correspond in name, the 
decimals having the ending ths, to distinguish them from the 
whole numbers. 


8. In reading a decimal, the number indicating the numer- 
ator is read first as if it were a whole number, and then 
the denominator is stated. Thus, .725 is read seven hundred 
twenty-five thousandths; .0175 is read one hundred seventy- 
five ten-thousandths. 

In reading mixed numbers, the whole number is read first, 
followed by the word and and then the decimal. For example, 
the mixed number in the table of Art. 7 is read nine hundred 
eighty-seven million six hundred fifty-four thousand three 
hundred twenty-one and twenty-three million four hundred 
fifty-six thousand seven hundred eighty-nine hundred-mil- 
lionths. 


9. Notation of Decimals.—In writing a decimal, the 
number indicating the numerator is written first and the posi- 
tion of the decimal point is then located, so as to give as many 
decimal places as there are ciphers in the denominator. The 
places are counted from the right-hand figure of the numerator 
toward the left, and ciphers are prefixed to the numerator if 
this is necessary to obtain the required number of places before 
placing the decimal point. Locating the decimal point is called 
pointing off the decimal. 


ExAMPLE.—Express seventeen thousandths as a decimal. 
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Sotution.—The numerator is 17; the denominator is 1,000, in which 


there are 3 ciphers. From Art. 4 and the preceding rule there should 
be as many places in the decimal as there are ciphers in the denomina- 
tor; that is, there must be three places. As the number 17 requires 
only two places, it must be preceded by a cipher to obtain the required 
three decimal places, making it .017. Ans. 


10. In writing decimals the following points should be 
remembered : 

1. Annexing ciphers to the right of a decimal or removing 
ciphers from the right of a decimal does not change its value. 

For example, .5=.50, because +55 -=75%, also .1200=.12, 
because 44395 = 7455. 

2. Inserting a cipher between the decimal point and the 
first figure of the decimal divides the decimal by to. 

For example, .5+10=.05, because .5= 5; and 3§;+10= 35 
Aiv=160, or 05. Likewise, .05+10=.005; .005+10=.0005; 
etc. The last statement may, therefore, also be made in the 
following form: 

Moving the decimal point to the left in a number divides the 
number by ro for each place that the point is moved. 

3. . Taking away a cipher from the left of a decimal mul- 
tiplies the decimal by ro. For example, .0005X10=.005, 
because .0005 =a0é00 and todos X10 = 10000 = ros = .005. 


Likewise, .005X10=.05; .05X10=.5; etc. 
The last statement may also be given the following wording: 


Moving the decimal point to the right in a number multiplies 
the number by ro for each place the point is moved. 


4141. In some cases, a mixed number containing a decimal 
may be more conveniently expressed in the form of a common 
improper fraction. To do so, it is only necessary to write the 
entire number, omitting the decimal point, as the numerator 
of the fraction, and the denominator of the decimal fart as 


the denominator of the fraction. Thus, 127.483=+433%64; for, 


27000 ; 483 1270004483 127483 
127.483. =1277483) =43508 1000= 1000 =" 000°. 
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EXAMPLES FOR PRACTICE 


Express decimally: 


(a) Fourteen ten-thousandths. (a) .0014 
(b) Forty-seven millionths. (b) .000047 
(c) Four and two tenths. Ans.4 (c) 4.2 
(d) Seven hundred twenty-five hundred- 

thousandths. (d) .00725 


ADDITION OF DECIMALS 


12. Arranging the Numbers.—In the addition of 
decimals, tenths are placed under tenths, hundredths under 
hundredths, etc.; this, of course, brings the decimal points in 
a vertical line, that is, one directly under another. Then addi- 
tion is performed exactly as in the case of whole numbers. 
Hence, in placing the numbers to be added, it is only necessary 
to take care that the decimal points are in the same vertical 
line. In adding whole numbers, the right-hand figures are 
always in line; but in adding decimals, the right-hand figures 
will not be in line unless the decimals contain the same number 
of figures. ‘To insure that the right-hand figures of whole and 
mixed numbers are always placed in a vertical line, a whole 
number is sometimes represented as a mixed number by placing 
a decimal point at its right end, it being understood that the 
decimal places are occupied by ciphers. In example 1, Art. 13, 
the numbers 242 and 6 are treated in this manner. 

The similarity in the arrangement of whole numbers and 
decimals is seen from the three succeeding examples, of which 
the first shows the addition cf whole numbers, the second that 
of decimals, and the third the addition of mixed numbers. In 
the first example the right-hand figures are all in line, but this 
is not the case with the examples containing decimals. 


whole numbers decimals mixed numbers 
342 342 342.032 
4234 4234 42345 
yO) 26 26.6782 
5) 03 3.06 


sum 4605 Ans. sum 10554 Ans. sum 46062702 Ans. 
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13. Rule for Adding Decimals.—To add decimals, 
proceed according to the following rule: 


Rule.—Place the numbers to be added so that the decimal 
points will be directly under one another. Add as in whole 
numbers, and place the decimal point in the sum directly under 
the decimal points above. 

The application of the rule is shown in the succeeding 
examples. 


Examp te 1—What is the sum of 242, .36, 118.725, 1.005, 6, and 100.12 


SoLuTION.— 242, 
36 
Wie 2 
1.005 
6. 
100.1 


468190 Ans, 


Exampie 2.—A bar is marked off into 8 parts measuring 1.25, 4.3125, 
2.305, 7.6, 10.4375, 5.5625, .875, and 3.0625 inches in length. What is the 
total length of the bar? 


Sotution.—The length of the bar is the sum of the lengths of the 
parts. The numbers are arranged with the decimal points in a vertical 


line, and added. Thus: 


20629 
354050 Ans. 


The total length, therefore, is 35.405 inches. 


EXAMPLES FOR PRACTICE 


1. In the following examples, find the sum of: 


(a) .2143, .105, 2.3042, and 1.1417. Ans. J (4) 3.7652 
(b) 783.5, 21.473, .2101, and .7816. ~—") (b) 805.9647 


DECIMALS 83 


os 


2. Four round pieces of bar steel, when measured accurately, are 
found to have lengths of 11.25, 7.625, 1.3125, and 5.4375 inches (abbre- 
viated in.). What is their total length when placed end to end? 

Ans. 25.625 in. 


3. The estimated weights of the parts of a return-tubular boiler 
were as follows: Shell, 3,626 pounds; tubes, 3,564.5 pounds; manhole 
cover, ring, and yoke, 270.34 pounds; stays, etc. 1,089.4 pounds; steam 
nozzles, 236.07 pounds; handhole covers and yokes, 120.25 pounds; 
feedpipe, 34.75 pounds; boiler supports, 350.6 pounds. What was the 
total estimated weight of the boiler? Ans. 9,291.91 Ib. 


4. The five sides of a field measure, respectively, 8.13 rods, 4.63 rods, 
7.88 rods, 4.76 rods, and 9.29 rods. What is the total length of the 
sides? Ans. 34.69 rods 


5. There are four electric lamps connected to a circuit. The lamps 
require current as follows: 1 ampere, .5 ampere, .3 ampere, and .25 
ampere, respectively. What is the total current in amperes required by 
the four lamps? Ans. 2.05 amperes 


6. A sample of coke was burned to test its quality. The coke was 
found to contain 5.79 pounds of ash, .597 pound of sulphur, and 93.613 
pounds of carbon. What was the weight of the sample? Ans. 1001b. 


7. The inside width of a square steel box is 6.065 inches, and the 
thickness of the walls is .280 inch. What is the outside width of the 
box? Ans. 6.625 in. 


Note.—Two opposite walls of the box must be considered in this example. 


8. During a five-day voyage a steamer passes over the following dis- 
tances: 384.75 miles, 372.825 miles, 356.5 miles, 392.625 miles, and 
345.25 miles. What was the total distance covered? Ans. 1,851.95 miles 


9. A farmer has 10.5 acres in one field, 8.75 acres in another, and 
30.25 acres in a third field. How many acres does he possess in all? 
Ans. 49,5 acres 


10. A merchant sold to four customers the following quantities of 
cloth; 5.125 yards, 15.5 yards, 9.3125 yards, and 6.625 yards. What is 
the total length of the cloth that was sold? Ans. 36.5625 yd. 


11. By carefully measuring the six sides of a tract of land it was 
found that the first side measured 537.68 feet, the second 87.36 feet, the 
third 836.39 feet, the fourth 732.12 feet, the fifth 237.26 feet, and the 
sixth 523.09 feet; what is the exact distance around the property? 

Ans. 2,954.50 ft. 
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SUBTRACTION OF DECIMALS 


14. Rule for Subtracting Decimals.—In the sub- 
traction of decimals, tenths are placed under tenths, hun- 
dredths under hundredths, ete., bringing the decimal points in 
a vertical line, as in addition of decimals. 


Rule.—Place the subtrahend under the minuend, so that 
the decimal point of the subtrahend will be directly under that 
of the minuend. Subtract as in whole numbers, and place the 
decimal point in the remainder directly under the decimal 
points above. 

When the figures in the decimal part of the subtrahend 
extend beyond those in the minuend, place ciphers in the 
nuinuend above them, and subtract as in the case of whole 
numbers. 

Exampte 1.—Subtract .132 from .3063. 

SoLutTiIon.— minuend 3063 

subtrahend 132 
difference. 1743 Ans. 

It is understood that the fourth decimal place of the subtrahend is 
occupied by a cipher. 

Exampie 2A bar 7.895 inches long has a piece .725 inch long cut 
away from one end. What length remains? 

SoLution—The length remaining must be the difference between 
7.895 inches and .725 inch, 

minuend 7.895 
subtrahend .725 
difference7.\7Q0o0r7.17 Ans. 

That is, the length remaining is 7.17 inches. 

Exampie 3—A block 11 inches thick has .625 inch planed from it. 
What is its thickness then? 

Sotution.—The resulting thickness is the difference between 11 and 
.625 inches. 

minuend 1 1.000 
subtrahend 625) 
. difference 10.375 Ans. 


That is, the thickness is then 10.375 inches. 


ILT 271B—7 
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EXAMPLES FOR PRACTICE 
1. In the following examples, from: 


(a) 407.385 take 235.0004. pee es 172.3846 
(b) 22.718 take 1.7042. ~\(b) 21.0138 


2. A block of steel 1.0625 inches thick is cut down to a thickness of 
9375 inch. What thickness of metal is removed? Ans. .125 in. 


3. If a bar 3.25 inches long has a piece 1.625 inches long cut away, 
what is the length of the remainder ? Ans. 1.625 in. 


4. If the temperature of steam at 5 pounds pressure is 227.964 
degrees and at 100 pounds pressure is 337.874 degrees, how many degrees 
hotter is the steam at the higher pressure? Ans. 109.91 


5. Ina cistern that will hold 326.5 barrels of water there are 178.625 
barrels? How much does it lack of being full? Ans. 147.875 barrels 


6. A man left to his son and to his brother portions of his estate 
amounting to 33 of the whole. If the portion received by the son was 
25 of the estate, what portion did the brother receive? Ans. .08 


7. One bar is 12.0013 inches and another bar 5.9938 inches long. 
What is the difference in length? Ans. 6.0075 in. 


8. A liquid-measure quart has 57.75 cubic inches, and a dry-measure 
quart has 67.200625 cubic inches. Find the difference in cubic inches 
between the two kinds of quart measures. Ans. 9.450625 cubic in. 


9. One cubic foot of water weighs 62.37 pounds, and one cubic foot 
of ice weighs 57.5 pounds. How much heavier is the water than the 
ice? Ans. 4.87 Ib. 


10. In testing a sample of coke weighing 100 pounds it was found to 
contain 5.78 pounds of ash and .586 pound of sulphur; the remainder 
was carbon. How much carbon did the sample contain? 


Ans. 93.634 Ib. 


MULTIPLICATION OF DECIMALS 


15. Rule for Multiplication.—Multiplication of deci- 
mals is similar to multiplication of whole numbers. The 
right-hand figure of the multiplier is placed under the right- 
hand figure of the multiplicand, irrespective of the relative 
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positions of the two decimal points ; in other words, the points 
need not be in a vertical line. The number of decimal places in 
the product depends on the total number of decimal places 
found in the multiplier and the multiplicand. The preceding 
statement may be formulated as a rule, as follows: 


Rule.—Place the multiplier under the multiplicand, disre- 
garding the position of the decimal points. Multiply as with 
whole numbers, and in the product point off as many decimal 
places as there are decimal places in both multiplier and mul- 
tiplicand, beginning at the right, and prefixing ciphers if 
Necessary. 


16. Application of Rule.—The application of the pre- 
ceding rule is shown in the solutions of the following examples: 


Examete 1.—Multiply .825 by 13. 


Sotution.—In this example, there multiplicand 825 
are three decimal places in the mul- multiplier 13 
tiplicand and none in the multiplier; 2475 
therefore, three decimal places are 825 
pointed off in the product, beginning tieduet HOT2S mae. 


to count at the right. 


ExAMPLe 2.—What is the product of 426 and .005? 


SoLtution.—In this example 
there are three decimal places in 


the multiplier and none in the multiplicand 426 
multiplicand; therefore, three multiplier .005 

decimal places are pointed off in product 2t200r213 Aus. 
the product, counting from the 

right. 


1%. When a decimal, serving as a multiplicand or as a 
multiplier, contains one or more ciphers next to the decimal 
point, as .0049, such ciphers have no effect on the figures in 
the product, but they do affect the position of its decimal point. 

When multiplying decimals such as .3700, the ciphers at the 
right-hand end may be dropped, as they only make more figures 
to deal with and do not change the value of the product in any 
way. The following examples show the application of these 
statements ; 
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Exampte 1.—Multiply 1.205 by 1.15. 
Sorution.—In the multiplicand there multiplicand 1.205 


are three decimal places and in the mul- multiplier LANs, 

tiplier two places, making in all five 6025 

places to point off in the product. 1205 
1205 


product 138575 Ans, 

Exampce 2.—Multiply 232 by .001. 

Sotution—In this example the multiplicand is multiplied by the 
figure 1 of the multiplier, which gives 
232 as the product. The sum of the 
numbers of decimal places in the mul- 
tiplicand and multiplier is six, and six 
places must be pointed off in the prod- 
uct. But, as there are only three fig- 
ures in the product, it is necessary to prefix three ciphers, as shown, to 
obtain the required number of decimal places. 


EXAMPLE 3.—Multiply .92500 by .313. 


Sotution.—According to the preceding statement the last ciphers in 
the decimal .92500 could be omitted without affecting the product. 
The correctness of this statement will be proved by first multiplying 
the decimals in their present forms and then multiplying without the 
ciphers in the multiplicand, the products being the same in each case. 


multiplicand 232 
multiplier O01 


product 000232 Ans. 


In the solution (a) there must be eight decimal places in the product, 
eight being the sum of the decimal places in the multiplicand and 
multiplier. If the two ciphers are omitted from the multiplicand, as 
in (b), only six decimal places are required in the product. The two 
products are equal, because the two ciphers to the right of the decimal 
in the solution (a) have no value. 


(a) (0) 
multiplicand 92500 multiplicand 925 
multiplier sales multiplier 5) US 
277500 Pal pea) 
92500 925 
2775006 27S 


producf 28952500 Ans. product 289525 Ans. 
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EXAMPLES FOR PRACTICE 
1, In the following examples, find the product of: 


(a) .000492 X 4.1418. eon (a) .0020377656 
(b) 4,003.2X*1.2 (6) 4,803.84 


2. Four equal distances of 2.375 inches are marked off, end to end, 
on a piece of work. What is the total distance marked off? 
Ans. 9.5 in. 


3. If 1 cubic inch of cast brass weighs .295 pound, what is the weight 
of a brass casting containing 768 cubic inches? Ans. 226.56 lb. 


4. Ifa steam pump delivers 2.38 gallons of water per stroke and runs 
at 51 strokes a minute, ‘how many gallons of water will it pump in 
583 minutes ? Ans. 7,100.73 gallons 


5. Wishing to obtain the weight of a connecting-rod from a drawing 
it was calculated that the rod contained 294.8 cubic inches of wrought 
iron, 63.5 cubic inches of brass, and 10.4 cubic inches of Babbitt. 
Assuming the weight of wrought iron to be .278 pound per cubic inch, 
of brass .303 pound, and of Babbitt .264 pound, what was the weight of 
the rod? Ans, 103.94 Ib. 


Note.—Two decimal places in the answer is sufficiently accurate in this case. 


6, ‘Three men A, B, and C bought a tract of land for 42,685 dollars. 

A paid .35 of this price, B .44, and C .21, How much money did each 
invest? A, 14,939.75 dollars 
Ans.{ 8B, 18,781.40 dollars 

C, 8,963.85 dollars 


7. A tank contains 86 gallons of a solution of nitric acid. If in 
making each gallon of solution .012 gallon of nitric acid was used, how 
much acid was required for the 86 gallons? Ans. 1.032 gallons 


8. The cost of manufacturing a certain article is 132 dollars. Of 
this amount .6 was spent in the foundry, .3 on drilling, and the remain- 
der on filing. What is the cost of each operation? 

Foundry, 79.20 dollars 
Ans.? Drilling, 39.60 dollars 
Filing, 13.20 dollars 


9. Ifa man can shovel 1.7 cubic yards of clay into a cart in 1 hour, 
how many cubic yards of clay will he shovel in 4.75 days of 8 hours 
each? Ans. 64.6 cubic yards 


10. How many bricks will be laid by a bricklayer in 13.75 days, if 
he can lay 1,240 bricks per day? Ans, 17,050 bricks 
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DIVISION OF DECIMALS 


iS. Rule for Division.—Division of decimals is very 
similar to division of whole numbers. The numbers are writ- 
ten and divided in the same way, the decimal point being dis- 
regarded while dividing. Before dividing, however, it may be 
necessary to annex ciphers to the decimal part of the dividend 
so as to make the number of decimal places in the dividend 
equal to or greater than the number in the divisor. Sometimes 
it is necessary to annex ciphers to the decimal part of the divi- 
dend to make it large enough to contain the divisor. The rule 
to be used is as follows: 


Rule.—I. Place the divisor to the left of the dividend, and 
proceed as in division of whole numbers; in the quotient, point 
off as many decimal places as the number of decimal places in 
the dividend exceed those in the divisor, prefixing ciphers to 
the quotient, if necessary. 


II. If in dividing one number by another there is a remain- 
der, the remainder can be placed as the numerator in a frac- 
tion with the divisor as its denominator and considered as a 
fractional part of the quotient, but it is generally better to annex 
ciphers to the remainder, and continue dividing until there are 
3 or 4 decimal places in the quotient, and then if there still is a 
remainder, terminate the quotient by the plus sign (+), which 
shows that it can be carried farther. 


19. Division Without a Remainder.—The application 
of the preceding rule is shown in the solutions of the following 
examples in which the divisor is contained in the dividend with- 
out a remainder. The quotient obtained by such division js 
known as an exact decimal. 


ExAMp Le 1.—Divide .625 by 25. 


Sotution.—The dividend has 3 deci- 
mal places and the divisor none; there- 
fore there are 3—0=3 decimal places in 
the quotient. One cipher has to be pre- 1 
fixed to the number in the quotient, to 
make the 3 decimal places required. remainder OQ 


divisor dividend quotient 
2:9) 20:2 S02 See Anse 
50 
2 


— 
het 
Orr 
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EXAMPLE 2.—Divide 6.035 by .0S. 


SoLution.—In this example the divi- 
dend is divided by 5 in the divisor, as if 


divisor dividend quotient 


O5)6035(1207 Ans, 


the cipher were not before it. The divi- 5 
dend has 3 decimal places and the divisor 10 

2; the difference being 1, one decimal 10 
place is pointed off in the quotient. Sh) 


35 
remainder 0 
Exampte 3.—Divide .125 by .005. 


divisor dividend quotient 


S == i Xa 
OLUTION.—In this example there are O08) 125025 Ane 


the same number of decimal places in 


the dividend as in the divisor; therefore, Bu 
no decimal places are pointed off in the a 
quotient. 295 
remainder (Q 
Examp te 4.—Divide 326 by .25. 
Scotution.—As 326 is a whole num- 25)32600(1304 Ans. 
ber, it must have annexed to it a deci- 25 
mal portion consisting of two ciphers in 76 
order to make the number of decimal TES 
places in the dividend and divisor equal. 4 00 
As a consequence, there are no decimal 100 
places in the quotient. 9 


Exame.e 5.—Divide .0025 by 1.25. 


Sotution—According to Art. 18, the divisor and dividend may be 
considered as whole numbers in dividing. When considered as such, it 
is seen that the dividend 25 will not contain the divisor 125; a cipher 
must therefore be annexed to the num- 
ber 25, thus making the dividend 250. 1.25) .00250(.002 Ans. 
As 125 is contained twice in 250, the 250 
quotient is 2. In its present form the 0 
dividend contains 5 decimal places; there 
are 2 decimal places in the divisor. The difference, 5—2=3, is the num- 
ber of the required decimal places in the quotient. In order to point 
off 3 decimal places, two ciphers must be prefixed to the figure 2, 
thereby making .002 the quotient. 


20. Short division should be used not only for whole num- 
bers, but also for decimals, whenever it is advantageous to 
apply it. For instance, examples 2 and 3 in the preceding series 
can easily be solved’ by short division. Example 3 would be 
solved as follows: 
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EXxAMPLE.—Divide .125 by .005. 


Sotution,—The explanation accompanying divisor dividend 
the solution of example 3, Art. 19, applies 005) 125 
also here. quotient 25 Ans. 


21. Division With a Remainder.—In the foregoing 
examples, the divisor was contained in the dividend without 
any remainder. The method to follow in case there is a remain- 
der is shown in the following examples: 


Exampie.—What is the quotient of 199 divided by 15? 


Sotution.—In solution (a) the dividend and the divisor are treated as 
whole numbers, and the remainder, 4, is used as the numerator in a frac- 
tion where the divisor, 15, is the denominator. The quotient is a mixed 
number consisting of the whole number 13 and the fraction Te Of lose: 


(a) (dD) 
15)199'(13--,orl3s, Ans. [5 )199000 (13 2664- Ans. 
15 15 
49 49 
45 45 
remainder 4 40 
30 
100 
20 
100 
90 


remainder 10 


In solution (b) the dividend is treated as a decimal, a decimal 
point being placed to the right of the dividend and a number 
of ciphers added corresponding to the number of decimal places 
required in the quotient. In this case 3 ciphers are added, but it is 
noted that after including these in the division there is still a remainder 
of 10; in fact, this example belongs to one of those eases in which the 
division does not end. If the fraction 34; in solution (a) is reduced to 
a decimal (by the method to be explained later), it becomes .266. 
This shows that the quotients obtained in solutions (a) and (b) are 
equal, or, 13y=13.206. 


22. In many cases of decimal division there is a 
remainder, so that the quotient can be continued without a 
limit. Decimals of this kind are known as interminate. In 
the case of an interminate decimal it is necessary to decide how 
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many decimal places are required in the quotient. Three 
decimal places are sufficient for most practical purposes, and 
more than four or five are rarely needed. After the number of 
places required has been decided on, the work of division is 
carried one place farther. This extra figure, which is subse- 
quently omitted, serves as a means for a closer adjustment of 
the last figure in the required decimal. Thus, if the extra 
figure is 5 or a greater number, the preceding figure is increased 
by 1, a minus (—) sign being annexed to it to show that the 
quotient is not quite as large as indicated. 

For instance, if in the last example in Art. 24 it had been 
required to obtain the answer correct to 4 decimal places, the 
work should haye been carried to 5 places, obtaining 13.26666. 
Here, the fifth, or extra, figure is larger than 5, hence in 
omitting it, the fourth figure is increased by 1, and the required 
answer is 13,2667—. 

If the extra figure in the decimal is less than 5, the preceding 
figure is left unaltered, when omitting the extra figure, but a 
plus sign (+) is written in its place to indicate that the true 
value of the quotient is slightly greater than that given. For 
exainple, if it is desired to retain 4 decimal places in the 
number 73.41823 it would be expressed as 73.4182+, the plus 
sign indicating that the true result is slightly larger than that 
shown. 

These remarks apply to any other calculation involving 
decimals, when it is desired to omit some of the figures in the 
decimal. Thus, if it is desired to retain 3 decimal places in the 
number .2471253, it would be expressed as 247+; if it was 
desired to retain 5 decimal places, it would be expressed as 
.24713—. Both the + and — signs are frequently omitted ; 
they are seldom used outside of arithmetic, except in exact cal- 
culations, when it is desired to call particular attention to the 
fact that the result obtained is not quite exact. 


23. In works of a scientific nature and in calculations deal- 
ing with minute quantities, where it is desirable to make a dis- 
tinction between exact and interminate decimals, it is customary 
to annex a cipher to the last place of the exact decimal. Thus, 
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by adding a cipher to the decimal .375 and writing .3750 it is 
intended to convey the information that the decimal is without 
a remainder. 

In tables consisting of exact and interminate decimals it is 
sometimes necessary, for the sake of uniformity, to add several 
ciphers to an exact decimal. Thus, in the following column 
there are added two ciphers to the exact decimal 5, so as to 
obtain the same number of places as in the adjoining decimals. 


14.392 
L200 
PES: 


24. Repeating Decimals.—When in dividing decimals 
the divisor is not contained in the dividend without a remain- 
der, the division may be continued indefinitely; that is, the 
quotient is interminate. In such cases one figure of the quo- 
tient may continue to repeat itself. Thus, in dividing 1 by 6 
the quotient is .1666..., the figure 6 continuously repeating 
itself. The decimal is known as a repeating decimal, or 
repeater. The fact that a figure is a repeater is indicated by 
placing a dot over it; thus, the preceding quotient is written .16. 
An instance of a repeating decimal was found in the example of 
fa iqiner <1 

Instead of only one figure repeating itself, it is possible for 
two or more to do so. For instance, on finding the quotient of 
7)1.000000000000 

1423857142857 
that a whole group of figures keeps on repeating, the group 
consisting of the figures 1,4,2,85,7. This repeating decimal, 
which is sometimes called a circulating decimal, is written 
.142857, the two dots indicating the first and the last figure of 
the repeating group of figures. 


17 by short division, as it is found 


EXAMPLES FOR PRACTICE 


1. In the following examples, divide: 


(a) 101.6688 by 2.36. ‘Ans,f (4) 43.08 
(b) 187.12264 by 123.107. 16) 1.52 
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2. A bar 24.375 inches long is divided into equal parts measuring 
1.625 inches in length. How many parts are there? Ans. 15 


3. In the manufacture of a number of machines 612 pounds of 
bronze was required. If each machine used 12.75 pounds, how many 
machines were there? Ans. 48 


4. The cost of 18.75 tons of coal was 60.75 dollars. What was the 
cost per ton? Ans. 3.24 dollars 


5. A keg of boiler rivets weighs 100 pounds and contains 595 rivets. 
What is the weight of one of the rivets? Ans. .168+ Ib. 


6. A bar, shown on a drawing, measures 18.75 inches in length. If 
it has to be divided into 6 equal parts, what will be the length of each 
part? ANS. GS l25:ine 


7. A spool contains 75.6 pounds of copper wire. How many coils, 
weighing 18.9 pounds each, can be made from the wire on the spool? 
Ans. 4 coils 


8. Five gallons of ready-mixed paint are required to cover a surface 
measuring 1,377.5 square feet. What will be the size of the surface, 
measured in square feet, that may be covered by 1 gallon of paint? 

Ans. 275.5 square feet 


9. If a carpenter can lay 5,750 shingles in 5.75 days, how many 
shingles can he lay in 1 day? Ans. 1,000 shingles 


REDUCTION OF FRACTIONS AND DECIMALS 


REDUCING FRACTIONS TO DECIMALS 

25. Rule for Reduction.—Common fractions must fre- 
quently be changed to decimals; for example, fractions of an 
inch must be changed to equivalent decimals. The following 
rule is used: 

Rule.—To reduce a common fraction to a decimal, place a 
decimal point after the numerator, annex ciphers to the right 
of the point, and divide by the denominator. Point off as many 
decimal places in the quotient as there are ciphers annexed to 
the numerator. 

ExAMPLe 1—Find the decimal that is equivalent to the fraction . 
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Sotution.—Using short division the solution is as shawn, As two 
ciphers were annexed to the numerator, it follows from the rule that 
two decimal places must be pointed off in the quotient. 


EXxampPLe 2.—What decimal is equivalent to §? 


SoLution.— 8)7.000(.875 
64 
60 
56 or $=.875 Ans. 
40 
40 
0 


EXAMPLE 3.—What decimal is equivalent to 74? 


Sotution,—Performing the division as shown, it is found that there 
is a remainder and that the division may be carried on indefinitely, It 
is also seen that the quotient is a repeating decimal. Complying with 
the rules given in Art. 22, the answer may be written in either of the 
following forms: .3636+, or .364. 


11) 40000(.3636 
8) 
70 


or tr=.3636 Ans. 


26. Table of Decimal Equivalents.—The decimal 
equivalents given in Table I should be calculated by applying 
the rule in Art. 25. In each case the numerator should con- 
tain a number of ciphers sufficient to allow the division to be 
completed without a remainder, since none of the decimals are 
repeating decimals. The table is convenient for reference, but 
it is well to memorize the first portion marked “8ths.” 


§3 


Sths 


16ths 


DECIMALS 


TABLE I 
DECIMAL EQUIVALENTS 


pa woo olen 
i i 
Ban 
Ont on 


32ds 


EXAMPLES FOR PRACTICE 


Reduce the following common fractions to decimals: 


(a) 4 
(b) 4 
(c) 8 
(d) 23% 
() # 


Ans. 


Se, 


#5 =.03125 
#7 =.09375 
Fy ==.15625 
$5 ==.21875 
Fy = 28125 
59 =.34375 
33 = 40625 
$3 = 46875 
e4— 5515 
33 == 50375 
£5 = 65625 
43 = 71875 
4F = (78125 
ZY == 84375 
43 = 90625 
25 = 96875 
(a) 8 

(b) .778— 
(c) 533+ 
(d) .575 
Ce) 3 


REDUCING DECIMALS TO BFRACTIONS 


21 


27. Rules for Reduction.—To reduce a decimal to a 
common fraction of the same value, the following rule is used: 


Rule. 


To reduce a decimal to a common fraction, place 


under the figures of the decimal the figure 1 with as many 
ciphers at its right as there are decimal places in the decimal, 
and reduce the resulting fraction to its lowest terms by dividing 
both numerator and denominator by the same number, 


ExaMpLe 1.—Reduce ‘125 to a fraction. 


SoLuTION.— 


125 = e55=fec=Fo=t- Ans. 
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ExaMpPLe 2.—Reduce .875 to a fraction. 


te CRU Sows SOR ai ot 
Sotution.— .875'= §75-=178=35=7. Ans, 


28. In practice it often happens that a decimal must be 
reduced to a specified fractional part of a unit, as, for instance, 
to sixteenths or thirty-seconds of an inch. When, as in this 
case, the denominator of the fraction is given, the following 


rule is applied: 


Rule.—To reduce a decimal to a fraction with a given 
denominator, multiply the decimal by the given denominator 
and beneath the product place that denominator. 


It will be noted that the method outlined in the preceding 
rule is equivalent to that of dividing a unit into any number 
of parts desired, and of these parts taking a number of parts 
equivalent to the decimal fraction. For instance, if it is 
required to find the equivalent of .75 inch in sixteenths of an 
inch, the unit is divided into sixteenths, as +¢; +$X.75 

16.75 


Te “=12. Thus, .75 inch is equal to 42 inch. 


Examp e 1.—If a steel plate plate is .5827 inch thick, what is its equiv- 
alent thickness in O64ths of an inch? 


Sotution.—According to the example, the decimal .5827 is to he 
reduced to a fraction having 64 as its denominator. Applying the rule, 


5897 Cie _ .5827X64 37.2928 
64 64 64 
As the numerator in the latter fraction is a mixed number, it must 
be replaced by the nearest equivalent whole number. 37.2928 is nearer 
to 37 than to 38 because the difference between 37.2928 and 37, or .2928, 
is smaller than the difference between 38 and 37.2928, which is .7072. 
So 37 is chosen and the decimal is omitted. It follows that .5827 inch 


= inch, nearly. Ans, 


Exampie 2.—Change .3917 to 12ths. 


Sotution.—According to the requirements the decimal .3917 is to be 
changed to an equivalent proper fraction having 12 as a denominator. 
Applying the rule, 

12. .3917K12_ 4.7004 
m2 12 3 

The number 4.7004 being nearer 5 than 4, the number 5 is chosen as 

the nearest equivalent. That is, .3917= 55, nearly. Ans. 


o917X 
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EXAMPLES FOR PRACTICE 


1. Reduce the following to common fractions: 


(a) 25. (a) 4 
(b) .625 (b) 2 
(3: Atis.. (ce) <5 
(d) .04, (d) ay 
(ce) .06. (ce) 

2. EScpressi: 

(a) .625 in 8ths. (a) £ 

(b) .3125 in 16ths. (b) 455 

CO) IS625ino2dss (c) 3% 
: Ans. 

(@) (77 in O4ths. (d) 42 

(e) 81 in 48ths. (2a 

(f) .923 in 96ths. COM: 


DECIMAL CURRENCY 


29. Examples of Calculations.—In the United States 
and some other countries the dolar is the unit in which money 
values are expressed. The dollar is 100 cents; that is, 1 cent 
is one-hundredth of a dollar. Represented as a decimal 1 cent 
=,01 dollar, and 25 cents=.25 dollar. The sign $ is the dollar 
mark, and is usually placed in front of a number representing 
dollars or cents, when the latter number is given as a decimal 
part of a dollar. For example, $12 is read twelve dollars, and 
$.25, or $0.25, is read twenty-five cents. The expression $12.25 
is read twelve dollars and twenty-five cents. The decimal point 
is used to separate the dollars from the cents. All to the left 
of the decimal point represents dollars, and the two figures to 
the right of the decimal point represent cents, the cents being 
hundredths of a dollar. 

Calculations in which dollars and cents are used are made in 
the same way, and according to the same rules, as calculations 
using decimals, because an expression like $1.15 is a decimal, 
and represents 17% dollars. The following examples, with 
their solutions, will serve to illustrate the methods of using 
dollars and cents in calculations: 


24 DECIMALS §3 


Exampte 1—A workman’s wages are $2.85 a day. How much does 
he earn in 26 days? 

Sotution.—In 26 days he will earn 26 times as much as in 1 day, or 
26 X$2.85=$74.10, Ans. 

Examp.e 2.—The total cost of making 95 pieces of work was $235.60. 
What was the cost per piece? 

Sotution.—The cost per piece is equal to the total cost divided by 
the number of pieces, or $235.60+95=$2.48. Ans. 

Exampte 3.—If a man receives $36.94 on pay day and immediately 
pays bills amounting to $19.67, how much has he left? 


SoLution.—He will have left the difference between what he received 
and what he paid out, or $36.94—-$19.67=$17.27. Ans. 

Exampte 4.—A certain piece of work requires four men to complete 
it. If these men are paid $12.80, $21.16, $13.54, and $6.15, what is the 
cost of the labor? 


Sotution.—The labor cost must be the sum of the four amounts, or 
$12.80+$21.16+$13.54+-$6.15=$53.65. Ans. 


EXAMPLES FOR PRACTICE 


1. A workman is paid $27.60 for 6 days’ work. How much does he 
earn per day? Ans. $4.60 


2. If a certain article costs $.45, what will 48 of these cost? 
Ans. $21.60 


3. Three different grades of pig iton were purchased at $14.25, 
$19.65, and $17.40 a ton. What was the average cost per ton? 
Ans. $17.10 


4. A man works 112 hours at $.46 an hour, and draws $28.75 on 
his pay. How much is still due him? Ans. $22.77 


5. How much remains when 67 cerits is taken from $10.36? 
Ans, $9.69 


6. If a man receives $3.20 per day of 8 hottrs, how much does he 
receive after working 164 hours? Ans. $6.60 
7. If a certain product costs 8% cents per pound, what will be the 


cost of 350 pounds? Anis. $30.62 


8. An ice-making plant has an output of 50 tons daily. If the ice 
costs $3.60 per ton, what is the value of the output for 320 days? 
Ans. $57,600 


§3 DECIMALS 25 


9. If lath costs $.55 per bundle, what must be paid for 45 bundles? 
Ans. $24.75 


10. If a carpenter earns $350 in 12.5 weeks, what are his average 
wages per week? Ans. $28 


PER CENT. AND PERCENTAGE 


DEFINITIONS 


30. Explanation of Term Per Cent.—The term per 
cent. is frequently used in connection with calculations of 
various kinds, as, for example, in expressing the composition of 
metals and other substances, profits on investments, etc. The 
term is an abbreviation of the Latin words per centum, and it 
means by the hundred, or in the hundred. The meaning of the 
term may be seen more clearly from the following explanations 
and examples. 

If a man has $100 and spends $50 of it, then he has spent 
=52, or 50 per cent. of his money. If he spends $20 more, then 


100 

he has spent ={*7°= 7% or 70 per cent. of the money. Sup- 
posing that he spends $10 more, he has spent 80 per cent. and 
$20 ‘is left, which amounts to 3%%, or 20 per cent., of the 
money he had. 

Again, if it is stated that the population of Scranton, Pa., 
increased 6 per cent. in the period from 1910 to 1920, it is 
equivalent to saying that the increase was 6 in every hundred ; 
that is, for every 100 in 1910, there were 6 more, or 106, in 


1920. 


31. As another example let it be supposed that the com- 
position of a certain specimen of solder is such that a bar of 
solder, weighing 10 pons contains 6 pounds of lead. Then 
the weight of the lead is 4% of the weight of the bar. But, 


+8 =7155 and 3%,°5 is 60 per cent. of the bar. That is, the bar 


contains 60 per cent. of lead. 


Exampte 1.—Find the weight of tin in 150 pounds of solder, if 
there is 40 per cent. of tin, by weight, in the solder. 

Sotution.—The weight of tin is 40 per cent., or 40 hundredths, of 
the whole weight of solder. Therefore, the weight of the tin is 54% 
of 150 pounds, or 449,150 pounds=*°*35°=60 pounds. Ans. 


IL T 271B—8 
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Exampie 2.—A tank contain 75 gallons of a sulphuric-acid solu- 
tion. If there is 47 per cent. of sulphuric acid in the solution, how 
many gallons of acid were used? 

Sotution.— 47 per cent. of 75 gallons is 75X 4j%,=75X.47=35.25 
gallons of sulphuric acid. Ans. 


32. Sign of Per Cent.—The sign of per cent. is %; 
thus, 2% means 2 per cent. and is read two per cent. The 
figure before the sign % indicates how many per cent. is meant, 
or the number of hundredths. Thus, 6% is read 6 per cent., 
and means 6 hundredths; 124% is read twelve and a half per 
cent., and means 12$ hundredths. 

% of a number means yoo of that number ; 5% of a number 
is reo Of the number; and soon. Thus, 1% of 200 is 2, because 
shy of 200 is zy X200=2. If a man is receiving 60 cents an 
hour for his work and he gets an increase of 10% in his wages, 
his increase amounts to 10% of 60, or 74°95 X60=6 cents; then, 
his new rate of pay is 60+6=66 cents an hour. 


33. Omission of Per Cent. Sign.—The per cent. sign, 
%, may be dropped and the number of per cent. expressed in 
several other ways. For example, 12% may be written 12 per 
cent. Or, the per cent. may be changed to a common fraction, 


WS ens as. 35 
Gr are, = . % 
123% 100 100 1000’ 91.6% 


thus, 6% =z$0; 25% =%5- 


oJ 


a In all of these examples the per cent. sign is 
omitted. 


34. Per Cent. Expressed as a Decimal.—lIf the per 
cent. is to be changed to a decimal instead of to a common 
fraction, the % sign is dropped and the number of decimal 
places is increased by two by moving the decimal point two 
places to the left. For example, suppose that 25% is to be 
changed to a decimal having the same value. Mentally, this 
number may be supposed to be written 25.0%. The sign % is 
dropped and the number of decimal places in the number is 
increased by two by moving the decimal point two places to the 
left, giving .250, or .25; that is, 25% =.25. That the method 
just given is correct may be proved by means of Art. 33. 
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According to the latter, 25% =3%55 ; but, 7%5;=.25. Therefore, 
29% =fe5= 25. 

Suppose that 2.5% is to be changed to a decimal. There is 
already one decimal place in the number, and the two more 
that must be prefixed when the sign % is dropped make a total 
of three decimal places ; then, 2.5% =.025, a cipher being used 
to give the necessary number of places. Again, .25% =.0025. 
The number of decimal places to be pointed off in this case is 
2+2=4, and so two ciphers must be prefixed. 


35. When a per cent. is used in a calculation, it is always 
changed to a fraction or to a decimal. It is necessary, there- 
fore, that the preceding rules, explaining the method of chang- 
ing per cent. to a fraction and to a decimal, should be 


TABLE II 
PER CENTS. EXPRESSED AS DECIMALS AND FRACTIONS 


Per Cent.) Decimal} Fraction Per Cent. | Decimal Fraction 
roa 20% T00 150% 1.50 too Or 14 
20 02 | Tov Ors'c 500% | 5.00 100 or 5 
5% 05 | Too OF zy 1% 0025 | 165 Or 00 

10% 10 | Too OF ie 3% 005 rig or tha 
25% 25 | too Or t ee O15 7d; or F30 
50% 50 | Yoo Or > S36 08% ee Ot Te, 
GaoG 75 | too Or 123% 25 a0) or & 

100% | 1.00 | too Or I 162% 163 we or % 
125% | 1.25 | tedorit 623% O25 wt or 


thoroughly understood. Table II shows various per cents. 
expressed as decimals and as common fractions. 


36. Percentage.—By the term percentage is meant the 
product obtained by multiplying a number by a per cent, 
expressed as a decimal. For instance, if it is desired to find a 
number that is 5% of 45, the per cent. is expressed as a decimal, 
becoming .05. The product 45X.05=2.25 is the percentage. 

Note that per cent. and percentage do not mean the same thing. 
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CALCULATIONS INVOLVING PER CENT. AND PERCENTAGE 


37. Finding Percentage, When Number and Per 
Cent. Are Known.—Calculations of percentage are often 
required in cases where the number is known and also the per 
cent. These calculations are performed according to the fol- 
lowing rule: 

Rule.—To find the percentage of a number, multiply the 
number by the per cent. expressed as a decimal. 

ExaMp_e 1.—What percentage is obtained by taking 36% of 125? 

Sotution.—According to the rule, 36% is first changed to a decimal, 
thus becoming .36. Then, 125X.36=45. Therefore, 36% of 125 gives a 
percentage of 45. Ans. : 

ExAmpLe 2.From a stock of 300 machines, 76% was sold. What 
was the percentage sold? 


Sotution.—The number sold was 76% of 300. Expressed as a 
decimal, 76%=.76. Then, 300X.76=228. The percentage sold was 228 
machines. Ans. 


Exampce 3.—A brass casting weighs 348 pounds. The brass is made 
up of 65% of copper and 35% of zinc. (a) What is the percentage of 
copper in the casting? (b) What is the percentage of zinc in the cast- 
ing, both percentages being expressed in pounds? 


Sotution.—(a) The weight of copper is 65% of the whole, or 65% 
of 348. Expressed as a decimal, 65%=.05. The percentage of copper 
is, then, 

348 X .65=226.2 1b. Ans. 

(b) The percentage of zinc is 

348 X .35=121.8lb. Ans. 

Another way of finding the percentage of zinc is to subtract the 
percentage of copper from the weight of the casting, or 348—226.2 
=121.8 pounds, as before. 


38. Finding Per Cent., When Number and Per- 
centage Are Known.—\Vhen several numbers are combined 
into one whole, it is frequently required to find what per cent. 
each number is of the whole number. These numbers rep- 
resent, in reality, percentages and the question is to ascertain 
what per cent. of the whole is represented by each percentage. 
For example, if a certain weight of copper and a certain weight 
of tin are melted together to form bronze, it may be necessary 
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to know the per cent. of copper and the per cent. of tin. The 
constituent parts of copper and tin represent percentages, and 
the problem amounts, in reality, to this: Given the weight of 
the casting and the percentages of copper and of tin to find 
what per cent. of copper and of tin there are in the casting. 
The following rule applies to problems of this class: 


Rule.—To find what per cent. of the whole is represented 
by a given percentage, divide the percentage by the whole, and 
multiply the result by roo. 


ExampLe 1—What per cent. is employed to obtain 16 as a percentage 
of 64? 

SoLution.—In this example, 64 is the whole and 16 the percentage. 
Then, applying the rule, 16+64=.25. Finally, .25X100=25. Therefore, 
the percentage 16 is 25% of 64. Ans. 


Examere 2——In a bronze casting weighing 98 pounds there is a 
percentage of copper equal to 83.3 pounds. What per cent. of copper is 
there in the casting? 

Sotution.—Applying the rule, 83.3+98=.85, and .85X100=85%. 
Ans. 


ExampLe 3—From a stock of 300 motors a percentage of 228 was 
sold.. What per cent. was sold? 

Sotution.—Following the rule, 228+300=.76, and .76X100=76; 
that is, 76% was sold. Ans. 


Examp te 4.—A certain alloy contains percentages of copper, tin, and 
zinc, equal to 144 pounds, 27 pounds, and 9 pounds, respectively. Find 
(a) the per cent. of copper, (0) the per cent. of tin, and (c) the per 
cent. of zinc in the alloy. 


Notre.—An alloy is a solidified combination of two or more metals, mixed 
while in a molten condition. 


Sotution.—The total weight of the alloy is equal to the sum of the 
percentages, or 144+27+9=180 pounds. 

(a) The percentage of copper being 144 pounds, by the rule, 144-180 
=8 and .8X100=80%; that is, there is 80% of copper in the alloy. 
Ans. 

(b) The percentage of tin being 27 pounds, 27+180=.15, and .15X 
100=15%; that is, there is 15% of tin in the alloy. Ans. 

(c) The percentage of zinc is 9 pounds. Hence, by the rule, 
9-~-180=.05, and .05X100=5%; that is, there is 5% of zinc in the alloy. 
Ans. 

89. Finding Number, When Percentage and Per 


Cent. Are Known.—Sometimes a number is given which is 
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known to represent a certain percentage of another number, 
not known. It is desired to find the latter, the per cent. 
employed being known. The number is found according to 
the following rule: 


Rule.—To find a number of which the percentage and the 
per cent. are known, divide the percentage by the per cent. 
expressed as a decimal. 


Example 1.—At 68 per cent. the percentage of a certain number is 
101. What is the number? 


Sotution.—According to the rule, 68% is first changed to a decimal, 
thus becoming .68. Then, 101+.68=148-%;. Therefore, the number, of 
which the percentage is 101 at 68%, is 14848. Ans. 


Examp_e 2.—If the percentage of a certain number is 784 at 833%, 
what is the number? 


Sotution.—The per cent. is first expressed as a decimal. For this 
purpose it is convenient to reduce 834% to an improper fraction; thus, 


250 
834% = S833 2504 1 250 According to the rule, 784 is to be 
divided by $3%, or 784+3§8=784 X39 040.8. The required number 


is, therefore, 940.8. Ans. 


5 
0 


40. Sum of Percentages Equal to Whole Number. 
It should be noted that when the composition of a body is given 
in per cents. of its parts, the sum of the per cents. is equal to 
100. For instance, in example 3, Art. 37, there is 65% of 
copper and 35% of zinc, or a total of 65+35=100%. Also, it 
is important to note that the sum of the numbers that repre- 
sent the percentages of a thing or quantity must be equal to 
the number that represents the whole thing or quantity under 
consideration. For instance, in example 3, Art. 37, there are 
percentages of copper and zinc weighing 226.2 and 121.8 
pounds, respectively. The sum of these percentages, or 226.2 
+121.8=348 pounds, is equal to the weight of the brass casting. 
Also, if a certain percentage of a thing or quantity is taken 
away, the remaining percentage or percentages must be equal 
to the difference between the whole quantity and the per- 
centage removed. Thus, supposing a water tank holding 
8,000 gallons has lost 12% by leakage; the amount remaining 
is 100—12=88%. This can easily be proved. If 12% leaks 
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away, the percentage lost is, according to Art. 37, 8,000.12 
= 960 gallons, and the percentage left in the tank is 8,000—960 
=7,040 gallons. Applying the rule in Art. 38, 7,040+8,000 
= .88, or 88%. In other words, the water remaining is 88% 
of the original amount, which is exactly the same result as was 
obtained by subtracting 12% from 100% 


EXAMPLES FOR PRACTICE 


1. What per cent. of 


(a) 360s 90? [(a) 25% 
(b) 1251825? Ans.d (b) 20% 
(c) 47 is 94? | (c) 200% 


2. In a manufacturing plant an average of 3,640 pounds of coal 
per day was consumed. Alterations were made that resulted in a saving 
of 250 pounds per day. What was the per cent. of coal saved? 

Ans. 6.9%, nearly 


3. If the speed of an engine running at 128 revolutions per minute 
should be increased 64%, how many revolutions would it then make? 
Ans. 136 revolutions 
Note.—Calculate the number of revolutions corresponding to 64% and add these 
to the present number. 
4. Mr. A borrows $1,100 from his neighbor, Mr. B. This sum is 
184% of the total amount that Mr. B has on interest in the bank. How 
much money has Mr. B? Ans. $5,945.95 


Note.—The $1,100 borrowed is a percentage and the total amount is found by 
the rule, Art. 39. 


5. If an electric generator is rated at 250 kilowatts and is guaranteed 
to be capable of developing 25% overload, (a) what is this overload? 
(b) What is the total output of the generator while developing this 
overload? ficoms f{ (@) saa kilowatts 

| (b) 312.5 kilowatts 

Notze.—A kilowatt, abbreviated K. W., is a unit of electric power, 

6. A railway system has 540 cars in operation, out of which 45 must 
be replaced by new ones. (a) What per cent. of cars must be replaced? 


(b) What per cent. of them are still serviceable? ns, { (@ 83% 
=i) 912% 


7, A tank containing 10,000 gallons of water loses in a given time 
160 gallons by leakage. (a) What per cent. is lost by leakage? 
(b) What per cent. remains in the tank? ae f(a) 1.6% 

"| (b) 98.4% 


8. One cubic yard of a certain concrete mixture requires 4 bags of 
cement, each bag containing 100 pounds. A certain quantity of lime is 


‘ 
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to be added to this mixture, amounting to 3 per cent. of the weight of 
cement used. How many pounds of lime will be required for edch 
cubic yard of concrete made? Ans. 12 1b. 


9, The gas bill for last month was 25% higher than the bill for this 
month, which amounts to $6.40. What was the amount of last month’s 


bill? Ans. $8.00 
Notge.—25% of $6.40 is to be added to $6.40. 


ACCURACY OF CALCULATIONS 


REQUIRED NUMBER OF SIGNIFICANT FIGURES 


41. Accuracy of Measurements.—Results may be 
obtained by arithmetical operations that are absolutely correct. 
But, absolute accuracy in the practical application of the 
results is in many cases an impossibility. Measurements are 
liable to error, however carefully made, owing to imperfec- 
tions of the measuring instruments, erroneous methods of 
applying them, and unavoidable errors in reading their indica- 
tions. For example, the measurement of a distance between 
two given points would appear to be a simple operation, but 
on attempting to set off a distance of, say, 35.12 inches, thus 
measuring the length to the hundredth part of an inch, one 
will appreciate the attending difficulties. The distance, as 
first set off, may appear as absolutely correct, but let the opera- 
tion be repeated, taking every precaution to avoid errors, and 
the results may differ by several hundredths of an inch. 

Results based on the average of a series of measurements 
cannot be expected to be of a greater degree of accuracy than 
that of the instruments with which such measurements were 
made. Conversely, it is a waste of time and labor to use very 
accurate and sensitive instruments to obtain results that are 
required to be only approximately correct. 


42, Significant Figures.—The preceding remarks lead 
to the consideration of the number of significant figures that 
should be retained in the readings, calculations, and results in 
order to obtain results within the accuracy of the measure- 
ments used. By significant figures are meant the figures 
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of a number between the first digit at the left and the last 
digit at the right, it being understood that a cipher is considered 
as a figure but not as a digit. 

For example, the numbers 20,467, 28.321, 45.673, and 
00010569 each have five significant figures. If it were neces- 
sary to use only four significant figures, these numbers would 
be written 20,470, 28.32, 45.67, and .0001057, respectively ; 
that is, if the figure dropped is 5 or greater, the next figure to 
the left is increased by 1. If the dropped figure is less than 5, 
the next figure to the left is not changed. 

A cipher may be a significant figure. For example, the 
numbers 405.63, 300.64, and .12005 each have five significant 
figures. When one or more ciphers are located between two 
digits, as in the preceding examples, the ciphers become signifi- 
cant figures. 


43. The part of a number containing significant figures is 
called the signifieant part of the number. Thus, in the 
number .00812, the significant part is 812, and in the number 
170.3, the significant part is 1703. 

In speaking of the significant figures or of the significant 
part of a number, the figures are considered in their proper 
order, from the first digit at the left to the last digit at the 
right, but no attention is paid to the decimal point. Hence, all 
numbers that differ only in the position of the decimal point 
have the same significant part. For example, .002103, 21.03, 
2,103 have the same significant figures 2, 1, 0, and 3, and the 
same significant part 2103. 


44, Number of Significant Figures Required.—The 
degree of accuracy with which calculations should be deter- 
mined, either in whole numbers or in decimals, depends on the 
accuracy of the means employed for applying the results to 
practice or for obtaining the data employed in the calculations. 
It is evidently useless to employ great accuracy in calculating 
a practical problem, when the measuring instrument, by which 
the result is to be applied to practice, is incapable of a sufh- 
ciently accurate reading. For instance, it would be absurd to 
give a dimension in thousandths of an inch, when the rule 
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employed in that particular case did not measure even thirty- 
seconds; or, to calculate air pressure to hundredths of a 
pound, when the pressure gauge cannot be read with certainty 
to tenths of a pound. 


45. Generally speaking, in most practical problems, it is 
not necessary to use more than five significant figures, and in 
most cases only three to four figures are required. For 
instance, in a length of 812.75 feet, it would not be expected 
that the measurement would be accurate to within an inch. 
Hence, in the fraction .75, which means 9 inches, the last 
figure could be dropped and the figure 7 be replaced by 8. 
The length would now be indicated by the number 812.8 feet, 
which would be sufficiently accurate. As another example, let 
it be supposed that some chemical is weighed on an ordinary 
scale and is found to weigh 8 pounds 9 ounces =8.5625 pounds. 
Under the circumstances one would not expect the reading 
to be accurate within an ounce; hence, the figure 5 could be 
dropped, and the weight be given as 8.563 pounds, which is 
sufficiently accurate. Again, in calculating the thickness of a 
steel plate as .81875 inch, this number would contain more 
decimals than could well be applied in practice, as the measur- 
ing instrument usually employed for measuring such dimensions 
cannot be read to more than 4 decimal places; thus, .81875 
could be reduced to .8188 and be accurate enough for all prac- 
tical purposes. 

Again, to take an example referring to greater magnitudes, 
the average distance of the moon from the earth is 238,000 
miles, a number with three significant figures. Considering the 
great distance and the difficulties involved in obtaining accurate 
results, the number is considered to be sufficiently accurate. 


WEIGHTS AND MEASURES 


DENOMINATE NUMBERS 


ENGLISH MEASURES 


DEFINITIONS 


1. Varieties of Measures.—A measure is a standard 
unit, established by law or custom, by means of which a quan- 
tity of any kind may be measured. For example, the inch and 
the mile are measures of length; the pint and the gallon are 
measures of capacity, as used for liquids ; the ounce and the ton 
are measures of weight; the second and the month are measures 
of time, and so on. 


2. Denominate Numbers.—When a number is used in 
connection with measures, it becomes a denominate num- 
ber, that is, a named number. Numbers are said to be of the 
same denomination when they are combined with similarly 
named units of measure, as 2 pounds and 7 pounds. A pound 
is a unit of measure ; a foot, an hour are also units of measure, 
but of different kinds. 

If a denominate number consists of units of measure of bur 
one denomination, it is called a simple denominate number 
or a simple number. For example, 14 inches is a simple 
number, as it contains units of measure of but one denomina- 
tion, namely, inches. The denominate numbers 16 cents, 
10 hours, 6 gallons are all simple numbers, but they are not of 
the same kind. , 

If simple numbers of different denominations but of the 
same kind of measure are combined, the combination is called 
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a compound denominate number, or a compound number. 
For example, 3 yards 2 feet 7 inches 1s a compound number, 
as it is a combination of the different denominations, yards, 
feet, and inches; these denominations are of the same kind, 
being all unit measures of length. Other examples of com- 
pound numbers are: 2 pounds 3 ounces 10 grains; 5 gallons 
3 quarts 1 pint; 10 hours 14 minutes 32 seconds. 

A unit measure that is larger than another unit measure is 
said to be of a higher denomination; if smaller than 
another unit measure, it is of a lower denomination. Thus, 
a foot is of a higher denomination than an inch and of a lower 
denomination than a yard. 


3. Systems of Measures.—In modern practice two 
systems of measures are employed: the English system and the 
metric system. The English system is in general use in the 
United States, Great Britain, and Canada. The metric 
system is used on the European continent and to some extent 
in the United States, as, for instance, in chemistry and phar- 
macy. This system is a decimal system; that is, the values of 
the different units of the same kind increase or decrease by 
tens, 10 units of each denomination making 1 unit of the next 
higher denomination. 


ABBREVIATIONS 


4, Abbreviations of Units.—In writing denominate 
numbers, it is convenient to use abbreviations instead of writing 
out the name of the unit in full. For example, the names inch 
and inches may be abbreviated to in.; thus, write 5 in. instead 
of 5 inches. Similarly, 8 ft. means 8 fect. Sometimes, the 
marks (’) and (’) are used for feet and inches, respectively, 
in particular on drawings; thus 6’ 2” means 6 feet 2 inches. 
The abbreviations commonly used for the various units are 
given in the following tables, each table showing the relation 
between various units of measure of the same kind. These 
tables should be memorized, including the abbreviatioris. The 
practice of writing the tables from memory will be found 


helpful. 


Cn 
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MEASURES OF EXTENSION 


LINEAR MEASURE 


5. Definitions.—Measures of extension are used to 
measure lengths of lines, areas of surfaces, and contents of 
solids. When speaking of lines it is to be understood that a 
mathematical line has no breadth or thickness and merely indi- 
cates extension in one direction ; that is, length. A straight line 
is frequently defined as the shortest distance between two 
points. The lengths of lines are expressed in linear 
measures. 

TABLE OF LINEAR MEASURE 


ABBREVI- 

ATIONS 

A tales (Chom hy a eae ee DS ar al Poon | ae CORB EC ae ae ft 

SECeL aN aesy srr eutish so abies Fas vier, Clem versal trie lobes omits yd. 

BE ie aA ac. odeiceois sere ge Westar och Oh Ae cet e rd. 
163 feet 

Behe BORED wee 240.2. SA SONGHS, TAME? Goan a duebassuS mi 
5,280 feet | 

OWSOSESE bran on on asmas peadeod Scie —emauticallediail eu et eee naut. mi. 

Shngisiaieaill WES Homo oboanosgau =1 nautical league .......... naut. |. 


Note.—The statute mile is used for measuring distances on land, lakes, and 
rivers. The nautical mile is used for measuring distances on the ocean. 


A piece of shafting is 7 feet long. What is its length 


Examp_e 1. 
in inches? 
* Sotutron.—According to the table, 1 ft.=12 in.; therefore, 7 ft. must 


be equal to 
7X12=84 in. Ans. 


ExAMpLe 2——The width of a door is 48 inches. What is the width 


in feet? 
SoLtution.—According to the table, 12 in=1 ft.; therefore, the num- 


ber of feet in 48 in. is 
48+12=4 ft. Ans. 


ExampcLe 3.—How many feet are there in 3 statute miles? 
Sotution.—According to the table, 5,280 ft.=1 mi.; therefore, 3 mi. 


must be equal to : 
3X5,280=15,840 ft. Ans. 
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LAND MEASURE 


6. Surveyor’s Linear Measure.—Surveyor’s mea- 
sure, also known as land measure, is used for measuring 
land, as in locating and laying out railways, roads, and tracts 
or building plots. 


TABLE OF SURVEYOR’S LINEAR MEASURE 


ABBREVI- 
ATIONS 
TOZAMEINESS .rscer ee Werssteraicre stator eaters =a Wihhal cea eh ete he Oe, Cano he eee oe li. 
100 links as : 
ee SR Tae RE re = [aol CB ieee eee CRCRTAT RPE MCC Ie Om ch 
Sich ais! egy .ee cartons vee ears ee =istatnteaile? 2 ..40.ee eens kee mi. 


The surveyor’s chain (also called Gunter’s chain) of 100 
links, each 7.92 inches long, has been used very extensively in 
the past and is still common, but its use is decreasing. Chains 
or steel tapes 50 or 100 feet in length, graduated in feet and 
decimals of a foot and sometimes in feet and inches, are being 
employed to a large extent at the present time. 


Note.—In Mexico, and in those parts of the United States that belonged to 
Mexico previous to 1845, the old Mexican measures of length are sometimes used, 
and referred to in early surveys. The principal units are: 

1 vara=2.75 feet=33 inches, English measure 


5,000 vara=1 league=2.604 miles, English measure 


Examp.Le 1.—How many inches are there in 50 links? 


Sotution.—According to the table 1 li.=7.92 in.; therefore, 50 links 
must be equal to 


. 


50X7.92=396 in. Ans. 


ExaMpPLe 2.—A line set out by a surveyor is found to measure 
40 chains in length. What is the equivalent length in feet? 

So.tution.—According to the table, 1 ch.=66 ft.; therefore, 40 chains 
must be equa! to 


40 66=2,640 ft. Ans. 


EXAMPLE 3.—A boundary line between two estates is found to mea- 
sure 440 chains in length. What is the equivalent length in statute 
miles? 

Sotution—According to the table, 1 mi=80 ch. The prob- 
lem consists of finding how many times 80 ch. is contained in 
440 ch.; or, 

440+ 80=54 mi. Ans, 


aay 
cs 
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SQUARE MEASURE 


7. Definitions.—The term area means the extent of a 
surface within its boundary lines. For example, the area of a 
floor is the extent of the visible surface limited by the four sur- 
rounding walls. As area refers to extent of surface, the unit 
of measurement must also be a surface. The unit of 
area is a square, which is a surface of the form shown in 
Fig. 1. 

By the term square is meant a four-sided figure in which 
the sides are of equal length and at right angles to one another ; 
that is, any two adjoining sides meet each other squarely. A 
square inch is a square that is 1 inch long on each side. A 
square foot is a square that measures | foot on each side, as 


iaacse If Spee | Pa fe 


had 


Fie. 1 


in Fig. 1. This may be made to represent square inches 
by dividing each side into twelve ecual parts, 1 foot being equal 
to 12 inches, and drawing lines across the square from the 
points of division on one side to those on the opposite side. 
The square will then appear as in Fig. 2, divided into a num- 
ber of small squares. As each side of the square was divided 
into twelve equal parts, each part is jy foot long, or 7s 12 
=1 inch long, and each little square therefore measures 1 inch 
on each side ; that is, each little square is 1 square inch. Now, 
if the total number of little squares is counted, it will be found 
to be 144. In other words, there are 144 square inches in 


1 square foot. 
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8. Application of Square Measure.—A square irich, 
a square foot, etc. belong to the units of square measure, 
which is employed for measuring the extent of areas, such as 
floors, building lots, estates, etc. Square measure is also used 
to determine the surface areas of objects, such as engine cyl- 
inders, condensers, pipes, etc. Small areas are measured in 
square inches or square feet, and larger areas in square yards, 
square rods, acres, and square miles. The accompanying table 
gives the principal units of square measure. 

TABLE OF SQUARE MEASURE 


ABBREVI- 

ATIONS 

14d “square sinches sds deine. sone. UeSaaneOOk trciue iii rte Sdeuts 
OU SAUTE LEC aon tel cemea ene (square: yard se... tere. e sq. yd. 
SUP aea GENTS Nev Ape carnayoebeoone = lsquarel rOd\. sae teee ook sq. rd. 
160" square tods’.s..- 52. on Se SIA CHER soeee mie ween oe eae a meee 
OO MAeress tn rei cece es eee —lsquate amileme raaceet aes sq. mi. 


9. Finding Areas of Squares and Rectangles. 
Instead of finding the area of a square by counting the number 
of small squares contained by it, as in Art. 7, it is possible to 
find the area more easily by 
simply multiplying the length of 


pent cee WD ermal | 


5 a Pe: 
iS RN the square by its width. Thus, 
+ M; . . 
it [ referring to Fig. 2, there are 
(a (b) 12 rows of the little squares and 
ores 12 squares in each row or 


1212= 144 square inches, which is the same result as obtained 
by counting. When this method of multiplying the length by 
the width is employed it is important to note that the length and 
the width must be in the same units. In the case just men- 
tioned, both the length and the width were in inches, and the 
area as a result is in square inches. With the length and the 
width in feet, the area will be 1 foot 1 foot=1 square foot. 

Sometimes the area to be measured is a rectangle; that is, 
a figure similar to that shown in Fig. 3 (a). It differs from a 
square in so far that not all the sides are of equal length, but 
only those sides that are opposite each other. The area of a 
rectangle is found in the same way as that of a square; hence, 
the following rule applies to both figures: ~ 
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Rule.—To find the area of a square or a rectangle, multiply 
the length by the width, both being expressed in the same units. 


Thus, if the rectangle in Fig. 3 (a) is 6 inches long and 
4 inches wide, its area is 6X4=24 square inches. This can be 
proved as shown in (b), by dividing each side into inches, 
drawing lines across the figure from the points of division, and 
counting the number of squares thus formed. Each of these 
squares is 1 inch on each side, or 1 square inch in area, and 
there are 24 in all, or 24 square inches. 


10. Difference Between the Terms Square Feet 
and Feet Square.—Distinction must be made between 
expressions, such as “4 square feet” and “4 feet square,” as 
they do not mean the same thing. When a square is referred 
to as being equal to 4 square fect, reference is had to its area. 
It follows from the preceding rule that each of its sides must 
be of a length equal to 2 feet, in order that the area may be 
2X2=4 square feet. 

The expression “4 fee: square” does not refer to the area of 
the square, but to length of the sides, and means that each side 
of the square is equal to 4 fect in length. The area of the latter 
square is 4X4=16 square feet. 


411i. Application of Rule for Finding Areas of 
Squares and Rectangles.—The application of the rule in 
Art. 9 is illustrated by means of the following examples: 


Exampte 1—How many square inches are there in a rectangle 
28 inches long and 13 inches wide? 
Sotution.—According to the rule, the area is 


28X 15=364 sq. in. Ans. 


ExampLe 2.—A sheet of copper is 4 feet long and 3 inches wide. 
What is the area of its surface? 

So.ution.—Both dimensions must be expressed in the same units; 
reducing 4 ft. to inches, the result is 12X4=48 in. Applying the rule, 
the area is 

48X3=144 sq. in., or 1 sq. ft. Ans, 

EXAMPLE 3.—The base of an office cabinet is 64 feet long and 23 feet 

wide. What area of floor space does it cover? 
ILT 271B—9 
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(0°) 


So_ution.—According to the rule, the area is 


25 5 125 
a ak 


eo me: 


62X25 = =15% sq.ft. Ans. 


12. Surveyor’s Square Measure.—The square mea- 
sure used by surveyors differs somewhat from that given in 
Art. 8. The various units employed are included in the fol- 
lowing table: 


TABLE OF SURVEYOR’S SQUARE MEASURE Appppyr- 


ATIONS 
10,000 square links (sq. li.)......... Seino NEVI ooagraboscees sq. ch. 
NOlscitraneichainse er cenaaierriet sere SAN AOKEHT, Sones otk accel tae she nial eure A. 
GAQAGCKES Carotene aalsiniee eae =NWieduare mile ances: seem woSdeudts 
SOSA at GtmKese aeeievetrevaiaiseree sa AON VNO) Aeoceanourocoreca: Alay 


Nete.—The acre contains 4,240 square yards or 43,560 square feet, and it is 
equal to the area of a square measuring 208.71 feet on each one of the sides. 


ExaAmMpLe 1—How many square links are there in 11 square chains? 


Sotution.—According to the table, 1 sq. ch. is equal to 10,000 sq. 1i.; 
therefore, 11 sq. ch. must be equal to 


11 10,000=110,000 sq. li. Ans. 
Examp_e 2.—A piece of land contains 85 square chains. What is the 
equivalent value in acres? 


So_ution—There are 10 sq. ch. in an acre; therefore, the number 
of acres contained in 85 sq. ch. must be 


85+-10=8.5 A. Ans. 


Examp.Le 3.—How many acres are there in a township? 


SoL.utTicn.—As one township contains 36 sq. mi. and each square mile 
contains 640 A., it follows that the number of acres contained in one 
township must be 


36X 640=23,040 A. Ans, 


CUBIC MEASURE 
13. Definitions.—A solid is a 
figure that has length, breadth, and 
thickness. The boundaries of a solid 
Fic. 4 are surfaces. A solid bounded by six 
squares, as Fig. 4, is a cube. If the solid is bounded by six 
rectangular surfaces it is a rectangular solid. 
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The space included between the bounding surfaces of a solid 
is called the cubical contents, capacity, or volume of 
the solid. 

The unit of volume is a cube, the edges of which are of 
a length equal to that of the corresponding unit of length. 
Thus, 1 cubic inch measures 1 inch on each edge; 1 cubic 
foot measures 1 foot on each edge, etc. 


TABLE OF CUBIC MEASURE Apprevi« 

ATIONS 

1,728 cubic inches (cu. in.)..... SS INGUIPTea@ Oberstar essiers octets et. ft. 

P/E CUDIG NEEL Watts nine yee saree =A GUD LC ey AIC! ravararars sts) cise eters cu. yd. 

WAS ADO HAI Meo gonangocEetd oe Sa UNCOndip gots neta tes cient siete cd. 
lester sicubicsheeti.qank ascents =a Oday ae eee heome aa nCeCange: Be 


14. The standard cord is a measure of wood; it is a 
pile 8 feet long, 4 feet wide, and 4 feet high. In some localities 
it is customary to con- 
sider the cord as a 
pile of wood 8 feet 
long and 4 feet high, 
the length of the 
wood, that is, the 
width of the pile, be- 
ing left out of consid- 
eration. 

The perch, a mea- 
sure of stone and ma- 
sonry, is but rarely 
used at present. Its 
cubical contents va- 
ries, according to 
locality, from 16% to 
25 cubic feet. The dimensions will vary accordingly; if the 
contents is 243 cubic feet, the perch would be 164 feet, or 
1 rod, long, 14 feet wide, and 1 foot high. 


Pren5 


15. Rule for Calculating Volume.—When writing 
the three dimensions of a solid, as 3 feet wide by 2 feet deep 
by 6 feet long, the word “by” is frequently represented by the 
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symbol >, and the preceding expression is written: 3 ft. 
M2 EKO Ef. 

The volume of any rectangular solid is the product of its 
three dimensions. For example, a box with inside dimensions 
2 ft.X4 ft.X8 ft. contains 2*4X8=64 cubic feet; an iron bar 
10 feet (or 1012 inches) long, and with end surfaces that are 
each 1 inch square contains 1OX12*1*1=120 cubic inches. 

A cube 2 feet on each edge is a 2-foot cube, and contains 
2X2X2=8 cubic feet, as shown in Fig. 5. A cube 12 inches, 
or 1 foot, on each edge is 1 cubic foot, or a 12-inch cube, and 
contains 12*12K12=1,728 cubic inches. A cube 3 feet, or 
1 yard, on each edge is 1 cubic yard, or a 3-foot cube, and con- 
tains 3X3X3=27 cubic feet. Tables of cubic measure can be 
calculated from tables of linear measure in this manner. 

The preceding method of calculating the volume of a rec- 
tangular solid may be stated as a rule, as follows: 


Rule.—To find the volume of a cube or a rectangular solid, 
multiply together the length, breadth, and depth, all expressed 
im the same units. 

If the dimensions are stated in inches, the volume is given in 
cubic inches; if in feet, the volume is given in cubic feet, and 
so on. 


Exampce 1.—A sand bin is 14 feet long, 8 feet wide, and 6 feet high. 
How many cubic feet does it contain? 


According to the rule, it contains 
14X8X6=672 cu. ft. Ans. 


ExAmpLe 2.—How many cubic inches of metal are there in a block 
123 inches long, 83 inches wide, and 4 inches thick? 


SoLuTION. 


So_ution.—Applying the rule, the volume is 


go de 4 495 : rn 
= a = 425) Claim Anis. 
Dige eel 

ExampLe 3.—A box contains 86,400 cubic inches. What is the con- 
tents expressed in cubic feet? 


Sotution.—According to the table, 1 cu. ft. contains 1,728 cu. in. 


The problem is, therefore, to ascertain how many times 1,728 is con- 
tained in 86,400 or, 


86,400+-1,728=50 cu. ft. Ans. 
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16. Board Measure.—A special branch of cubic mea- 
sure is known as board measure. In measuring sawed 
lumber, the unit of measure is the board foot, which is equal 
to the contents of a board 1 foot square and 1 inch thick. A 
board foot is, therefore, equal to one-twelfth of a cubic foot. 
Boards less than 1 inch thick are usually reckoned as though 
the thickness were 1 inch; but in buying and selling, the actual 


thickness is considered in fixing the price. 
The following rule may be used for finding the number of 
feet, board measure (B. M.), in a piece of lumber: 


Rule.—To find the number of feet, board measure, in a 
piece of lumber, multiply together the length, in feet, the 
width, in inches, and the thickness, in inches, and divide the 
product by 12, thicknesses less than 1 inch being considered 
ast mch. 


Exampte 1—How many feet, B. M., are there in a board 14 feet 
long, 8 inches wide, and 1 inch thick? 


Sotution.—According to the rule the number of feet, B. M., is equal to 
Ng = 94 ft. B. M. Ans. 

ExampLe 2—How many feet, B. M., are there in a plank 10 feet 
6 inches long, 15 inches wide, and 3 inches thick? 


So.ution.—Length=10 ft. 6 in=104 ft=10.5 ft. The number of 
feet, B. M., is 


ExampcLe 3.—Find the number of feet, B. M., in 20 pieces of siding 
4 inch thick, 54 inches wide, and 10 feet 9 inches long. 


So.rution.—Since the thickness is less than 1 in., the boards are con- 
sidered to be 1 in. thick when finding the amount of material in them. 
Length=10;% ft.=10.75 ft., width=53 in.=5.5 in, The required length is 

20% 10,75X5.5X1_ 1,182.5 


2 2 =98.5 ft. B. M. Ans. 


Examp.e 4.—How many feet, B. M., of 2-inch planking are needed 
for a barn floor 18 ft.X25, ft.? 


Sotution.—The planks are considered as 25 ft. long. Reducing the 
width to inches and considering the whole floor as one plank, its width 
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is equal to 18X12=216 in. Proceeding as in the rule, the number 
of feet required is 


5x? 2 
BX TOmE— 000 ft. B. M. Ans. 


Examp.e 5.—A board is 93 ft.X4 in.X14 in. How many feet, B. M., 
does it contain? 


So_ution.—Applying the rule, 


94X4x14_ 


DP 3.96 ft. B. M,, nearly. Ans., 


MEASURES OF CAPACITY 


LIQUID MEASURES AND DRY MEASURES 


17. Liquid Measure.—The term capacity means 
cubical contents and is used here in connection with measures 
to indicate the relative amount of space they possess for 
measuring purposes. 

Liquid measure is used for measuring liquids. Liquids in 
small quantities are measured in pints and quarts; in larger 
quantities, the gallon is the more common unit, though quan- 
tities are sometimes stated in barrels, but rarely in hogsheads. 
The standard barrel, as used in measuring: capacity, contains 
314 gallons, but the barrels ordinarily used vary greatly in size. 

One United States standard liquid gallon, known as the 
Winchester or wine gallon, contains 231 cubic inches. One 
gallon of pure water weighs 8.355, or approximately 84 pounds. 
One cubic foot contains 7.481, or approximately 7.5, gallons, 
and 1 cubic foot of water, at 62° Fahrenheit, weighs 623 
pounds, nearly. 

In some English-speaking countries the beer or ale gallon of 
282 cubic inches’ capacity is used for measuring the liquids 
mentioned. 

The British imperial gallon, used in Canada, contains 
277.463 cubic inches, and the weight of such a gallon of pure 
water is 10 pounds. One imperial gallon equals approximately 
1.2 United States liquid gallons. 
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ABBREVI- 

ENGLISH SYSTEM ATIONS 

AGeca ll See GOuh a met aera sts ate Rea rere ==) Gos aleve fate sen A an Ce pt. 
DALI oa gcc ee ACAI ao nA cqeeeye ce eaTs SINCE promatn oe oct eOe Oc Ore qt. 
ZTE ORC UCI armen ct AeA UP eID ee eee OU OKIE aya. ae sic oan sci teeters gal. 
So AllO tes mercies feces UNTO) Bene vars tee ciate aoe aierelessie bbl. 
aw AMC IG Mma wets eames tea cee eiePor rere Moo cliea Werte tei wemiee cite okie hhd. 


18. Dry Measure.—Dry articles, such as fruit, grain, 
vegetables, etc. are measured by dry measure. The standard 
unit is the United States bushel, otherwise known as the Win- 
chester bushel, which contains 2,150.42 cubic inches; and 
4 peck (dry gallon) contains 268.8 cubic inches. 

One British imperial bushel contains 2,219.704 cubic inches, 
or 1.0322 United States.bushels. 

The quart used in dry measure is not the same as the quart 
used in liquid measure. The dry quart contains 67.2 cubic 
inches, and the liquid quart only 57} cubic inches. 


TABLE OF DRY MEASURE ARBREVI- 

ATIONS 
DED Ntse (Dis mete oer ee men ore Saher ocete marae ra sake Ee eR ewer qt. 
GRGIATES oP caetean cin eevee eis eicess coher re sie EC REMY erat Dito A tee pk. 
2 BBY 21 | oie cima IEC GeG ONS OR cece Mest =U SUG er Pane eevctareyc)eetcray svete etc, tere bu. 


19. The application of the preceding tables is shown in the 
following examples: 

Examp_Le 1—How many quarts are there in 2 barrels? 

SoLtution.—According to the table of liquid measure there are 
4 qt. in 1 gal., and 313 gal. in 1 bbl. Therefore, in 2 bbl. there are 

2X 31.5=63.0 gal. 
and 
63X4=252 qt. Ans. 

ExAmp.e 2.-How many hogsheads will be required for 315 gallons 
of molasses? 

So_ution.—According to the table of liquid measure, 1 hhd,=2 bbl. 
and 1 bbl.=314 gal. In 2 bbl. there are 2X314=63 gal. Therefore, 
315 gal. require 

315+63=5 hhd. Ans. 

ExampLe 3.—A man bought 10 bushels of potatoes and intends to 

sell them by the quart. How many quarts of potatoes has he on hand? 
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Sotution.—According to the table of dry measure, 1 bu.=4 pk., and 
1 pk. =8 qt. so that in 1 bu. there are 4X8=—32 qt; im 10 bu. there 


are 
10X32=3820 qt. Ans. 


MEASURES OF WEIGHT 


AVOIRDUPOIS AND TROY MEASURES 


20. Standard Units of Weight.—There are two Eng- 
lish measures of weight in general use, the avoirdupois (av.) 
weight, for coarse, heavy substances, such as coal, iron, 
copper, hay, and grain, and the Troy weight, for finer and 
more valuable substances, such as gold, silver, and jewels. 
Besides there is the apothecaries’ weight, which is used by 
physicians in prescribing and by druggists in compounding 
medicines. Medicines are bought and sold by avoirdupois 
weight. 


TABLE OF AVOIRDUPOIS WEIGHT ABBREVI- 

ATIONS 

Of esos eveautinss (ir) seamen bub ooee ue Sol Cltzentidiemen wares aie, eneets rane tae dr. 
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21. One avoirdupois pound equals approximately 
1.2153 Troy pounds, the former containing 7,000 Troy 
grains and the latter 5,760 grains. One avoirdupois ounce 


$4 WEIGHTS AND MEASURES 15 


contains 7,000+ 16=437.5 grains, and 1 Troy ounce contains 
24X20=480 grains. It is to be noted that 1 avoirdupois grain 
is equal to 1 Troy grain and 1 apothecaries’ grain. 


22. The ton containing 2,000 pounds is sometimes called 
the short ton to distinguish it from the long ton, containing 
2,240 pounds, or 20 hundredweights of 112 pounds each. The 
short ton is in general use except in the following cases: The 
long ton is used in the United States custom houses, and at the 
mines for weighing anthracite. It is also used by wholesale 
dealers in weighing steel rails and a few other iron products, 
when shipped in bulk. The denomination hundredweight is 
rarely used in practical work, especially with short-ton 
measures. 


23. Gross Weight and Net Weight.—The gross 
weight of an article means the total weight, including the 
package, crate, or containing vessel; the net weight means 
the weight of the article alone. For example, the gross weight 
of a reel of wire is the weight of the wire and reel together, 
and the net weight of the wire is the gross weight less the 
weight of the reel. 


24. Application of Tables of Weight.—The applica- 
tion of the preceding tables of weights is illustrated by the 
following examples: 


ExAMPLeE 1—If a short ton of coal costs $6.00, how much is the cos! 
per pound? 

So_ution.—According to the table there are 2,000 lb. in 1 T. As 
600 cents is the price of 2,000 Ib., it follows that the price of 1 lb. ts 
soso of 600, or 600+ 2,000=.3, or 5 cent. 

If the price is expressed in terms of dollars, the operation and 
answer will be: 6.00-+-2,000=.003 dollar. Ans. 


ExAmMPLe 2.—If a bag of sugar weighs 800 ounces, what is its weight 
in pounds? 
So.ution.—According to the table, f lb.=16 o0z.; therefore, dividing 
800 by 16 will give the equivalent number of pounds; thus, 
800+16=50 Ib. Ans. 


Ex AMPLE 3.—How many grains are there in 1 pound of gold? 


16 WEIGHTS AND MEASURES § 4 


So.ution.—According to the table 1 tb. Troy=12 oz., and 1 oz. is 
equal to 20 dwt. of 24 gr.; hence, 1 Ib, is equal to 
12*20X24=5,760 gr. Ans. 


MEASURES OF TIME 


UNITS AND STANDARD TIME 


25. Units of Time.—The principal unit of time is the 
second. A minute contains 60 seconds, and a day contains 
24 hours, or 86,400 seconds. The time required for the earth 
to make one complete revolution around the sun is called 
1 solar year, and is exactly 365 days 5 hours 48 minutes 
49.7 seconds. 


TABLE OF MEASURES OF TIME Pyaeteey 
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26. As the solar year contains more than 365 days, the 
fractional part is omitted in the common year, the latter 
containing 365 days. To compensate for this omission the 
fractional parts of several years are added periodically to one 
year, which is then known as a leap year. It contains 366 
days, the extra day being added to the month of February. 

When the number expressing a year is divisible by 4 and is 
not divisible by 100, that year is a leap year. A centennial year 
is a leap year, 1f the number expressing the year is divisible by 
400. Thus, 1912, 1916, and 1920 are leap years, because each 
is exactly divisible by 4 and is not divisible by 100. The 
centennial year 1900 was not a leap year, because the number 
1900 is not divisible by 400. The year 2000 will be a leap year, 
because the number is divisible by 400. 


§ 4 WEIGHTS AND MEASURES 17 


27. Standard Time.—Five standard time divisions 
are in use in the United States, Canada, and Mexico, and each 
division is bounded by lines running north and south. These 
divisions named from east to west are Atlantic, Colonial, or 
Intercolonial; Eastern; Central; Mountain; and Pacific. The 
United States lies almost wholly in the four divisions last 
named. 

Time of day is usually stated as A. M., meaning ante 
meridiem, or before noon, and Pp. M., meaning post meridiem, 
or after noon, followed by the name of the division when this 
might otherwise be uncertain. Thus, the time of day may be 
stated as 10:45 a. m., Central time, or 11:45 a. m., Eastern 
time. The difference in time in adjacent divisions is exactly 
1 hour, and is earlier in each westward division. Thus, when 
it is noon in Washington, D. C., the time is 11 A. m. in Chicago, 
10 a. M. in Denver, and 9 aA. m. in San Francisco. 


28. Months and Number of Days.—The numbers and 
names of the months and the number of days in each are as 


follows: 
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For many business purposes, 30 days is considered to be 1 month. 


MEASURES OF CURRENCY 


AMERICAN AND ENGLISH 


29. Units of Money.—The term currency refers to 
money, such as coins, bank notes, etc. The United States mea- 
sure of money being based on the decimal system, it 1s pos- 
sible to write fractions of dollars as decimals. The number 
of dollars is written as a whole number followed by a decimal 
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fraction representing the number of cents. Thus, the expres- 
sion 7 dollars and 25 cents is written $7.25. Sometimes, the 
decimal contains a third place representing mulls; but the mill 
is not a coin. It is simply used as a convenient means for rep- 
resenting a tenth part of a cent. For instance, the expression 
$.065 is read 6 cents and 5 mills. 

Numbers representing pounds, English money, are preceded 
by the sign £ and followed by numbers representing other 
denominations each with its abbreviation; thus, £4 12s. 6d. is 
read 4 pounds 12 shillings 6 pence, the word pence being plural 
of penny. 

£1=$4.8663 A crown=5s. 
A guinea=2ls. A florin =2s. 

The following tables give measures of currency as used in 
the United States and Great Britain. In Canada the units of 
money are the same as in the United States. 


TABLE OF UNITED STATES MONEY Apeaevic 

ATIONS 
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MEASURES OF ARCS AND ANGLES 


CIRCULAR AND ANGULAR MEASURES 


30. Definitions.—The measure of arcs and angles is 
called circular, or angular, measure, and is applied to the 
measurement of arcs, angles, and circles. A cirele is a plane 
figure bounded by a curved line every point of which is equally 
distant from a point within called the center. The line that 
bounds a circle is called its circumference. Any straight 
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line drawn from the center to the circumference, as ca, cb, or 
cd, Fig. 6, is called a radius; if a radius is extended to meet 
the circumference also on the opposite side of the center, as 
bce, it is called a diameter. Any portion of the circum- 
ference of a circle, as bd, is called a circular are, or simply 
an are. 

The whole circumference of any circle is supposed to be 
divided into 360 equal parts, and each of these equal parts is 
called a degree. Since 1 degree is 345 of any circumference, 
it follows that the length of an arc of 1 degree will be differ- 
ent in circles of different diameters, but the length of the cir- 
cumference of any circle will always 
be 300 times as large as the length of 
ihe-arc of lt degree. Or, the arc-of 
1 degree is always zgo of the circum- 
ference, whatever the size of the circle. 


2) eee e 
31. An angle is the opening be- 
tween two straight lines that meet at 
a point. [hus, im Fig. 6, the lines 
Fic. € 


bc and dc form an angle at the 
point c. These lines are the sides of the angle and the point c 
at which they meet is called the vertex of the angle. 

If any circle is drawn with its center at the vertex of an 
angle, that portion of the circumference included between the 
sides of the angle is known as the intercepted arc. Such an angle 
is measured by its intercepted arc. [or example, if the arc ad 
contains 120 degrees, the angle acd is an angle of 120 degrees. 
For the same reason the angle ac b is equal to 90 degrees if 
the arc ab contains 90 degrees. 

If a circumference is divided into four equal parts, each of 
the parts is called a quadrant. The arc ab is a quadrant and 
it contains 90 degrees. : 

A degree and its subdivisions, minutes anc seconds, are indi- 
cated by the signs (°), (’), (”), both for angles and arcs; thus, 
32° 15 10” is read thirty-two degrees fifteen minutes ten 
seconds. 
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TABLE OF ANGULAR MEASURE ARBREVI- 

ATIONS 
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MEASURES OF TEMPERATURE 


FAHRENHEIT AND CENTIGRADE SCALES 


32. Thermometer.—The temperature of a body is 
the measure of its degree of sensible heat; hot bodies are said 
to have high temperatures and cold bodies /ow temperatures. 
Temperature is usually measured by means of an instrument 
called a thermometer. It consists of a glass tube closed at 
the upper end and having at the lower end a bulb filled with 
mercury. When the thermometer is placed in contact with a 
hot body, the heat causes the mercury to expand, or take up 
more space, and so it rises in the hollow tube. If the body is 
cold, the mercury contracts, and occupies less space than before, 
and the column then descends or grows shorter. The greater 
the temperature, the higher the mercury rises in the tube; and 
the lower the temperature, the lower the mercury descends in 
the tube. 


33. Thermometer Scales.—Two thermometric scales 
are in common use; one 1s the Fahrenheit scale, and the other 
the centigrade scale. A thermometer with these two scales, 
one on each side of the tube, is shown in Fig. 7. The one on 
the left, with F at the top, 1s the Fahrenheit scale, and the one 
at the right, with C above it, is the centigrade scale. The 
Fahrenheit thermometer, named after its inventor, is the one 
most commonly used in the United States. The centigrade - 
thermometer is used largely in scientific work. The difference 
between the two is that the boiling point of water is marked 212 
on the Fahrenheit scale and 100 on the centigrade; and the 
freezing point is 32 on the Fahrenheit scale and 0 on the cen- 
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tigrade. Each small division on each scale is a degree of 
temperature. The abbreviation for Fahrenheit is Fahr. or F., 
and the abbreviation for centigrade is Cent. or C.; thus, 180° F. 
means 180 degrees on the Fahrenheit scale, and 65° C. means 
65 degrees on the centigrade scale. 


34. In graduating thermometers, that is, making the scales 
of values on them, two fixed points of temperature are almost 
universally employed. These are the temperatures 
of melting ice, and of the steam of water boiling in 
an uncovered vessel. In graduating the centigrade 
scale the distance between these two points is divided 
into 100 equal graduations or degrees. The freezing 
point is called zero, or O°, and the boiling point 100°. 
Degrees of the same value are carried above and 
below the boiling and freezing points, respectively. 
Distinction is made between the degrees above zero 
and those below by placing a minus sign before the 
latter ; thus, 10° below zero is marked —10° and is 
read minus ten degrees. 
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30. In graduating the Fahrenheit scale, the 
distance between the freezing and the boiling point 
is divided into 180 equal parts, and degrees of the 
same size are carried above and below the boiling 
and freezing points. Fahrenheit, who proposed this 
scale, assumed that the greatest cold obtainable was 
32° below the freezing point, and accordingly took 
that point as the zero and reckoned from it up- 
wards. The freezing point thus became 32° F. 
and the boiling point 32°+180°=212°. Degrees 
below the Fahrenheit zero are provided with a 
minus sign, as are similarly placed degrees on the 
centigrade scale. On many Fahrenheit thermom- 
eters, the space between the freezing point and 
boiling point is divided into 90 equal parts, so that the division 
marks will not be so:close together. In such a case, each 
division corresponds to 2 degrees, but each main division is 
numbered as in Fig. 7. 
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36. Conversion of Thermometer Readings.—From 
the fact that 180° F.=100° C., it follows that 9° F.=5° C. and 
1° F.=8°.C, or 1° G2? F.. Phesemelative valucs form the 
basis of the following rules by which Fahrenheit temperatures 
may be changed into their corresponding centigrade values, or 
vice versa: 


Rule I.—To find the Fahrenheit temperature, multiply the 
centigrade temperature by % and add 32 to the product. 


Rule 11.—To find the centigrade temperature, subtract 32 
from the Fahrenheit temperature and multiply the remainder 
by &. 

ExAmpPpLe 1.—What is the equivalent of 85° C. on the Fahrenheit 
scale? 

So.tution.—Applying rule I, the temperature is 

(85X*%)+32=185° F. Ans. 

ExaAMpPLe 2.—If a temperature is 68° F., what is the equivalent on the 
centigrade scale? 

Sotution.—According to rule IT, 32 is subtracted from 68 giving the 
remainder 36; then, 

36X$=20° C. Ans. 

o¢. Converting Variations of Temperature.—Dis- 
tinction must be made between a stationary temperature and a 
variation of temperature when converting from one scale into 
the other. For example, suppose that the temperature of an 
electric generator rises 40° C.; since, according to Art. 36, 
1° C.=3° F,, it follows that 40° C.=3X40=72° F., the equiv- 
alent change in Fahrenheit degrees. Again, suppose that the 
temperature of a room de¢reases from 180° F. to 99° F., or 
Sl” F; since 1° F =§° C. 81° =p Xxel=45° Cy the equiv 
alent variation in centigrade degrees. In other words, when 
converting a variation of temperature, the height of the 
freezing point above 0° F., or 32°, is not considered. 
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MISCELLANEOUS MEASURES 


38. Collective Terms.—The terms pair, couple, gross, 
great gross, and score are used in connection with some articles 
or things; for example, a pair of shoes, a dozen screws, a 
gross of shears, and a score of years. Paper is usually bought 
and sold by the quire, ream, or bundle. 


TABLE OF MISCELLANEOUS MEASURES ABBREVI- 
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METRIC MEASURES 


LINEAR MEASURE 


39. Principal Units.—In the metric system a uni- 
form scale of 10 is used throughout, as in the ordinary scale of 
numbers and in United States money. The name of this sys- 
tem is derived from the meter, the unit from which all the 
other units are derived. The metric system of measures is in 
general use on the continent of Europe and is used to some 
extent in the United States. 

The unit of length is the meter, which has a length equal to 
39.37 inches, nearly. One hundredth of a meter is called a 
centimeter; and one thousandth of a meter, a millimeter. 

In the United States, engineers and mechanics are likely to 
meet with metric units in constructing machinery that has been 
designed abroad and is being built to order in this country. 
The units used on the drawings are usually the centimeter and 


the millimeter. 
IL T 271B—10 
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40. The relative lengths of centimeters and inches may be 
seen from Fig. 8 in which the upper scale is divided into inches 
and subdivisions, and the lower scale into centimeters and mil- 
limeters. The portion of the scale shown contains about 
9 centimeters; each centimeter divided into 10 equal parts to 
represent millimeters. It requires 100 centimeters, or more 
than 10 times the length shown in the illustration, to make 
1 meter. A millimeter is equal to .03937 inch and a centi- 


meter is equal to .3937 inch; that is, 1 inch is equal to 553 


Inches and Divisions 


Centimeters eae Milnieiers 

Fic. 8 
=25.4 millimeters, or 2.54 centimeters. The kilometer is 
1,000 meters and is used in measuring great distances. It is 
equal to about 2 mile. 

The following equivalents, or conversion factors, are in most 
cases approximate: 1 inch=25.4 millimeters =2.54 centimeters ; 
1 foot=30.5 centimeters=.305 meter; 1 meter=39.37 inches 
=3.28 feet; 1 mile=1.61 kilometers; 1 kilometer =.6214 
mile=3,281 feet. 


TABLE OF LINEAR MEASURE eae 
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SQUARE MEASURE AND CUBIC MEASURE 


41. Units of Square Measure.—Areas such as floors, 
ceilings, and ordinary surfaces are measured in square meters; 
countries and states, in square kilometers; and small areas, in 
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square centimeters. Land is measured in hectares, 1 hectare 
being equal to 10,000 square meters, which is equivalent to 
As 1 acres. 

The principal metric units of square measure are the square 
centimeter (sq. cm.), which equals .155 square inch, and the 
Square meter (sq. m.), which equals 1.195 square yards. 
One square inch=6.45 square centimeters, and 1 square yard 
= .836 square meter. 


TABLE OF SQUARE MEASURE ABBREVI- 

ATIONS 
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42. Units of Cubic Measure.—The metric units used 
in practical work are chiefly the cubie centimeter (cu. cm.), 
which equals .06102 cubic inch, and the cubic meter (cu. m.), 
or stere, which equals 1.31 cubic yards. One cubic inch 
= 16.388 cubic centimeters, and 1 cubic yard=.765 cubic meter. 


TABLE OF CUBIC MEASURE ABpREVI- 

ATIONS 
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LIQUID AND DRY MEASURE 

43. Units of Capacity.—Metric units of capacity are 
the same for both jiquids and dry substances. The liter (1.) 
is the principal unit of capacity; it is equal in volume to a 
cube whose edge is 10 centimeters in length. One hectoliter 
equals 100 liters. One liter= 1,000 cubic centimeters =2.1 pints 
(liquid) =.91 quart (dry). One hectoliter=100 liters =210 
pints (liquid) =91 quarts (dry). One quart (dry) =1.1 liters ; 
one gallon=3.785 liters. The volume of 1 liter is equal to 


1 cubic decimeter. 
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TABLE OF LIQUID AND DRY MEASURE — Apprevi- 

ATIONS 
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MEASURE OF WEIGHT 


44, Units of Weight.—The gram is the principal 
metric unit of weight; it is the weight of 1 cubic centimeter of 
pure distilled water at its temperature of maximum density, or 
39.2° F., and is equal to 15.432 grains, Troy. The gram is 
used in weighing small quantities of gold, silver, etc., also 
letters (for postage). For greater weights the kilogram is 
used; it is equal to the weight of 1 liter of pure water at a 
temperature of 39.2° F. One kilogram=1,000 grams = 2.2046 
pounds avoirdupois, and 1 pound (av.) =.4536 kilogram. One 
metric ton=1,000 kilograms; its weight is equal to that of 
1 cubic meter of water at a temperature of 39.2° F. 


TABLE OF MEASURE OF WEIGHT ABBREVI- 
ATIONS 
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Nore.—It is to be noted that abbreviations of any units greater than the 
principal units meter, gram, and liter are capitalized. Thus, decaliter and deca- 
grams are abbreviated Di. and Dg., respectively; and kilometer and kilogram are 
abbreviated Km, and Kg., respectively. However, usage has established km. and kg. 
as the most common forms or abbreviation for the latter two units named. 
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OPERATIONS WITH DENOMINATE NUMBERS 


REDUCTION 


REDUCTION OF ENGLISH UNITS 


45. Reduction to Higher or Lower Denomina- 
tions.—The reduction of denominate numbers is the proc- 
ess of changing their denomination without changing their 
value. Reduction is divided into two cases. In one case, the 
number is reduced to units lower than the highest named in 
the number ; in the other case, units of a low denomination are 
reduced to a higher one. The first is called reduction descend- 
ing; the second, reduction ascending. 

To change 2 miles 120 rods to feet would require an applica- 
tion of reduction descending, and to change 243,079 pounds 
to tons would involve reduction ascending. 


46. Reduction Descending.—Reduction to a lower 
denomination, or reduction descending, is made by multiplying 
the number of the higher denomination by the namber of units 
of the lower denomination contained in one unit of the higher 
denomination. For example, to reduce 2 hours to minutes, 2 is 
multiplied by 60, as 1 hour contains 60 minutes. Thus, 260 
=120 minutes. In reductions to lower denominations the fol- 
lowing rule is applied: 


Rule.—To reduce a compound denominate number to a 
lower denomination, multiply the number representing the 
higher denomination by the number of units in the next lower 
denomination required to make one unit of the higher denomi- 
nation, and to this product add the number of units of the 
lower denomination, 


Examp te 1.—Reduce 14 degrees 18 minutes 17 seconds to seconds. 
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SoLution.—In order that the rule may be conveniently applied the 
numbers are arranged in the manner shown. 


eee ale ge 
Multiply degrees by number of minutes 1m 1 degree 60 
840" 
Add minutes given in example 18 
858 
Multiply by number of seconds in 1 minute __—«60 
51480” 
Add seconds given in example a 
EXAMPLE 2.—How many seconds in 1 day? eee. 
SOLUTION. — 
Number of hours in r day 24 
Multiply by number of mutes in r hr. 60 
1440 min. 
Multiply by number of seconds im 1 min. 60 


86400sec. Ans. 

47. The preceding examples involve more than two differ- 
ent denominations. In practice, as a rule, only two denomina- 
tions are considered, in which case the method of reduction can 
be much simplified. The following examples will show the 
method of procedure: 

Examp te 1.—Reduce 64 quarts 1 pint to pints. 

Sotution.—Referring to the table of liquid measure, it is found that 
1 qt.=2 pt. 64 qt. is equal to 64X2, or 128 pt.; therefore, 64 qt. 1 pt. 
=128 pt.+1 pt.=129 pt. Ans. 

ExaMpLe 2.—Reduce 6 tons 268 pounds to pounds. 

SoLution.—One ton contains 2,000 lb. Then, by the rule, 62,000 
=12,000 lb., and 12,000+268=12,268 lb. Ans. 

Examp_e 3.—Change 5 hours 24 minutes to minutes. 

So_tution.—There are 60 min. in 1 hr. Therefore, according to the 
rule, 5X60=300 min., and 300+24=324 min. Ans. 

Examp_e 4—How many inches in 3 feet 64 inches? 

Sotution.—The number 3 is the higher denomination. According to 
the rule, this must be multiplied by 12, because it takes 12 of the lower 
units, or inches, to make one unit of the higher denomination, or 1 ft. 
Multiplying, 3X12=36 in. To this product is now added the 64 in. in 
the given number, making a total of 36+63=423 in. Therefore, 3 ft. 
63 in.=423 in. Ans. 


ExAmpLe 5.—How many square inches in a surface whose area is 
3 square feet 28 square inches? 

Sotution.—In 1 sq. ft. there are 144 sq. in. Then, by the rule, 
3X 144=432 sq. in. and 432+28=460 sq. in. Ans. 
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EXAMPLES FOR PRACTICE 


1. Reduce: 
(ae vA ede Zev 2atie tonite & (a) 74 ft. 
(6)! 4 bu. 3 pk. 2 at. to at. 7 = Ob) 154 at. 


2. The length of an electric transmission line is 1 mi. 45 rd. 11 ft.; 
find the length, in feet, of the wire for the complete (two-wire) circuit. 
Ans. 12,067 ft. 


3. A student purchased 8 Ib. 5 oz. (av.) of chemicals for experi- 
mental work. What was its value at 8 cents an ounce? Ans. $10.64 


4. If the bearings of a machine hold 3 pints of oil, how many times 
can they be filled from 2 barrels? Ans. 168 times 


5. The pressure of the atmosphere at sea level is at a given time 
14.7 pounds per square inch. What is the pressure per square foot? 


Ans. 2,116.8 lb. 


45. Reduction Ascending.—Reduction to a bigher 
denomination, or reduction ascending, is made by dividing the 
number of the lower denomination by the number of units of 
the lower denomination required to make one unit of the 
higher denomination. For example, to reduce 32 ounces (av.) 
to pounds, 32 is divided by 16, because 1 pound contains 
16 ounces; thus, 32+16=2 pounds. In reductions to higher 
denominations the following rule is applied: 


Rule.—To reduce a denominate number to a higher denonii- 
nation, divide the number representing the denomination given 
by the number of units of this denomination required to make 
one unit of the higher denomination. The remainder will be 
of the same denomination, but the quotient will be of the 
higher. The quotient and the remainder together are the 
required result. 

Examp_Le 1—Reduce 211 inches to yards, feet, and inches. 

Sorution—There are 12 in. in 1 ft.; P2)2 1 (Cal cae 


therefore, 211 in. divided by 12=17 ft. and 12 

7 in. remainder. There are 3 ft. in 1 yd.; a 
therefore, 17 ft. divided by 3=5 yd. and 2 ft. Sous 
remainder. The last quotient and the two 3)17 (see 
remainders constitute the answer, 5 yd. 2 ft. §15 °° ~ 

7 in. 2 ft. rem. 
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Examp.Le 2.—Reduce 3,557 pints to higher denominations. 
a ee: here are 2 pt. inl qt.; 2)38557(1778 dat. 
therefore, 3,557 pt. divided by 2=1,778 


qt. and 1 pt. remainder. There are i 
4 qt. in 1 gal.; therefore, 1,778 qt. 45 
divided by 4=444 gal. and 2 qt. re- 14 


mainder. There are 31.5 gal. in 7 
1 bbl.; therefore, 444.0 gal. divided 16 
by 31.5=14 bbl. and 3.0 gal. re- 


I pt nem: 
mainder. 4)1778(444 gal. 
The answer is made up of the last 16 
quotient and all the remainders; 17 
thus, 14 bbl. 3 gal. 2 qt. 1 pt. Note 16 
that the remainder after the last ie 
division is not 30 gal. but 3 gal., the one 
decimal point being placed vertically 31.5 ) 444.0( 14 bbl. 
under the point in the dividend. SleS 
1290 
EXxampLe 3.—Reduce 18,000 square 1260 
inches to square feet. 3.0 gal. rem 


SOLUTION.— 
Divide by the number oe 144) Le fs sq. ft. Ans. 
square inches in 1 sq. ft. 


ExAmpLe 4.—How many weeks in 18 days: 


Sotution.—It takes 7 days to make 1 week, that is, 7 units of the 
lower denomination to make 1 unit of the higher. By the rule, 18 is to 
be divided by 7 to get the result; thus, 


7)18 (2 weeks 
14 


4 days 
The result is therefore 2 wk. 4 da. Ans. 
ExampLe 5—Reduce 14,728 pounds to tons. 


So_ution.—One ton is equal to 2,000 lb. Then, according to the 
rule, 14,728 is to be divided by 2,000; thus, 
PE ONOMOD) WEE ASS (CFP Me 
14000 


7 281b. 
Therefore, 14,728 lb=7 T. 728 lb. Ans. 
EXAMPLE 6.—Reduce 945 pints to higher denominations. 


Sotution.—The solution is found in the manner shown in example 2. 
The final quotient and the various remainders are as follows: 3 bbl. 
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23.5 gal. 1 pt. The decimal .5 gal. must be reduced to the next lower - 
denomination by multiplying it by the number of quarts in 1 gal., or 
X4=2 qt. Hence, the final answer is: 3 bbl. 23 gal. 2 qt. 1 pt. 


EXAMPLES FOR PRACTICE 


1. Reduce the following to units of higher denominations. If frac- 
tions appear in the results in any but the lowest denomination, reduce 
them to lower denominations. 

(a) 7,460 sq. in. (a) 5 sq. yd. 6 sq. ft. 116 sq. in. 

(6) 2,395 pt. (liq.) (b) 9 bbl. 15 gal. 3 qt. 1 pt. 


2. How many tons in 459,875 1b.? Ans. 229.9375 T. 


Ans.{ 


3. If 36 cu. ft. of coal weighs 1 T., how much space is filled by 7 T. 
1,590 Ib. ? Ans, 280.62 cu. ft. 


4. How many rails, each 30 feet long, will be required to lay a rail- 
road track 26 miles long? Ans. 9,152 


Note.—Two lines of rails are to be considered. 


REDUCTION OF METRIC UNITS 


49. Reduction to Higher or Lower Denominations. 
In the metric system it 1s easy to reduce the values of different 
denominations to the next lower or to the higher denominatiou, 
as all that is necessary is to multiply or divide by 10 for linear 
measures. If one or more of the intermediate denominations 
are omitted, the factor 10 is increased to 100 or to 1,000, as the 
case may be. For instance, on reducing meters to centimeters, 
the number of meters is multiplied by 100, as 1 meter = 100 cen- 
timeters. Reducing kilograms to grams, the number of kilo- 
grams is multiplied by 1,000, as 1 kilogram=1,000 grams. A 
few examples will show the method of procedure. 


ExampLe 1.—Reduce 8 kilograms to grams. 

Sotution.—From Art. 44, one kg.=1,000 g.; hence, 
8ke.=8X 1,000 ¢g.=8,000g. Ans. 

EXAMPLE 2.—Express 7.65 cubic meters in cubic centimeters. 


Sotution.—From the table of cubic measure, 1 cu. m.=1,000 cu. din., 
and 1 cu. dm.=1,000 cu. cm. It follows that 7.65 cu. m.=7.65%1,000 
1,000 cu. em.=7,650,000 cu. cm, Ans. 
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Examp_Le 3.—Reduce 97.56 grams to kilograms. 
Sotution.—From Art. 44, one kg.=1,000 g. It follows that 


97.56 B= [Gg = 09756 ee 
Exampce 4.—What is the weight of 37 cubic millimeters of water? 
Sotution.—From the table of cubic measure, 1 cu. cm.=1,000 cu. mm. 

It follows that 

37 cu. mm.= ooo X37 cu. cm.=.037 cu. cm. 


From Art. 44, 1 cu. cm. of water weighs 1 g.; therefore, the weight 
of 37 cu. mm. of water is 


0371 g.=.037 g. Ans. 


REDUCTION FROM ONE SYSTEM TO ANOTHER 


50. Conversion of Metric Units to English Units. 
In changing metric units to English units, the general rule to 
follow is to multiply the number of metric-units by the equiva- 
lent of that unit in the desired English units. The method can 
most easily be illustrated by examples, as follows: 

ExampLe 1—A machine part has a diameter of 115 millimeters. 
What is its diameter in inches? 

SoLtution.—From Art. 40, the equivalent of 1 mm. is .03937 in. 
Therefore, the equivalent of 115 mm. is 

115X.03937=4.52755 in., or 433 in, nearly. Ans. 

EXAMPLE 2.—If a vessel has a volume of 248 cubic centimeters, what 
is its volume in cubic inches? 

SoLtution.—From Art. 42, the equivalent of 1 cu. em. is .06102 cu. in. 
The volume of the vessel in cubic inches, therefore, is 


248 X .06102=15.13 cu. in. Ans. 


51. Conversion of English Units to Metric Units. 
In order to change English units to metric units divide the 
number of English units by the equivalent of the desired metric 
unit in English units; or, as multiplication is simpler than 
division, multiply the number of English units by the number 
of metric units equivalent to the English unit. 


ExampLe 1.—If a bar is 68 inches long, what is its length in milli- 
meters ? 
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SoLution.—According to Art. 40, 1 in. contains 25.4 mm. There- 
fore, 


68X25.4=162 mm., very nearly. Ans. 


Exampce 2.—if a tank of oil weighs 280 pounds, what is its weight in 
kilograms? 


So_utTion.—By Art. 44, 1 1lb.=.4536 kg.; hence, 
280 X .4536=127 kg. Ans. 


EXAMPLES FOR PRACTICE 


1. A disk has a diameter of 34 inches. What is its diameter in milli- 
meters? Ans. 82.55 mm. 


2. Find the length in inches of a piece of wire that is 280 milli- 
meters long. Ans. 11 in. 


3. A box containing 124 cubic inches contains how many cubic centi- 
meters? Ans. 205 cu. cm., nearly 


4. A bag of flour weighs 12 kilograms. What is its weight in 
pounds? , Ans. 263 lb., nearly 


o2. Conversion Factors.—As a convenient means for 
reducing the units of one system to those of another a list of 
the most frequently used conversion factors is given herewith. 
Many of these are factors shown in connection with the pre- 
ceding tables. The term conversion factor means here a 
multiplier which if used with a given number of one system 
converts it into an equivalent number of another system. It 
is stated in Art. 40 that 1 inch=25.4 millimeters. The num- 
ber 25.4 is a conversion factor by which any number of inches 
may be converted to millimeters. [For example, 7.5 inches are 
converted to millimeters by using 25.4 as a multiplier; thus, 
7.5 inches=7.5X25.4 millimeters = 190.5 millimeters. 


List oF Conversion Factors 


Inches X25.4=millimeters; millimeters+25.4=inches. 

Inches X2.54=centimeters; centimeters+2.54=inches, 

Feet X.305=meters; meters 3.28=feet. 

Miles X 1.61=kilometers ; kilometers X.6214=miles. 

Square inchesX6.45=square centimeters; square centimeters*.155 
=square inches. 
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Square yardsX.836=square meters; square metersX1.195=square 
yards. 

Cubic inches X16.4=cubic centimeters; cubic centimeters X.061=cubic 
inches. 

Cubic yardsX.765=cubic meters, or steres; cubic metersX1.31 
=cubic yards. 

Quarts (dry) X1.1=liters; liters+1.l=quarts (dry). 

Gallons X3.785=liters; liters X.2642=gallons. 

Pounds (av.) X.4536=kilograms ; kilograms X2.2=pounds. 


53. Application of Conversion Factors.—The appli- 
cation of the preceding list to the conversion of numbers from 
units of one system to units of another system may be seen 
from the following examples: 


Examete 1—How many meters in 4,375 feet? 
Sotution.—As feetX.305=meters, 4,375 ft.=4,375 X .305=1,334.375 m. 
Ans. 
ExampLe 2——How many pounds in 723 kilograms? 
SoLution.—As kilograms X2.2=pounds, 723 kg.=723X2.2=1,590.6 Ib. 
af Ans. 


oY 


EXAMPLE 3.—Reduce 231 kilometers to miles. 


SoLution.—As_ kilometersX.6214=miles, 231 kilometers=231X.6214 
=143.5 mi. Ans. 


REDUCTION OF DENOMINATE NUMBERS TO DECIMALS 


54. Rule for Reduction.—In calculations employing 
denominate numbers, it is often convenient, and in some cases 
necessary, to reduce a denominate number to a decimal part 
of the next higher denomination, as inches to a decimal of a 
foot, minutes to a decimal of an hour, and so forth. The 
method employed for the reduction of decimal denominate 
numbers corresponds in its main features with that explained 
in Arts. 45 to 48. 

Considering first the particular case of reducing 6 inches to 
a decimal part of a foot, it is to be noted that 1 inch is jy part 
of a foot. Therefore, 6 inches is 74 of a foot. Reducing 3% to 
a decimal, its equivalent value is the quotient of 6+12=.5. 
Hence, 6 inches is equivalent to .5 foot. Similarly, as 7 inches 
is equal to 74 of a foot, and 34 reduced to a decimal is equal to 
.9833, it follows that 7 inch is equal to .5833 foot. 
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In a similar manner 15 minutes may be reduced to a decimal 
of an hour. As 1 hour=60 minutes, 15 minutes= 4% hour. 
On reducing 4% to a decimal its equivalent value is found to 
be 15+60=.25; therefore, 15 minutes=.25 hour. 

The method followed in the preceding examples is embodied 
in the following rule: 


Rule.—To reduce a denominate number to a decimal of a 
higher denomination divide the given number by the number of 
units required to make one unit of the higher denomination. 
The quotient, expressed as a decimal, will be the equivalent 
decimal value of the given number in terms of the higher 
denomination. 


55. Application of Rule.—The application of the pre- 
ceding rule is shown in the following examples : 


Examp te 1.—In the expression 26 feet 9% inches reduce the inches 
to a decimal of a foot and add the decimal to the whole number. 

Sotution.—According to the rule, the number 9? must be divided by 
12. This division will be made easier by reducing the number to an 
improper fraction or to a whole number and a decimal. Following the 
latter method, it is found that 9=9.75. On dividing 9.75 by 12 the 
quotient is .8125. It follows that 9% in.=.8125 ft., and that the complete 
expression is 26+.8125=26.8125 ft. Ans. 


EXAMPLE 2—Reduce 36 degrees 27 minutes 48 seconds to degrees 
and decimal of a degree. 

Sotution.—Applying the rule, 48” must be reduced to a decimal of 
a minute by dividing 48 by 60, the number of seconds in a minute, and 
expressing the quotient as a decimal. Thus, 48+60=.8; hence, 48”=.8’, 
This decimal must be added to the given minutes, the result being 
27+.8=27.8'. This number must now be reduced to a decimal of a 
degree. Applying the rule again, the number 27.8 must be divided by 
the number of minutes in one degree, or 60. Thus, 27.8+00=.463; 
therefore, 27.8’ is equal to .463°. It follows that the expression 
36° 27’ 48” is equivalent to 36.463°. Ans. 


Examp.e 3.—Reduce 21 gallons 32 quarts 14 pints to gallons and a 
decimal part of a gallon. 
Sotution.—There are 2 pt. in a quart, therefore 14 pt. reduced to a 


decimal of a quart is equal to 12m 75 qt. Adding this decimal to 


32 qt., the sum is 4.5 qt. These quarts are reduced to a decimal of a 
gallon by dividing by the number of quarts in 1 gal, or 4; 4.5+4 
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=1.125. Therefore, 4.5 qt. is equal to 1.125 gal. On adding this num- 
ber to the given number of gallons, the sum is 22.125 gal. It follows 
that 21 gal. 32 qt. 14 pt. is equal to 22.125 gal. Ans. 


EXAMPLES FOR PRACTICE 


Reduce each of the following denominate numbers to a decimal part 
of the next higher denomination. 


1. 7inches Ans. .625 ft. 

2. 13 ounces (av.) Ans. .8125 lb. 
3. 46 minutes (time) Ans. .767 hr. 
4. 2? quarts (liquid) Ans. .6875 gal. 
5. 120 square inches Ans. .833 sq. ft. 


REDUCTION OF A DECIMAL DENOMINATE NUMBER TO A 
NUMBER OF A LOWER DENOMINATION 


56. Rule for Reduction.—Sometimes it is required to 
reduce the decimal part of a denominate number to one or 
more numbers of a lower denomination. For instance, the 
decimal of a foot is to be reduced to inches, decimal of an hour 
to minutes and seconds, and so forth. 

Since the reduction of a number to a decimal of a higher 
denomination is made by division, the reverse process is effected 
by multiplication. For example, to reduce .75 foot to inches, 
75 must be multiplied by 12, since there are 12 inches in 
1 foot; thus, 75X1Z=9. Therefore, .75 foot is equivalent to 
9 inches. The following rule applies to this kind of reduction: 


Rule.—To reduce a decimal denominate number to a num- 
ber of a lower denomination, multiply the decimal by the num- 
ber of units required to make one unit of the higher denomina- 
tion. The product will be the equivalent value in terms of the 
lower denomination. 


5%. Application of Rule.—The following examples 
show the application of the preceding rule: 


ExAmpLe 1.—Reduce 36.464 hours to hours, minutes, and seconds. 


SoLtution.—According to the rule, the decimal is to be multiplied by 
60, as there are 60 min. in 1 hr.; .464X60=27.84; therefore, .464 hr. 
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=27.84 min. The decimal .84 must now be multiplied by 60, since there 
are 60 sec. in 1 min. Thus, .84X60=50.4; that is, .84 min.=50.4 sec. 
It follows ae 36.464 hr. is equal to 36 hr. 27 min. 50.4 sec. Ans. 


EXAMPLE 2.—Reduce 6.75 feet to feet and inches. 


So_ution.—The decimal .75 is multiplied by 12, since there are 12 in. 
inlett. or 75x 12—9- that is) 675 iti—9 ins and) 6.7/5 tt—=6 ft, 9 in: 
Ans. 


Examp.Le 3.—Reduce 5.453 feet to feet, inches, and sixteenths of an 
inch. 


Sotution.—The decimal .453 is multiplied by 12; thus, 45312 
=5.436, showing that .453 ft.=5.436 in. The decimal .436 is reduced to 
sixteenths by multiplying by 18, since there are 16 sixteenths in 1 inch. 
fos i _6. 976 £ ea, eae ; 
Thus, 430X ioe therefore, 436 in.=6.976 sixteenths of an inch. 
As it is enn that the latter number shall be = whole number, 
the decimal part is omitted, and as the decimal is greater than .5, the 

nat 6.976__ ; 
whole number is increased by 1; thus ig 16=.436 in., approximately. 


lié follows that 5.453 ft—5 ft Sain. Ams. 


Examp_e 4.—Reduce 4.29 inches to inches and thirty-seconds of an 
inch. 


So_tution.—The decimal .29 is reduced to thirty-seconds by multiply- 
ing by #3, there being 32 thirty-seconds in 1 inch. Then, .29X 22 
ae v2 in., approximately; the decimal .28 being less than .5, it is 
simply dropped. Therefore, 4.29 in.=4s5 in. Ans. 


EXAMPLES FOR PRACTICE 


Reduce the following decimal values to units of lower denominations: 


1. .625 feet to inches Ans, 74 in. 

2. .8125 pound (av.) to ounces Ans. 13:02. 

3. .767 hour to minutes Ans. 46 min. 
4. .6875 gallon to quarts Ans. 23 qt. 

5. .833 square foot to square inches Ans. 120 sq. in. 


ADDITION OF COMPOUND NUMBERS 

58. Rule for Adding Compound Numbers.—Com- 

pound numbers formed of denominations belonging to the 
same kind may be added by applying the following rule: 
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Rule.—Place the numbers so that like denominations are in 
the same column. Begin at the right-hand column, and add. 
Divide the sum by the number of units of this denomination 
required to make one unit of the higher denomination. Place 
the remainder under the column added, and carry the quotient 
to the next column, 


EXAMPLE 1—Four bars measure 1 foot 3% 


. a inches, 2 feet 7% inches, 1 foot 114 inches, and 
: zt 3 feet 8% inches, respectively; what is the com- 
1 11h bined length? 

S ao So.uTion—The numbers are arranged as 
9 74 Ans. 


shown. On adding the numbers in the first col- 
lumn the sum is found to be 314 in., or 2 ft. 74 in. The 72 in. is put 
down and the 2 ft. is added to the other column, giving 9 it. The com- 
bined length of the bars is 9 ft. 7£in. Ans. 


ExampLe 2—A workman spends 1 hour 40 minutes on one piece of 
work, 2 hours 35 minutes on another, and 3 hours h 


10 minutes on a third. What is his time on all - eG 

three? Zz aS 
SoLution.—The sum of the numbers in the 3 10 

right-hand column is 85 min., which is equal to yo 25 Ans. 


1 br. 25 min. The 25 min. is set down and the 1 hr. is carried over and 
added to the number in the other column. Therefore, the total time is 
7 hr. 25 min. Ans. 


EXAMPLES FOR PRACTICE 


1. Find the sum of 7 feet 6 inches, 3 feet 73 inches, 1 foot 9% inches, 
and 2 feet 2 inches. Ans. 15 ft. 1}in. 


2. Find the total weight of three lots of scrap iron that weigh 2 tons 
705 pounds, 4 tons 1,240 pounds, and 1 ton 800 pounds. 


Ans. 8 T. 805 Ib. 


3. A carpenter works 2 hours 45 minutes on one job, 1 hour 
5 minutes on another, and 3 hours 25 minutes on another. What is the 
total time worked? Ans. 7 hr. 15 min. 


4. Along the end of a factory, as shown by the diagram, Fig. 9, 
four machines a, b, c, and d are set in line. The distances between the 
machines and between the end machines and the wall, and the lengths 
of the machines are as marked. What is the distance from one side 
wall to the other? ENTISS OEE 
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5. Of four oil tanks situated in a power plant, the first tank con- 
tains 167 gallons 3 quarts; the second contains 186 gallons 1 quart; the 


coe ie eae nse 
ele a is Se eae ae ee YY 


Fic. 9 


Side Wall 


xG 
S [5 
SZ 
“7 
G5 


rh) 


third contains 108 gallons 2 quarts, and the fourth contains 123 gallons 
3 quarts. What is the total quantity of oil in the tanks? 
Ans. 586 gal. 1 qt. 


SUBTRACTION OF COMPOUND NUMBERS 


59. Rule for Subtracting Compound Numbers. 
Compound numbers may be subtracted by applying the follow- 
ing rule: 


Rule.—Place the smaller quantity under the larger quantity, 
with like denoninations in the same column. Beginning at the 
right, subtract the number in the subtrahend in each denomina- 
tion from the one above, and place the differences underneath. 
If the number in the minuend of any denomination is less than 
the number under it in the subtrahend, one must be taken from 
the minuend of the next higher denomination, reduced, and 
added to itt. 


Examep.e 1.—A pile of coal containing 3 tons 728 pounds has 1 ton 
566 pounds taken away. How much remains? 


; 5 Ib. 
So_ution.—Setting down the numbers ac- ae i ee 
cording to the rule, and subtracting, the nae ; ee 
remainder is found, as shown. ee fie eee 
remainder 2 ere, 


Maatiswce i. Loz. iby remain Ans: 


Exampie 2.—A length of pipe 4 feet 6 inches long has a piece 1 foot 


8 inches long cut off. What length remains? 


Ue in. i 
4 Sotution.—Arranging the numbers as shown, the re- 


1 g mainder is found in the following manner: As it is 
a impossible‘to subtract 8 from 6, 1 ft. is borrowed from 
the 4 ft. and added to the 6 in. after converting the foot to inches. 
Thus, 12+6=18 in. The 1 ft. taken away from the 4 ft. leaves 3 ft. 
ILT 271B—11 
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The numbers will then appear as shown in the second arrangement. 
Arranged in this form, 8 may be taken from 18, leaving 10, 

ft. in. and 1 from 3, leaving 2. The remainder is therefore 2 ft. 

3 18 10 in. Ans. 

3 8 Note.—The operation of taking 1 ft. away from the 4 ft., reduc- 


10 ing it to inches, and adding it to the 6 in., would generally be 
done mentally, and would not be written down as shown. 


EXAMPLES FOR PRACTICE 


1. From a piece of timber 10 feet 8 inches long two pieces are sawed 
off, one measuring 2 feet 6 inches and the other 3 feet 8 inches. 
Neglecting the width of the saw cuts, what length of timber remains? 

Ans. 4 ft. 6in. 


2. A glass tube 3 feet 5 inches long, as shown in Fig. 10, is marked 


/-— /-8’———_1 en | 
3-5 


Fre: 10 


to be cut off into two parts, the shorter of which is 1 foot 8 inches. 
What is the length of the longer part? Ans. 1 ft. 9 in. 


3. If 2 gallons 3 quarts 1 pint of oil is drawn from a tank contain- 
ing 8 gallons 1 quart 14 pint, how much oil remains in the tank? 
Ans. 5 gal. 2 qt. $ pt. 


A certain lever may move through an angle of 45° 26’ 43”. Jf it 


cw 


has moved through an angle of 30° 14 55”, through what angle must it 
yet move to reach its final position? Ans. 15° 11’ 48” 


MULTIPLICATION OF COMPOUND NUMBERS 


60. Rule for Multiplying Compound Numbers. 
Compound numbers may be multiplied by other numbers by 
applying the following rule: 


Rule.—Multiply the number representing the lower denomi- 
nation by the given multiplier and reduce the product to the 
higher denonination. Write the remainder under the lower 
denomination, and add the quotient to the product obtained by 
multiplying the higher denomination by the multiplier. 


Exampie 1.—What length of stock is needed to make 16 bolts, if 
each bolt requires a length of 1 foot 3$ inches? 
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So.ution 1.—The stock required must be 16 times the length required 
for one bolt. 
eg the numbers as shown, 34 is multiplied by 16; thus, 


34 X16= 2 x16= = 50, But, 50 in. is equal to 4 ft.2in. The re- 
mainder 2 is ce under 16 and the 4 ft. ft ey 
is carried over and added to the next product. 1 34 
Multiplying 1 ft. by 16, the product is 16 ft., 16 


to which is added 4 ft. or 16+4=20 ft. The 20ft. 2in. Ans. 
length of stock must therefore be 20 ft. 2 in. Ans. 


ft. it. Sotution 2.—The problem may also be 

1 38 solved in the following manner: Multiplying 

sO 1 it. 34 in. by 16 gives 16 ft. and 16X33 in.; 
Meri, SO) tat, 25 400 ; 

=? () ft. 2in, Ans, but 16X38 in. =16x, = 0 in. But 50 ia. 


=4 ft. 2 in., and the whole product is Laine 16 ft.+4 ft. 2 in.=20 ft. 
Zin. Ans. 


EXAMPLE 2.—Multiply 6 lb. 14 oz. (av.) by 12. 


SoLtution.—The numbers 6 pounds and 14 ounces are each multiplied 


by 12, giving the product, 72 lb. 168 oz. To 1b. ae 
reduce 168 oz. to pounds and ounces, it is 6 14 
divided by 16, as there are 16 oz. in 1 Ib. 12 
Thus, 168 0z.+16=10 lb. 8 oz., and 72 Ib. ae oS 
+10 1b.=82 lb., making the whole weight 14 
equal to 82 Ib. 8 oz. 721b. 168 0z. 
=8 2 lb. 8oz. Ans. 


ExAmpLe 3—The circumference of a 
flywheel, which also serves as a driving pulley, is 47 feet 3 inches. If 
the belt is in contact with the rim of the flywheel 


fe ae over # of its circumference, what is the length of 
3 that portion of the belt that makes contact with 

283 ft. 1#in. the pulley? 
=2 8 it. 4$in. — Sorution.—Multiplying 47 ft. 3 in. by 3 gives 


281 ft. 1¢ in. The fraction 4 ft. must be reduced to inches and added 
to 1#in. Thus 12X4=232 in.; 22+14=2$=43 in. The required length is, 
then, 28 ft. 44 in. Ans. 


EXAMPLES FOR PRACTICE 


1. Twelve pieces each 1 foot 3$ inches long are sawed from a bar 
of iron. What is the total length sawed off, neglecting the width of 
the saw cut? Ans. 15 ft. 6in. 

2. If 18 boxes each 2 feet 45 inches wide are set side by side, what 
will be the total width? Ans. 42 ft. 9 in. 
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3. Five loads of pig iron, each weighing 4 tons 650 pounds, are 
purchased. What is the total amount of iron purchased, if the weight is 
in long tons? Ans, 21 T. 1,010 Ib. 


4. Each cell of an electric battery requires 2 pounds 12 ounces (av.) 


of copper sulphate for a charge. How much will 23 cells require? 
Ans. 63 lb. 4 oz. 


5. Multiply 42 degrees 31 minutes 24 seconds by 7 Ans. 30° 22’ 257’ 


DIVISION OF COMPOUND NUMBERS 


61. Rule for Dividing Compound Numbers.—The 
rule to be used in dividing a compound number by another 
number is as follows: 


Rule.—Find how many times the divisor is contained in the 
first or higher denomination of the dividend ; reduce the remain- 
der, if any, to the lower denomination, and add to it the num- 
ber in the given dividend expressing that denomination; divide 
this new dividend by the divisor, and the quotient will be the 
next denomination in the quotient required. Or, reduce the 
dividend to units of the lower denomination and divide by the 
given divisor. 

ExampLe 1—A piece of bar iron 20 feet 2 inches long is used in 


ft in. making 16 bolts, all of the same length, 
16)20 2 (1ft.34in. Ans. What is the length used for each bolt? 
16 


So.ution 1—The numbers are ar- 


hey a ranged and the division is performed as 

4 Sin. in the accompanying solution. The total 

2 in. lengthiot sthe sbar, noi 20 ehew2 eps 

16) 50in. (33 in. divided by 16. First, 16 is contained 
48 once in 20 ft., with 4 ft. as a remainder. 
16=% This 4 ft. is now reduced to inches by 


multiplying it by 12, which gives 48 in. Adding the 2 in. in the original 
number, gives a sum of 50 in. Then, 50+16=373=33 in. Thus, the 
amount used for each bolt is 1 ft. 3 in. Ans. 


Sotution 2—The example may also be solved by reducing the com- 
pound number to its lowest denomination and then dividing by the given 
divisor. Thus, 20 ft. 2 in. is reduced as follows: 20X12=240; 
240+2=242 in. Then, 242+16=158 in., or 1 ft. 34 in. Ans. 
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EXAMPLE 2.—Divide 28 feet 5 inches by 8. 
Sotution.— 28 ft. divided by 8 gives a quotient of 3 ft. and 4 ft. as 
a remainder. The 4 ft. is now reduced Be. 


to inches by multiplying by 12, which 4 re 
Gieoun Med b= seu apdicseamy 75 7 St Sein. Aus 


in., making the answer 3 ft. 63 in. Att rem. 
ExampLe 3.—Divide 85 tons 1,843 a2 : 
ee 4 8in. 
pounds by 36. Ban, 


Sotution.— 85 T. divided by 36=2 T. 8)53in. (63 in. 
with a remainder of 13 T.=26,000 Ib.; 48 
but, 26,000 1b.+1,843 1b.=27,843 Ib., and 8 
27,843 lb.+36=773.4 lb., making the complete answer 2 T. 773.4 lb. 


Moy riskoy 1 1843 1lb.(2T. 773.41b. approx. Ans. 
72 
alesis he 
2000 
26000 Ib. 
184 3]b. 


36) 27843 lb. (773.4 lb. 
252 


ION) Un 
{—e en OD| 
JeEHloniuap 


EXAMPLES FOR PRACTICE 


1. Ifa bar 5 feet 3 inches long is divided into four equal parts, what 
is the length of each? Ans. 1 ft. 32 in. 


2. If a man requires 23 hours 50 minutes to make 11 articles of 
merchandise, how long will it take to make one? Ans, 2hr. 10 min. 


3. How many armature coils weighing 1 tb. 3 oz. each can be made 
from a reel of copper wire weighing 200 pounds, net? 
Ans. 168 coils and 8 oz, of wire remaining 


4. How long would it take a cannon ball traveling at the rate of 
1,950 feet per second to pass over a distance of 10 miles? 
Ans. 27 sec., nearly 


5. How long will 40° gallons of lubricating oil last, if 7 pints are 
used each day? Ans, 452 da 


KATIO AND PROPORTION 


RATIO 


SIMPLE RATIO 


EXPRESSING AND FINDING RATIOS 


1. Comparison of Numbers.—In practice there are 
many cases in which it is more useful to know how many times 
one number is larger than another number, than to know the 
actual values of these numbers. For example, in calculating 
the relative speeds of shafts driven by gear wheels, it is more 
convenient to state how many times more teeth one wheel has 
than another, than to consider the actual number of teeth on 
each wheel. These comparative values of the number of teeth 


are generally stated in the form of a fraction, as Ba the fraction 
1 


meaning that the number of teeth on the driving wheel is 
three times as great as that on the driven wheel. The actual 
number of teeth on the two wheels is left out of consideration 
for the time being; they may be 90 and 30, 36 and 12, or any 
other combination in which one wheel has three times as many 


teeth as the other. 


2. Another example showing the advantage of giving the 
relative values of numbers may be found in government health 
reports. One of those may state, for instance, that of each 
1,000 inhabitants in a certain city 25 persons suffered from 
influenza, 1.24 from typhoid, etc. Reports given in this form 
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are much more énstructive than those which simply state that 
in the same city 1,250 persons suffered from influenza, 62 from 
typhoid, etc. By means of the first report it is possible to 
institute comparisons with other cities, but with reports of the 
latter kind comparisons are difficult, unless the total number of 
inhabitants is known in each case. 

Similarly, when speed of operation or production is con- 
sidered, it is much easier to make comparison between various 
machines, when their relative speeds are known. For example, 
on comparing the speeds of two railway trains, it is found that 
a train A makes 90 miles in 2 hours 15 minutes and that 
another train B makes 108 miles in 2 hours 24 minutes. From 
those statements it is difficult quickly to form an idea of the 
relative speeds of these trains. But, if it is said that the 
train A made 40 miles an hour and the train B 45 miles an hour, 
the comparison is easier, and is still more facilitated if the 
relative speeds are stated in the form of a fraction, as for 


instance, the speed of A is 8 of the speed of B. This expres- 
9 


sion means that while the train A makes 8 miles, the train B 
makes 9 miles. 

It is the purpose of this Section to show by what means the 
relative values of two numbers may be found, and how the 
existing relation between one pair of numbers may be used for 
finding another pair, similarly related. This Section deals with 
one of the most interesting and useful subjects to be found 
in arithmetic. 


3. Finding the Ratio of Two Numbers.—Two num- 
bers may be compared in one of two ways. Suppose, for 
instance, that the diameters of two belt pulleys are to be com- 
pared, one being 30 inches and the other 6 inches. If it is 
necessary to know how many times 30 is larger than 6, then 
30 is divided by 6 giving 5 as the quotient; thus, 30+6=5. 
Hence, it may be said that 30 inches is 5 times as large as 
6 inches, or that the 30-inch diameter contains 5 times as many 
inches as the 6-inch diameter. Or, the numbers 30 and 6 may 
be compared by ascertaining what part 6 inches is of 30 inches. 
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Then, 6 is divided by 30, giving the quotient } or .2. Hence, 
6 inches is }, or .2, of 30 inches. 

As a practical example of this kind of comparison may be 
mentioned the case of two pulleys that are to be connected by a 
belt. It is here necessary to know the relation between the 
diameters of the two pulleys in order that their relative speeds 
may be calculated. 


4. The two numbers compared must be units of the same 
denomination. For instance, if one number is given in inches, 
the other number must also be in inches; thus, 30 inches may 
be compared with 6 inches, as in the preceding example; but, 
30 inches cannot be compared with 6 pounds. From the pre- 
ceding remarks it will be seen that the term ratio means a 
comparison of two numbers of the same denomination or kind. 
The operation of comparing two numbers is called finding the 
ratio of the numbers. 


5. Expressing a Ratio.—A ratio may be written in two 
different ways, both of which are correct. Thus, the ratio of 
20 to 4, or the value of 20 compared to the value of 4, may be 


written 20:4 or se Each of these expressions is read 


4 ; 
the ratio of 20 to 4. The ratio of 4 to 20 would be written 


either 4: 20 at The method most commonly used in writing 


ratios is the first one shown; that is, the two numbers are 
separated by the sign (: ), which is really an abbreviation of 
+, the sign of division, and has the same meaning, division 
being practically a method of indicating ratio. Hence, 20:4 
is equal to 20+4=5. In calculations, ratios are frequently 
written in the form of fractions; thus, the ratio of 20 to 4 may 


20 


be written <~. 
4 


6 Terms of Ratio.—The two numbers to be compared 
are known as the terms of the ratio; thus, in the ratio 30: 6, 
30 and 6 are the two.terms. When both terms are considered 
together they are called a couplet; when considered separately, 
the first term is called the antecedent, and the second term 
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the consequent. Thus, in the ratio 30 : 6, 30 and 6 form a 
couplet, in which 30 is the antecedent and 6 the consequent. 


7. Simple Ratio.—When a ratio has only one antecedent 
and one consequent, it is known as a simple ratio. Thus, 
the ratio 30 : 6 is a simple ratio. 


8. Direct and Inverse Ratio.—When it is desired to 
compare two denominate numbers of the same kind, the com- 
parison is usually made by finding the ratio of the first number 
tothe second. Thisisknownasadirect ratio. For instance, 
the direct ratio of 22 feet to 9 feet is 22:9. Ifthe given terms 
are interchanged the ratio becomes an inverse ratio. Thus, 
the inverse ratio of 22 feet to 9 feet is 9:22. The direct ratio 
of 5 pounds to 11 pounds is 5:11, and the inverse ratio is 11 :5. 

Every ratio is understood to be a direct ratio unless otherwise 
stated. 


9. Value of a Ratio.—Distinction must be made between 
a ratio and its value. A ratio is represented by its two terms. 
The value of a ratio is the quotient obtained by dividing the 
first term by the second. Thus, the ratio of 20 to 4 is 20 : 4; 
the value of this ratio is 20+4=5. 


10. Ratio Considered as a Fraction.—By expressing 
the ratio in the fractional form, for example, the ratio of 


18 to 3.as . it follows from the laws of fractions that both 


terms may be multiplied or both divided by the same number, 


without altering the value of the ratio. Thus, 
13-184 (2, 18 218-36 


ao Oe” oa oe 
In each case the value of the ratio is 6. 
In the ratio 6:10, in which the antecedent is the smaller 
one of the two terms, the ratio, when expressed in the fractional 


6 6+2 3 
form, becomes —-= = 
10 10+2 5 


é oe 
(5; 


Hence, the value of the ratio 


COP 
Lh | 
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When a ratio is given in the fractional form a direct ratio 
may be changed to an inverse ratio by simply inverting the 


fraction. For instance, the direct ratio of 21 to 7 is es which 


has a value of 3. The inverse ratio of 21 to 7 is xi in this 


case the value of the ratio is 4, which is the reciprocal 
of 3. An inverse ratio is, therefore, also called a recip- 
rocal ratio, as its value is the reciprocal of the value of 
the direct ratio. The reciprocal of a number is 1 divided 
by that number; the reciprocal of a fraction is the fraction 
inverted. 


11. Reducing a Ratio to Its Lowest Terms.—It is 
preferable that a ratio be reduced to its lowest terms and, if 
possible, that one of its terms be made unity, or 1. Thus, 
instead of saying that the ratio of the resistances of two elec- 


. . t . il 
trical conductors is =. the ratio may be reduced to Ti such 


an expression is often used instead of giving the actual values 
of the respective resistances. 

A ratio is reduced to its lowest terms by dividing both terms 
by the same number until no number except 1 can be found 
that will divide both terms without a remainder. Thus, the 


ratio when reduced to its lowest terms, becomes ‘ which is 


obtained Py dividing each number by 12. The operation may 
be written Ee i 
48+12 4 


12. Rules for Finding Direct and Indirect Ratio of 
Two Numbers.—The following rules may be used in cases 


where the direct or the indirect ratio of two numbers is to be 
found: 


Rule I.—The direct ratio of two numbers 1s found by making 
the first one of the given numbers the antecedent and the second 
one the consequent of the ratio. 
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Rule I.—The inverse ratio of two numbers is found by making 
the second number of those given the antecedent and the first one 
the consequent of the ratio. 


EXAMPLE 1.—(a) What is the direct ratio of 9 to 32 (b) What is the 
value of the ratio? 


SoLutTion.—(a) Applying rule I, the first number, 9, is made the 
antecedent and the second number, 3, the consequent of the ratio; thus, 


9 3 
the direct ratio of 9 to 3 is 9 : 3, or = i: Ans. 


(b) From Art. 9 the value of the ratio is 3+1=3. Ans. 


EXAMPLE 2.—(a) What is the inverse ratio of 10 to 5? (b) What is 
the value of the ratio? 


SoLuTIon.—(a) Applying rule IT, the second number, 5, is placed as the 
antecedent of the ratio, and 10 as the consequent; thus, the inverse ratio of 
5 1 
10to 518.52 10) of ——-$ =, “Aas. 
LOM 2 
(6) From Art. 9 the value of the ratio is 1+2=.5, or}. Ans. 


EXAmPLeE 3.—(a) Reduce the ratio 19 : 76 toits lowest terms. (b) What 
is the value of the ratio? 


So_utTion.—(a) According to Art. 11 a ratio is reduced to its lowest 
terms by dividing both terms by the same number, continuing the process 
until no number except 1 can be found that will be contained in each term 
without a remainder. In this case the terms of the ratio may be divided 


19+19 1 
by 19" thus = =. Ame: 
DY ADs OMS a i 


(b) The value of the ratio is ¢, or .25. Ans. 


EXAMPLE 4.—What is the inverse ratio of 8 and 72, and what is the 
value of the ratio? 


SoLutTion.—Applying rule II, the inverse ratio of 8 to 72 is 72:8, 
which reduced to its lowest terms is 9:1. The value of the ratio is 
9+1=9. Ans. 


EXAMPLE 5.—What is the direct ratio of 72 to 8, and what is the value 
of the ratio? e 


SoLuTION.—Applying rule I, the direct ratio of 72 to 8 is 72: 8=9:1. 
The value of the ratio is 9+1=9. Ans. 


Notr.—Examples 4 and]5 show that the direct and the inverse ratio of two numbers 
may be equal, depending on their relative positions in the statement contained in the 
example; for instance, whether 8 precedes or follows 72. 

EXAMPLE 6.—A pair of gear-wheels contain 60 and 35 teeth, respectively. 
(a) What is the ratio of the number of teeth in the larger to the number 
of teeth in the smaller? (b) What is the ratio of the smaller number to 
the larger? 
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SOLUTION.—(a) The ratio of the larger number of teeth to the smaller 
is the ratio of 60 to 35, or 60 : 35, and reducing this to its lowest terms 
by dividing beth terms by 5, the ratio becomes 12:7. Ans. 

(b) The ratio of the smaller number to the larger is 35 : 60, which, 
reduced to its lowest terms by dividing both terms by 5, is equal to 
Cees Ans; 


EXAMPLES FOR PRACTICE 
1. What is the ratio of 126 to 18, reduced to its lowest terms? Ans. 7:1 


2. Two gears have 39 and 54 teeth, respectively. What is the value 
of the ratio of the larger number to the smaller? Ans. 1425 


3. What is the value of the ratio of 6.25 to .75? , Ans. 8 


4. One pulley is 24 inches in diameter and another is 60 inches in 
diameter. What is the inverse ratio of the diameter of the smaller pulley 
to that of the larger? AIS eo 


5. A man traveled 250 miles, partly by rail and partly by boat. If he 
traveled 150 miles by rail, state (a) the distance traveled by boat; (b) the 
ratio of the distance traveled by rail to that traveled by boat. 

_ J (a) 100 mi. 
Ans-{ (b) 3:2 


6. ‘During one year A and B invest 5 dollars and 4 dollars, respectively, 
every month. (a) What is the ratio of A’s investment to that of B? 
(b) What is the ratio of B’s investment to that of A? (c) What are the 


values of the two ratios? (ea) a Be! 
Ans.; (6) 4:5 
(c) 1gand 4 
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PROPORTION 


SIMPLE PROPORTION 


DIRECT AND INVERSE PROPORTIONS 


13. Elements of a Proportion.—A simple propor- 
tion consists of two simple ratios of the same value connected 
by an equality sign (=) or a double colon (: :). For example, 
the ratios 8 : 6 and 12: 9 are of the same value, and a pro- 
portion may be formed by them, as8 :6=12:9,or8:6::12:9. 
The equality sign is used more frequently than the double 
colon, so the proportions in this and other Sections will be 
written with the equality sign. The proportion 8 :6=12 : 9is 
read 8 is to 6 as 12 ts to 9, or the ratio of 8 to 6 1s equal to the 
ratio of 12 to 9. This same proportion can also be written 
—— each of the two ratios being given as a fraction. 

The term couplet used in connection with a ratio is some- 
times applied to the elements of a proportion. Each ratio, or 
couplet, has two terms and the terms of a proportion are called 
first, second, third, and fourth, numbering from left to right. 
The first and fourth terms are the extremes; the second and 
third terms are the means. 

The following table gives the proportion 25 : 10=40 : 16 and 
the terms applied to its various elements, or parts. 


Ratios, or couplets First Second 
eo eS, 
ANSVean Cie een Was, 4, SO First Second Third Fourth 
Onantatics:=,/:.4-auck 20. 10) = A re EG 
Extreme Mean Mean Exireme 


It is seen that 25 : 10 is the first couplet or ratio, and that 
40 : 16 is the second couplet or ratio. Numbering from left to 
right, 25 is the first and 16 the fourth term. It is also seen 
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that the numbers 25 and 16 form the two extremes and the 
numbers 10 and 40 the two means of the proportion. 


14. Use of Proportions.—In practice there are numerous 
cases in which one ratio is given and it is required to find an 
equal ratio of which one term is already known; this is the 
purpose of a proportion, as may be made clearer by an example. 
Let it be supposed that the top of a table is 6 feet long and 
3 feet wide and that it is required to make another table the 
top of which is 8 feet long, the ratio of length to width being 
the same as in the smaller table. Here the first ratio is 6 : 3 
and the second ratio 8 : x, the missing term being indicated 
by the symbol x. The value of the first ratio is 6+3=2 and 
if the value of the second ratio is to be 2, also, it is evident 
that the missing term, x, must be 8+2=4, and the new table 
top must, therefore, be 4 feet wide. Hence, the complete 
proportion is 6: 3=8 : 4. 

15. <A problem frequently met with in practice may be 
given as another example. The ratio of the weights of the 
ingredients in a certain mixture is 7:3. Of the first ingredient 
there is on hand 91 pounds, and it is required to know what 
weight of the second ingredient will be required in order that 
the ratio of the two weights may be as 7:3. The first ratio is 
7 :3and the second is 91: x. In this case the relation between 
the two ratios is so simple that the problem may be solved by 
inspection in the following manner: It is seen that 7 1s con- 
tained 13 times in 91; according to Art. 10 both terms of a 
ratio may be multiplied by the same number without altering the 
value of theratio. Hence, on multiplying the terms of the ratio 
7 :3 by 18, the result is7 X13 :3X13=91:39. The numbers 91 
and 39 are, therefore, the terms of the second ratio, showing that 
x, or the weight of the second ingredient, is equal to 39 pounds. 

These examples will suffice to show some of the simpler 
cases in which the principle of proportion is applied in practice. 
Further explanations will show that the subject of proportion 
forms one of the most useful sections of arithmetic. 


16. Direct and Inverse Proportions.—A direct pro- 
portion is one in which both couplets are direct ratios. A 
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proportion is always understood to be direct unless the state- 
ment of a problem clearly indicates otherwise. An inverse 
proportion is one that requires one of the couplets to be 
expressed as an inverse ratio. Thus, if 8 is to 4 inversely as 
3 is to x, one of the ratios must be reversed (it does not matter 
which one) and the proportion may be written in either of the 
following ways: 8:4=x:3, or4:8=3:;4, In the first pro- 
portion the second couplet is reversed; in the second proportion 
the first couplet is reversed. 


17. Directly Proportional and Inversely Propor- 
tional Quantities.—In technical literature, one quantity is 
said to be proportional to another, or to vary with it, or to 
increase with it, or to decrease with it; any one of these expres- 
sions means that a change in one of the quantities causes, or 
is accompanied by, a corresponding change in the other. If 
the word inversely is used with one of these expressions, the 
meaning is that a change in one quantity causes an opposite 
change in the other. Sometimes the word directly is used 
when it is desirable to make sure that the meaning will not be 
understood to be inverse. For example, the resistance of an 
electric wire is directly proportional to its length, or varies 
with, or increases with, its length; that is, the longer the wire, 
the greater is its resistance. But, if a number of men are 
engaged in building a fence, the time required to finish the 
fence is inversely proportional to the number of men working 
on it; that is, the more men, the shorter the time. - 


18. Rules for Finding Unknown Terms of Propor- 
tions.—In any proportion, the product of the extremes 1s equal to 
the product of the means, For example, in the proportion 17 :51 
=14 : 42, the extremes are 17 and 42 and the means are 51 
and 14. According to the preceding statement the product 17 
X42 must be equal to 51 X 14, which is true because 17 X42 = 714 
and 51X14=714. This important principle makes it possible to 
find an unknown term of a proportion when the three other terms 
are known. The following rules are based on this principle: 


Rule I.—To find an unknown extreme, divide the product of 
the means by the given extreme. 


CA 
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Rule I1.—Tlo find an unknown mean, divide the product of 
the extremes by the given mean. 


19. Direct Proportion.—In forming the two ratios of a 
proportion it is important to see that both terms of each ratio 
are of the same kind. For instance, if one term is given in 
pounds, the other must also be in pounds. But the four terms 
of a proportion need not be of the same kind; in one ratio both 
terms may be in pounds, and in the other both in feet, and so 
forth. 

Another point to be noted in forming a direct proportion is 
that the terms are arranged so that the first term of each 
ratio refers to one of the things compared and that the second 
term in each ratio refers to the other thing compared. For 
instance, an example states that the weights of two parcels of 
sugar are 2 and 5 pounds, respectively, and that the cost of 
the smaller parcel is 12 cents. It is required to find the cost 
of the larger parcel. Here, one ratio is 2: 5, and the other 
must be 12: x, as the term 2 in the first ratio refers to the 
parcel that costs 12 cents; hence, 12 must be the first term of 
the second ratio, and the proportion is written 


DN ne 


20. Arrangement and Solution of Direct Propor- 
tions.—In the following method for solving proportions, it is 
found convenient always to let the unknown term, x, occupy 
the position of the fourth term in the proportion, and for the 
third term to write the number that is of the same kind as 
the required fourth term. 

The conditions given in the example are now examined to 
ascertain whether the fourth term, x, will be larger or smaller 
than the third one. If larger, the larger number of those that 
are to form the first ratio is written as its second term, and the 
remaining number is written as the first term. 

The preceding method of procedure is embodied in the 


following rule: 


Rule.—Make the unknown term, x, the fourth term of the 
proportion, and for the third term*write the number that 1s of a 
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similar kind. If the fourth term will be larger than the third, 
the second term must be larger than the first; or uf the fourth term 
will be smaller than the third, the second term must be smaller 
than the first. 


ExameLe 1.—If 7 pounds of putty costs 56 cents, what will be the 
cost of 36 pounds? 

SoLu1I0N.—In this example the cost of 36 pounds of putty is the 
required term, and is, therefore, written as the fourth term, x. The other 
number of the same kind is 56 cents. So, the second ratio of the pro- 
portion must be’written 56 : x. 

As 36 pounds of putty must cost more than 7 pounds, it follows that 
the term x will be larger than the third term, 56. Hence, according to 
the rule, the second term must be larger than the first. The proportion 
is, therefore, written 

7 :36=56 : x 

In this case one of the extremes is not known. Hence, by rule I, 
Art. 18, the unknown extreme, x, is equal to the product of the means 
divided by the known extreme, or 


36X56 
ga 


=288 cents, or $2.88. Ans. 


ExaMPLE 2.—The weights of two patterns, made of pine, are in the 
ratio of 2 to 3, and the iron casting made from the smaller pattern weighs 
42 pounds. What is the weight of the iron casting made from the larger 
pattern? 


SOLUTION.—The weight of the casting made from the larger pattern is 
unknown and is therefore indicated by x. The other number of the same 
kind is 42 pounds. So, the second couplet of the proportion must be 
written 42 : x. 

The example states that the weights of the patterns are as 2:3, and 
the weight of the casting made from the lighter pattern is 42 pounds; 
it follows that the casting made from the other pattern must be heavier. 
According to the rule, the second term must be larger than the first and 
the proportion is written 

2:3=42:4 

By rule I, Art. 18, the unknown extreme, x, is equal to the product of 

the means divided by the known extreme, or 


3X42 126 


That is, the casting made from the larger pattern weighs 63 Ib. Ans 


EXAMPLE 3.—The ratio of the numbers of teeth in two gear-wheels is 
as 2 to 5. If the number of teeth in the second or larger wheel is 90, how 
many teeth are there in the smaller wheel? 
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SOLUTION.—The unknown term, x, is here the number of teeth on the 
smaller wheel and is put down as the fourth term in the proportion. 
The other number of the same kind is 90 teeth, which is made the third 
term in the proportion. So the second ratio is written 

90 : x 

It is seen from the example that the term 2 refers to the unknown 
number of teeth. As 2 is smaller than 5, it follows that x must be smaller 
than 90. Hence, the second term must be smaller than the first and the 

roportion 1 itt 
proportion is written 5:2=90 :x 


By rule I, Art. 18, 
2X90 180 
5 5 
Note.—In all problems inyolving fractions cancelation should be resorted to 
wherever possible so as to simplify operations. If in these and other examples 


cancelation is omitted it is for the purpose of concentrating attention on the one 
process under consideration. 


=36 teeth. Ans. 


21. Arrangement and Solution of Inverse Propor- 
tions.—Many problems in proportion are ‘so stated that the 
first and third terms in the complete proportion refer to the 
same thing. This is the case with the preceding examples. 
For instance, in the proportion given as a solution of example 1, 
Art. 20, the first and the third terms, 7 and 56, stand for 
7 pounds of putty at a cost of 56 cents. The second and the 
fourth terms refer to the cost of 36 pounds of putty. Such 
proportions are known as direct proportions. 

But the conditions stated in the problems are not always 
such as to give proportions of this kind. Sometimes, it is 
found, on examination of the complete proportion, that the 
first and the third terms do not refer to the same thing. Such 
proportions are known as inverse proportions. It must, how- 
ever, be clearly understood that whether a proportion is direct 
or inverse does not in any way interfere with the application of 
the rule in Art. 20, as will be seen from the following examples 
in which the solution is in every case found by means of 
inverse proportion. 

EXAMPLE 1.—If 3 men can do a certain job in 20 days, how long will 
it take 12 men to do a similar job, working at the same rate? 


SoLutTion.—The unknown term is the nuraber of days required to do 
a certain job; it is written'as the fourth term. The number of a similar 
kind is 20 days, which is written as the third term. ‘The second ratio 
of the proportion is, therefore, 20 : x. 
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It is seen from the example that the time required by 12 men must be 
less than that needed by 3 men. It follows that « must be smaller than 20. 
Hence, the second term must be smaller than the first and the first ratio 
is written 12:3. The complete proportion is 


12 :3=20:% 
3X20 
from which x=" 12 =5 days. Ans. 


In the complete proportion, 12 : 3=20: 5, the first and the third terms 
do not refer to the same thing; the term 12 refers to the /arger number of 
men, while the term 20 refers to the number of days required by the 
smaller number of men to finish the job. It follows that the proportion 
is an inverse proportion. 

EXAMPLE 2.—A mining camp has provisions enough to sustain 120 men 
for 28 days. If the working force is increased to 210 men how long will 
the provisions last? 

So_utTion.—The unknown term is the number of days through which 
the provisions will last for 210 men; it is written as the fourth term. 
The number of a similar kind is 28 days, which is written as the third 
term. The second ratio of the proportion is, therefore, 28 : x. 

It is seen from the example that the provisions will last a shorter time 
with an increase in the number of men. It follows that « must be smaller 
than 28. According to the rule, the second term of the proportion must 
be smaller than the first. The proportion is, therefore, written 


210 2 120=28 : + 
from which according to Art. 18, 
___ 12028 

216 


EXAMPLE 3.—It requires 36 hours to fill a tank with water by means 
of a pump discharging 9 gallons per minute. If the pump is displaced 
by one that will discharge 16 gallons per minute, how long will it take to 
fill the tank? 


SoLutTion.—The unknown term is the number of hours required to fill 
the tank; it is written as the fourth term. The number of a similar kind 
is 36 hours, which is written as the third term. The second ratio of the 
proportion is, therefore, 36 : x. 

It is obvious that the time required by the pump of the greater capacity 
must be shorter than that required by the pump discharging only 9 gallons 
per minute. “Hence, x must be smaller than 36. As, according to the 
rule, the second term under the circumstances must be smaller than the 
first, it follows that the proportion must be written$ 

16" 9 = 36 sx 
__ 9X86 
16 


=16 days. Ans. 


from which = 20; hours. Ans. 
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22. Denominate Numbers in Proportions.—It was 


stated in Art. 4 that the two terms of a ratio must be of the 
Same denomination. Evidently, this requirement must also be 
complied with in a proportion. When the first and second 
terms are given in different denominations, they must be 
reduced to the same denomination. Also, if they are compound 
numbers, they must be reduced to the same denomination, 
either the highest or the lowest denomination mentioned in 
either term. In case the third term is a compound number it 
must be reduced to one denomination in terms of either its 
lowest or its highest denomination.. The fourth term, x, will 
be in a denomination corresponding to that of the third term. 

For instance, if the first and second terms are 9 inches and 
4 feet 3 inches, respectively, the second term may be reduced 
to inches, as 4X12=48 inches; 48+38=51 inches. Or, both 
terms may be reduced to feet and fractions of a foot. Thus, 
9 inches =# foot =.75 foot, and 4 feet 3 inches=44 feet =4.25 
feet. The ratio may, therefore, have one of the following 
forms: 9:51; .75 : 4.25; 2:44, 

EXAMPLE.—If a rod 9 inches long weighs 1 pound 3 ounces, what will 
be the weight of a rod of the same kind, 3 feet 7 inches long? 


SoLuTION.—The unknown term is the weight of the longer bar, and 
the third term is the weight of the short bar. The second ratio of the 
proportion will therefore be 

Ube srozs 

As « will be greater than the third term, the second term must be 

greater than the first, and the complete porportion will be 
Qainvessrtta isco oxOZes 9% 

As the second term is in feet and inches, it will be reduced to inches 
to correspond with the first term; thus, 3 ft. 7 in.=43 in. The third 
term will be reduced to its lowest denomination; thus, 1 lb. 3 0z.=19 oz. 
On substituting the reduced numbers, the proportion will be 

9 :48=19: x 


43X19 
from which «= a -=90.78 0z.=5 lb. 10% oz., nearly. Ans. 
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EXAMPLES FOR PRACTICE 


1. If a pump discharging 6 gallons of water per minute can fill a 
tank in 20-hours, how long will it fake a pump discharging 15 gallons 
per minute to fill it? Ans. 8 hr. 


2. If 75 pounds of lead costs $6.75, how much will 125 pounds cost at 
the same rate? Ans. $11.25 


3. The circular seam of a boiler requires 50 rivets when the pitch, or 
distance between centers of rivets, is 2g inches; how many would be 
required if the pitch were 3% inches? Ans. 40 


4. If A does a piece of work in 4 days and B does it in 7 days, how 
long will it take A to do what B does in 63 days? Ans. 36 da. 


5. If am electric car runs 12 miles in 35 minutes, how long will it 
take to run 30 miles at the same rate? 
Ans. 873 min., or 1 hr. 27 min. 30 sec. 


UNIT METHOD 


PRINCIPLE AND APPLICATION 


23. Solving Problems by the Unit Method.—Problems 
dealing with two ratios, as in proportion, may also be solved 
by what is known as the unit method. By means of this 
method it is possible also to solve problems dealing with more 
than two ratios, as will be shown in some of the succeeding 
examples. The general procedure in the unit method may be 
seen from the following example. 

It is supposed that 4 bags of cement costs $1.36 and it is 
required to find the price of 55 bags. 

Since the cost of 4 bags of cement = $1.36, 


the cost of 1 bag of cement gone = $.34 


Therefore, the cost of 55 bags of cement = $.34 X55 = $18.70. 
It is seen that the principal number in the problem, here the 
price of 4 bags of cement, is reduced to the value of a unit: . 
that is, to the price of 1 bag. This unit price may then serve 
as a basis for finding the value of any other number of units 


se 
OK 
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called for in the problem. In this example the price of 1 bag 
was multiplied by 55 to find the price of 55 bags. 


24. In the preceding example the price of 1 unit is actually 
calculated, but in practice this is not done. The successive 
steps, that is, the operations of multiplication and division, are 
merely indicated by the respective signs, and no multiplication 
or division is performed until the very last, as then the answer 
may be obtained more easily by cancelation. This method of 
procedure should generally be followed in all arithmetical 
calculations. The following examples show the general method 
of procedure in solving problems by the unit method. 

EXAMPLE 1.—-If a pump discharging 6 gallons of water per minute 
can fill a tank in 18 hours, how long will it take a pump discharging 
14 gallons per minute to fill the tank? 

SOLUTION.—The problem is solved by the unit method, as follows: 


6 gal. per min. requires 18 hr. for filling tank 
1 gal. per min. requires 6X18 hr. for filling tank 


ay 


6X18 : 
Therefore, 14 gal. per min. requires “= a hr. for filling tank. 


Note.—It is seen in this example that the time required for filling the tank at the 
rate of 1 gal. per min. is not calculated, but simply indicated by the product 6X18 hr. 
Evidently this time must be divided by 14 to find the time required for a rate of discharge 
of 14 gal. per min., as the time must be one-fourteenth of that required by a l-gal. discharge. 


EXAMPLE 2.—If 4 men earn $65.80 in 7 days, how much can 14 men, 
paid at the same rate, earn in 12 days? 
SoLUTION.— 4 menin7 days earn $65.80. Therefore, 1 man in 7 days 
$65. $65.80 ° 
ke aD and 1 man in 1 day earns ee Therefore, 1 man in 


4X7 


earns 


>AF 
Se and 14 men in 12 days earn 
4x7 
2 3 
$65.80 
PAS SOU? _ KSA? = $05.80x2X9= $304.80, Ans 
4X7 4x7 

EXAMPLE 3.—If 3 men can dig a trench in 20 days, how long will it 

take 12 men to dig a similar trench at the same rate? 


So_ution.—As 3 men dig a trench in 20 days, 1 man can dig it in 


12 days earns 


oy 3, Dome 
820 days, and 12 men can dig it in Sia days=5 days. Ans. 
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EXAMPLE 4.—If a block of granite 8 feet long, 5 feet wide, and 3 feet 
thick weighs 7,200 pounds, what is the weight of a block of granite 12 feet 
long, 8 feet wide, and 5 feet thick? 


SotuTion 1.—A block 8 ft. long, 5 ft. wide, and 3 ft. thick weighs 
7,200 Ib. Therefore, a block 1 ft. long, 5 ft. wide, 3 ft. thick weighs 


: "7,200 
TO" tb.; and a block 1 ft. long, 1 ft. wide, 8 ft. thick weighs “" > Ib. 


: ; : 7,200 
and a block 1 ft. long, 1 ft. wide, 1 ft. thick weighs 8x5x3 lb. There- 
fore, a block 12 ft. long, 8 ft. wide, 5 ft. thick weighs 
4 
7,200X12X8X5 __7,200X12X8XB 
8X5X3  $8XbXB 
SoLuTION 2.—The contents of the blocks, in cubic feet, may be com- 
pared. 


= 28,800 Ib. Ans. 


Contents of first: block=/8 it. <o it. <o nt. = 120) ca. ft. 
Contents of second block=12 ft. <8 ft.x5 ft. =480 cu. ft. 


é : 7,200 
If 120 cu. ft. weighs 7,200 lb., then 1 cu. ft. weighs lb. 
480 < 7,20) 
Therefore, 480 cu. ft. weighs 28,800 lb. Ans. 


EXAmpLe 5.—If 12 horses can plow 96 acres in 6 days, how many 
horses will be required to plow 64 acres in 8 days? 


SOLUTION.—In 6 days 96 acres can be plowed by 12 horses; in 1 day 
96 acres can be plowed by 6X12 horses; and in 1 day 1 acre can be plowed 
b pa, Theref in 8 d Wg be pl oy 

ee horses. erefore, in ays, 1 acre can be plowed by 6x8 
horses, it being evident that fewer horses are required to do the same 
work in 8 days than in I day. In 8 days 64 acres can be plowed by 
64X6X12 


96X<8 
EXAMPLE 6.—If 7 horses require 35 bushels of oats in 20 days, for 
how many days will 96 bushels be sufficient for 18 horses? 


SOLUTION.— 35 bu. lasts 7 horses for 20 days. Therefore, 1 bu. lasts 
x20 


35 


=6 horses. Ans. 


20 tl 
7 horses for 35 days, and 1 bu. lasts 1 horse for days. Therefore, 


96 <7 X20 
96 bu. lasts 1 horse for me rt days, and 96 bu. lasts 18 horses for 


966X720 64 
s5x18 3 


=214 days. Ans. 
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EXAMPLES FOR PRACTICE 


1. If one pump discharges 90,000 gallons of water in 20 hours, in 
what time will it discharge 144,000 gallons? Ans. 382 hr. 


2. If 25 men can finish a certain job in 30 days, how many days will 
be required by 35 men to do the same job? Ans. 212 da. 


3. If $63 is paid for 15 tons of coal, how much must be paid for 
27 tons? Ans. $113.40 


4, A pump making 30 strokes per minute discharges 450 gallons of 
water per minute. If the speed is reduced to 28 strokes per minute, 
what will be the discharge in gallons per minute? Ans. 420 gal. 


5. A wheel makes 248 revolutions in 5 minutes. How many revolu- 
tions will it make in 1 hour and 20 minutes? Ans. 3,968 rev. 


6. A locomotive runs 2.8 miles in 4 minutes. How far will it go 
in 1 hour? Ans. 42 mi. 


7. If 7 barrels of sugar costs $104.30, what is the cost of 42 barrels? 
Ans. $625.80 


8. If 42 yards of goods are made from 9 pounds of yarn, how many 
yards can be made from 165 pounds of a similar yarn? Ans. 770 yd. 


9. If 17 men, paid at the same rate, receive in all $357 for one week, 
what is the sum that must be paid to 24 men for 1 week, if paid at the 
same rate? Ans. $504 


10. Twelve men can do a certain piece of work in 15 days. How 
many days will be required by 36 men to do the same work? Ans. 5 da. 


POWERS AND ROOTS 


INVOLUTION, OR FINDING POWERS OF 
NUMBERS 


PERFECT AND IMPERFECT POWERS 


DEFINITIONS AND RULES 


1. Factors.—The factors of a number are those num- 
bers which, when multiplied together, will equal that number. 
Thus, 5 and 3 are the factors of 15, since 5X3=15. 

In engineering calculations it is often found necessary to 
multiply a number by itself one or more times; thus, 5X5 
%*5=125. In this case the number 125 consists of three equal 
factors, each of which is 5. 


2. Powers.—A product obtained from several equal fac- 
tors is called a power of the number that is used as the 
factor. The power is named according to the number of equal 
factors in the product. Thus, 9 is the second power, or 
square, of 3, as 9 is equal to the product of the fwo equal 
factors 3 and 3. A product is called the third power, 
or cube, of a number, if it contains three equal factors; thus, 
64 is the third power of 4, as 64 is equal to the product of the 
three factors 4, 4, and 4, or 4X 4X4=64. 


3. Squares and Cubes.—The term square is used for 
the second power of a number, because the area of a square is 
equal to the product of two equal numbers, each of which 
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represents the length of one side. Thus, the area of a square 
is equal to the second power of a number that represents the 
length of one of its sides. For example: The side of a 
square is 4 feet; its area=4X4=16 square feet. 

The term cube is used for the third power of a number, 
because the volume of a cube is equal to the product found by 
using the length of one edge three times as a factor; that is, 
its volume is equal to the third power of a number represent- 
ing the length of one of its edges. For example, the edge 
of a cube is 5 inches; its volume is 5X5X5=125 cubic inches. 


4, Involution.—The process of finding powers of quan- 
tities is called involution. The term raise is generally used 
in connection with this process. Thus, it is said that 7 is 
raised to the third power by using it as a factor three times, 


or 7X7X/7=343. 


5. Exponents.—lIt is not sufficient to say that a power 
of a given number is to be found; one must also know which 
power is required, whether it is to be the second, the third, etc. 
For the purpose of indicating the required power of a number, 
a small number, called an exponent, is written to the right 
and near the top of the number. This number indicates the 
power to which a quantity is to be raised, or the number of 
times the quantity is to be used as a factor. Thus, in the 
expression 3°, the number ° is the exponent, and shows that 
3 is to be used as a factor six times, or that 3° is a contraction of 

INI MUN ONT 

When an exponent is attached to a number it is read as in 
the following examples: 

4X4 is written 4°, and is read four square, or four 
exponent two; 

oX5X5 is written 5°, and is read five cube, or five 
exponent three; 

8X8X8xX8 is written 84, and is read eight to the fourth 
power, or eight exponent four. 


6. Use of Parenthesis.—When several numbers are con- 
nected by any of the arithmetical signs and the result is to be 
raised to a given power, the numbers must be written inside a 
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parenthesis and the exponent outside it, as in the following 
example: (2+5)?=7?=49. Without the parenthesis. the 
result would be: 24-52=2--25=27. 

The same rule applies if a fraction is to be raised to a given 
power. For instance, if the square of % is to be found, it 
must be written (})*. By omitting the parenthesis it will 
appear as if the exponent refers to the numerator alone, instead 
of applying to the numerator and the denominator. The 
effect produced by omitting the parenthesis may be seen from 
the following example: G) -S-e Omitting the paren- 

: RC ee 
thesis, the result is rays 
Perfect and Imperfect Powers.—There are com- 
paratively few numbers that can be separated into equal fac- 
tors; these numbers are called perfect powers. Thus, 16 is 
a perfect power of 4, because 16=4%4; 216 is a perfect power 
of 6, because 216=6X6xX6. Numbers that cannot be 


separated into exactly equal factors are called imperfect 


ae 


TABLE I 
PERFECT SQUARES AND CUBES 
n | n ih n | n? n 
1 1 1 6 36 216 
Z 4 8 vi 49 343 
5} 9 i 8 64 52 
4 16 64 9 81 729 
5 29 125 10 | 100 1,000 


powers. Thus, 10, 12, 15, and 20 are imperfect powers, 
because none of them is the product of equal factors. In the 
numbers from 1 to 1,000, inclusive, there are only 50 perfect 
powers, not counting 1, and of these only 30 are perfect 
squares and 9 perfect cubes. 

Table I contains the squares and cubes of numbers from 
1 to 10, inclusive. The column of numbers is headed by 
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the letter 1, which is an abbreviation of the term number. The 
squares and cubes of the numbers found in the first and 
fourth columns are given in the other columms, headed by 
n? and n*, respectively. Thus, the square of 8 is 64 and the 
cube of 5 is 125. 


8. Rule for Raising a Number to Any Power.—To 
find any power of a number, the following rule should be used: 


Rule.—I. To raise a whole number or a decimal to any 
power, use the number as a factor as many times as the power 
requires or as the exponent indicates. 


II. To raise a fraction to any power, use the numerator 
and the denominator as factors as many times as the power 
requires or as the exponent indicates, and write these products 
as numerator and denominator, respectively. 


EXAMPLE 1.—What is the third power, or cube, of 35? 


SoLution.—From Art. 8, the expression cube of a number is equiva- 
lent to the number with 3 as an exponent. Applying the rule, 35°=35 
X35X35, oF 

he 
35 


7S 
105 


WAS) 
35 


6125 
3675 


cube=42,875 Ans. 


ExAMeP_Le 2.—What is the value of 1.27? 


SoLtution.—According to the rule, the number must be used as a 
factor the number of times indicated by the exponent, 2. Hence, 
1.2°=1.2*1.2=144. Ans. 

Example 3.—What is the value of (8)?? 

SoLuTion.—The exponent is 2, so the numerator and the denominator 
must each be used twice as a factor. Then, 


5 


(2) =z 228 25 
a Nc a 


ExaMPLe 4.—What is the fourth power of 15? 
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SoLution.—From Art. 5, the fourth power of 15 is equivalent to 
15*. Applying the rule, 15*=15X1515X15, or 


15 


fourth power=5 0,6 25 Ans, 


Examp.Le 5.—What is the cube of .12? 
SoLtution.—The cube is found by using the number three times as a 
factor; therefore, the cube of .12 is 
2X .12X.12=.001728. Ams. 


EXAMPLES FOR PRACTICE 


Raise the following to the powers indicated: 


(Gye eoe (a) 7,225 
(o) (a3) | (b) 464 
(c) 6.5% | (c) 42.25 
(d) 14. rar (d) 38,416 
(e) ()% {ie 4 
(f) (8)% (f) 228 
(9) G)* i ee 
(h) 14. (h) 5.37824 


6 POWERS AND ROOTS § 6 


EVOLUTICN, OR FINDING ROOTS OF 
NUMBERS 


SQUARE ROOT 


DEFINITIONS 


9. Roots of Numbers.—It was stated in Art. 2 that the 
product obtained from a number of equal factors is called a 
power of the number. If the process is reversed and the num- 
ber of equal factors into which a number may be separated is 
found, then any one of these factors is known as the root 
of the number. For instance, if the number 27 is divided into 
the three factors 3, 3, and 3, then any one of these factors is 
known as a root of this number, as 27=3X3X3. This process 
of finding a root of a number is known as evolution; 
it is the reverse of involution. ‘The term extract is generally 
used in connection with this process, and it is said that the 
root of the number is extracted. 


10. Classification of Roots.—lf a number is separated 
into fwo equal factors, one of these factors is known as the 
square root of the number. Thus, if 25 is separated into 
two equal factors 5 and 5, then 5 is the square root of 25, 
because 5X5=25. The square root of 49 is 7, because 
7X7=49; the square root of 1.21 is 1.1, because 1.1X1.1=1.21. 

If a number is separated into three equal factors, one of the 
factors is known as the cube root of the number. Thus, 
3 is the cube root of 27, since 3X3<3=27. 

The fourth root of a number is one of the four equal 
factors into which the number may be separated. Thus, the 
fourth root of 256 is 4, because 4X 4X44 =256. 

The fifth root of a number is one of the five equal factors 
into which the number may be separated. Thus, 7 is the fifth 
root of 16,807, since 7X7X7X7X7= 16,807. 
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11. Derivation of Terms Square Root and Cube 
Root.—The terms square and cube, when applied to roots, are 
derived from the same source as similar terms applied to 
powers of numbers. Reversing the conditions stated in 
Art. 3, it follows that, if a number represents the area of a 
square, the square root of the number must be equal to the 
length of one side of the square. For instance, if the area of 
a square floor is 81 square yards, the square root of 81, or 9, 
represents, in yards, the length of one side of the room. 

If a given number represents the contents of a cube, the 
cube root of the number must give the length of one of the 
edges. Thus, if the contents of a cubical box is 27 cubic feet, 
the cube root of the number, or 3, gives the length of one of 
the edges, in feet. 


12. Radical Sign.—The fact that the root of a number 
is to be extracted is usually indicated by placing the radical 
sign y in front of it. The term radical is derived from the 
Latin word radix, meaning root. A vinculum~ ~ is connected 
with the radical sign and placed over the quantity to which 
the radical sign applies. Thus, 14,574,300 indicates that the 
root of the number following the radical sign is to be extracted. 


13. Index.—Although the radical sign shows that a root 
is to be extracted, it must also show what root is required, 
and for this purpose an index is used. This is a small figure 


placed above the radical sign; thus, 100 indicates the square 


root of 100, and 71,728 indicates the cube root of 1,728. How- 
ever, when the square root of a number is to be extracted, the 


index is usually omitted. Thus, v81 means the square root of 
81; also, ¥22.48 means the square root of 22.48. 
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CALCULATION OF SQUARE ROOT: 


SQUARE ROOTS OF WHOLE NUMBERS AND OF DECIMALS 


14. Introduction.—In calculating, or extracting, the 
square root of a number, it is necessary to perform a number 
of separate operations in a certain order. If the nature of each 
operation is kept in mind and if the operations are performed 
successively in the correct order, the process of extracting a 
square root should not offer any particular difficulties. 

To facilitate the first part of the calculation, it is well to 
memorize the squares of the first twelve integers, or whole 
numbers, given herewith. The first line gives the numbers 
and the second line the corresponding squares. 


Integers: 1, 2;-3, -4; 5, 6. 7, 28; -9;, 10, di i2 
Squares: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144 


15. Example of Extracting Square Root.—The 
method of finding the square root can best be explained by 
using an actual example and describing each step of the work. 
The first step is to point off, or separate, the number into 
periods, or parts, each containing two figures. Thus, suppose 
the square root of the whole number 31,505,769 is to be 
extracted. Ignore the commas that are used to divide the num- 
ber and write it without them, thus: 31505769. Now, begin- 
ning at the right-hand figure, point off, or separate, the number 
into periods of two figures each, proceeding toward the left 
and using the mark ’ to separate the periods. The number will 
then appear as follows: 31’50’57’69. In case the whole num- 
ber contains an odd number of figures, there will be only one 
figure in the period at the left. For instance, take the number 
53,361. When this is pointed off it becomes 5’33’61, in which 
there are three periods. Here the 5 forms the first period, even 
though it consists of only one figure. 

The reason for thus pointing off the number is to find out 
how many figures there will be in the root of the number. It 
is always true that the number of figures in the root is equal 
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to the number of periods into which the number is divided. 
Thus, as 31’50’57’69 contains four periods, it is known at once, 
before any calculations are made, that there will be four figures 
in the square root of that number. Similarly, as 5/3361 has 
three periods, the square root must contain three figures; and 
this is the case, as the square root of 53,361 is 231. After the 
number has been properly pointed off, the square root is 
extracted in the manner shown in the following example: 


EXAMpLEe—Extract the square root of 31,505,769. 


SOLUTION.— 
steps number root 
(a) 5 31505 7'69(5613 
20 52=25 
first trial divisor 100 650 first dividend 
6 636 
first complete divisor 106 1457 — second dividena 
(b) 56 eae 
20 33669 third dividend 
second trial divisor 1120 33669 
1 
second complete divisor 1121 
Cy Sell 
20 
third trial divisor 11220 
3 


third complete divisor 11223 


EXxPpLANATION.—Beginning at the right, the number 31,505,769 is 
pointed off into periods of two figures each, as already explained. The 
largest single number whose square is less than 31, the first period, is 
now found. This is evidently 5, since the square of 6, or 36, is greater 
than 31. This number, 5, is written to the right of the number, as in 
long division; it is also written to the left, as at (a). The square of 
this first figure of the root, or 5°=25, is written under the first period, 
as shown, and is subtracted from it, leaving 6 as a remainder. The 
second period of the number is annexed to this remainder, giving 650 
as the first dividend. 

The first figure of the root, written at (a), is now multiplied by 20, 
giving a product 100, which is called the first trial divisor. The first 
dividend, 650, is now divided by this first trial divisor, 100, and the 
quotient 6 is obtained, which is probably the second figure of the root. 
This figure is written in the root, as shown, and is also added to 100, the 
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first trial divisor, giving the sum 106, which is called the first complete 
divisor. 

The first complete divisor, 106, is multiplied by 6, the second figure 
in the root, giving the product 636, which is subtracted from the first 
dividend; the remainder is 14, to which the two figures, 57, in the third 
period of the number are annexed, giving 1457 as the second dividend. 
The two figures of the root, 56, are now written at (b) and multiplied 
by 20, thus giving 1120, which is the second trial divisor. Dividing 
1457 by the second trial divisor, 1120, the quotient 1 is obtained as the 
third figure of the root. Adding this figure to the second trial divisor, 
the result is 1121, which is the second complete divisor. Multiply- 
ing this divisor by 1, the third figure in the root, gives the product 1121, 
which is written under the second dividend, 1457. Then, subtracting 
it from the second dividend, the remainder is 336, to which the fourth 
period, 69, of the number is annexed, giving 33669 as the third 
dividend. 

The three figures 561 in the root are now placed at (c) and multi- 
plied by 20, giving the product 11220, which is the third trial divisor. 
Dividing 33669 by the third trial divisor, 11220, the quotient, 3, is 
obtained as the fourth figure of the root. Adding this figure to 11220, 
the result is 11223, the third complete divisor. Multiplying this 
divisor by 3, the fourth figure of the root, the product is 33669, which 
is written under the third dividend and subtracted from it, leaving no 
remainder. It follows that V31,505,769=5,613, and that 31,505,769=5,613 
5,613. 


16. Choosing Figures for the Root.—In the pre- 
ceding explanation, where reference was made to finding the 
second figure, 6, of the root, the statement was made that 
probably the figure 6 would be the one required. The word 
probably is used here, because the various figures that are 
successively selected for the root are, at first, only trial figures. 
There can be no certainty that each of these figures will be 
the correct one, and not too large, until it is multiplied by the 
corresponding complete divisor, thus allowing the resulting 
product to be compared with the dividend. Referring to the 
foregoing example, it is not certain that 6, the second figure 
in the root, is correct, before it has been multiplied by the 
first complete divisor, 106, and the product found to be not 
greater than the first dividend, 650. In this case the product 
636 is less than 650; but, suppose that the first dividend were 
620, as in the example that follows. The product 636 would 
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be too large, thus indicating that the figure 6 in the root is too 
large. It would then be necessary to substitute, in place of 
the 6, the figure 5 as the second figure in the root. The remain- 
ing part of the solution is simply a repetition of that already 
described. 


root 


(a) 5 Slr GO OION (51a: 8:0 
20 5*=25 
first trial divisor 100 “62 0 first dividend 
5) BONS 
first complete divisor ONS Ogee second canon: 
() 55 8804 
20 66996 third dividend 
second trial divisor 100 66996 
8 
second complete divisor 1108 
(Ee), SSn8 
20 
third trial divisor 11160 
6 


third complete divisor 11166 


17. Main Features of Extracting Square Root.—In 
order that the main features of calculating a square root may 
be remembered, it should be noted that the various trial 
divisors are obtained by multiplying the existing figures in the 
root by 20. Thus, the first figure in the root multiplied by 
20 gives the first trial divisor; the first two figures of the root 
multiplied by 20 gives the second trial divisor, and so forth. 
Considering this feature as the framework of the process, 
the remainder will easily be remembered. 


18. Method of Procedure When Trial Divisor is 
Larger Than Its Dividend.—Sometimes, in extracting a 
root, it may happen that a trial divisor is larger than the corre- 
sponding dividend. In such a case the method adopted is 
similar to that used in long division; that is, a cipher is annexed 
to the root and to the trial divisor and the next period is 
annexed to the last remainder to form a new dividend, larger 
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than the new trial divisor. The following example shows how 


to proceed: 
ExampLe.—Find the square root of 255,025. 
SoLUTION.— 
root 
(a) 5 2S 02S Cai0i5 
ZA 525 
first trial divisor 100 _ 5025 second dividend 
second trial divisor 1000 S025 
5 eae 


second complete divisor 1005 


ExpLanation.—A fter the number is separated into periods, it is seen 
that the root of the first period must be 5. This figure is written to the 
right of the given number and also at (a). The square of 5, or 25, is 
subtracted from the first period, leaving no remainder. The second 
period, 50, is brought down as the first dividend and the number 5 at 
(a) is multiplied by 20, giving 100 as the first trial divisor. As this trial 
divisor, 100, is not contained even once in the first dividend, 50, a 
cipher is annexed to the root and to the divisor, making the root 50 and 
the new, or second, trial divisor 1000. The third period of the num- 
ber, 25, is now brought down and annexed to the remainder 50, making 
5025, which is the second dividend. Dividing by the second divisor, 
1000, the quotient, 5, is placed as the last figure of the root. Adding 
5 to 1000 gives 1005 as the second complete divisor. Multiplying by 
5 gives 5025, which is equal to the second dividend; hence, there will 
be no remainder. 

In ordinary practice, instead of writing a separate second trial 
divisor, as in this example, the cipher would be annexed directly to the 
first trial divisor. Thus, a cipher could have been annexed to the first 
trial divisor, 100, giving the second trial divisor, 1000. 


19. Extracting Square Roots of Decimals.—The 
square of any number, wholly decimal, always contains twice 
as many decimal places as the number squared. For example, 
17= 01, .13?= 0169, .751?=.564001, etc. Conversely, it fol- 
lows that the square root of a decimal contains only one half 
the number of decimal places found in the decimal itself. 


Thus, ¥12.723489=3.567. If the decimal contains an uneven 
number of figures, a cipher must be annexed to give an even 
number, as will now be explained. 

When the square root of a decimal is to be extracted, the 
decimal is pointed off into periods of two figures each, begin- 
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ning at the decimal point and going to the right. Then, if 
the last period contains but one figure, a cipher is annexed to 
complete the period. Thus, the decimal .62371 is pointed off 
as follows: .62’37/10. Annexing ciphers to the right of a 
decimal does not change its value, as was explained in a pre- 
ceding Section. 

If the decimal is a portion of a mixed number, as 142.716, 
the whole-number part is pointed off to the Jeft and the decimal 
part to the right, beginning at the decimal point in both cases, 
and considering the decimal point as a mark of separation. 
Thus, the number 142.716 is pointed off as follows: 1/42.71/600. 

The operation of finding the square root in all these cases is 
similar to that previously described, except that when the 
decimal point is reached, a decimal point is placed in the 
answer. ‘There will be as many decimal places in the root as 
there are periods in the decimal part of the number. 


20. The following examples will show the method of 
extracting roots of decimals: 


Examp ce 1,—Find the square root of 606.6369. 


SoL_uTIon.— 
root 
2 6'0 6.6 3°69( 24.6 3 
20 P= 4 
first trial divisor 40 206 first dividend 
4 176 
first complete divisor 44 3063 second dividend 
2916 

24 eae f edeiek 
20 14769 third dividend 

—- 14769 


second trial divisor 480 


second complete divisor 486 


third trial divisor 4920 


third complete divisor 4 923 
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Exampie 2.—What is the square root of .000576? 


SoLUTION.— 
root 
Z .00'0 5'7 6(.024 
20 2= 4 
trial divisor 40 FA 
4 176 


complete divisor 44 


ExpLiaNaATion.—Beginning at the decimal point and separating the 
decimal into periods of two figures each, it is seen that the first period 
is composed of ciphers; hence, the first figure in the root must be a 
cipher. The decimal is now treated as if 5 were the first figure and 
the calculation is continued in the manner previously explained. 


21. Perfect and Imperfect Powers.—Comparatively 
few numbers are exact squares; consequently, it is only in a 
small number of cases that the exact square root can be found. 
A number that has an exact root is called a perfect power; 
in the case of an exact square root the number from which it is 
extracted is termed a perfect square. The factors of the 
perfect powers are called rational factors. An exact square 
root of a number represents one of the two equal rational 
factors into which it is possible to separate the perfect square. 
For instance, ¥81=9, and 9X9=81; hence, the two numbers 9 
are rational factors. 

Numbers that cannot be separated into exactly equal fac- 
tors are called imperfect powers, and the factors are 
called irrational factors. Any number, that cannot be 
divided into as many rational factors as there are units in the 
index of the root, will have a root with an unending decimal. 
For example, 20 lies between 16 (=4°) and 25 (=5?) ; hence, 
the square root of 20, or ~20, is greater than 4 and less 
than 5, and is therefore equal to 4 plus an unending decimal. 
In other words, no matter to how many figures the square root 
of 20 may be calculated, the root will never be found exactly. 
Numbers ending in 2, 3, 7, or 8 are imperfect squares. 


22. Extracting Root of Imperfect Power.—Although 
the square root of an imperfect power cannot be found exactly, 
as close an approximation may be obtained as is desired. The 
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root may be carried to any required number of decimal places 
by annexing periods of two ciphers each to the number. In 
practice, five significant figures are all that are likely to be 
required, and four are generally sufficient. 


ExampLe 1—What is the square root of 3? Find the result to five 
decimal places. 


1 root 
20 3.0.00 0'0 00.000 (1.73205+ 
— 12=] 
20 a Seay 
7 200 first dividend 
first divisor a5 ge 
1100. second dividend 
17 1029 
20 —— 
—— 7100 third dividend 
: ue 6924 
- — 1760000 fifth dividend 
second divisor Sy b6) 782025 
7 ey Diss 
20 
3460 
2 
third divisor 3462 
i732 
20 
346400 
5 


fifth divisor 346405 


ExpLANATION.—As five decimal places are required, it is necessary to 
annex five periods of ciphers to the right of the decimal point. The 
method employed in extracting the square root is the same as explained 
in the preceding examples. Attention is called only to the omission of 
the fourth divisor and dividend. After the fourth period is annexed 
to the remainder, 176, making the fourth dividend 17600, it is found 
that this dividend does not contain the divisor 34640. A cipher is 
therefore placed as the next figure in the root and a cipher annexed to 
the divisor, changing it into a fifth trial divisor. Another period of 
two ciphers is now annexed to the fourth dividend, changing it into a 
fifth dividend, and the calculation is continued, 5 being obtained as the 
next figure of the root. The required five decimal places have now 
been obtained and the operation could stop at this point; but in the 
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case of an unending decimal, it is advisable to continue the operation 
one decimal place further, to ascertain whether the next: figure in the 
decimal is 5 or greater. If so, the fifth figure is increased by 1. It 
will be found that the next figure is a cipher; hence the figure 5 will 
remain. The square root of 3 is, then, 1.73205-+. 

Proor.—To prove the square root, it is squared. If the number ts 
an exact square, the square of the root will equal it; if it is not an exact 
square, the square of the root, plus the remainder, will equal it. 


EXAMPLE 2.—What is the square root of .3 to five decimal places? 


SoLution.— 5 30'00'00'00'00(.547722 
20 ORS 
100 500 
4 416 
104 8400 
54 7609 
20 79100 
1080 760629 
7 247100 
1087 oie 
2801600 
547 2190884 
20 aia eT Re 
— GLO AG 
10940 
7 
10947 
Ste a 
20 
109540 
2 
109542 
yes AI 23 
20 
1095440 
2 
1095442 


ExpLanation.—In this example a cipher is annexed to .3, making 
the first period .30, since every period in a decimal, as was mentioned in 
Art. 19, must have two figures in it. The operation is carried on to 
six decimal places, to find out whether the sixth figure is greater than 5. 
It is seen that the sixth figure is 2; hence, the preceding figure is not 
altered, and the square root of .3 is .54772+ to five decimal places. 
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23. Abbreviated Method of Extracting Square 
Root.—When some proficiency is gained in extracting square 
root, it is possible to perform a portion of the calculation 
mentally. The preceding solution may then be found as 
follows: 

30/000 00000 (.54772 


25 
100 500 
complete divisor 104 416 
1080 8400 
complete divisor 1087 7609 
10940 79100 
complete divisor 10947 76629 
109540 247100 
complete divisor 109542 219084 


28016 


ExpLaNnaTion.—The first figure, 5, in the root is squared, as before, 
and subtracted from 30. The figure 5 in the root is now mentally 
multiplied by 20 and the product, 100, is written to the left, as before. 
The next figure in the root, or 4, is mentally added to 100 and the sum, 
104, is multiplied by 4; the product 416 is subtracted from 500, leaving 
84. The next period is brought down and the two figures 54 in the 
root are mentally multiplied by 20; the product, 1080, is written in the 
usual place. Mentally, the quotient 7 is added to 1080 and the sum, 
1087, multiplied by 7. The product, 7609, is subtracted. The calculation 
is continued in this manner until the required number of figures is 
obtained in the root. After long practice it is possible to omit the 
writing of products, such as 100, 1080, etc., used to obtain trial divisors 
and simply write the divisors, as 104, 1087, etc. 


24. Rule for Extracting Square Root.—The instruc- 
tions given in the preceding explanations have been collected 
and combined in the form of a rule, as follows: 


Rule.—To extract the square root of a number, first point 
off, or separate, the number into periods of two figures each, 
commencing at the right; or, if the number contains a decimal, 
begin at the decimal point and separate the number on either 
side into periods. 

Find the largest number whose square is contained in the 


first, or left-hand, period and write this number as the first 
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figure of the root. Write its square under the first period 
and subtract. To the remainder annex the next period for a 
first dividend, 

Place the first figure of the root also to the left of the given 
number; multiply this figure by 20, and use the product as the 
first trial divisor. 

Divide the dividend by the divisor for the second figure in the 
root and add this figure to the trial divisor to form the complete 
divisor. Multiply the fatter by the second figure of the root 
and subtract the product from the dividend. (If this product 
is larger than the dividend, a smaller number must be tried for 
the second figure of the root.) 

Bring down the third period and annex it to the last remain- 
der. Place the first two figures of the root to the left of the 
given number and multiply them by 20; the product is the 
second trial divisor. 

Continue in this manner to the last period. Should any addi- 
tional places in the root be required, annex cipher periods of 
two figures each to the remainders and continue the operation. 

If at any time a trial divisor ts larger than the corresponding 
dividend, place a cipher in the root, annex a cipher to the trial 
divisor, and bring down another period. 

If the root is an unending decimal and it is desired to 
terminate the operation at some point, as the fourth decimal 
place, continue the operation to one place further, and if the 
fifth figure is 5 or greater, increase the fourth figure by r. 


EXAMPLES FOR PRACTICE 


Find the square root of: 


(a) 186,624 (a) 432 
(b) 2,050,624 (a) 4432 
(c) 29,855,296 (ce) 5,464 
(d)  .0116964 to five decimal places (d) .10815 
(e) 198.1369 to four decimal places Ans. (e) 14.0761 
(f) 994,009 (f) 997 
(g) 2.375 to four decimal places (g) 1.5411 


(h) .571428 to five decimal places Gh” 275593 
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SQUARE ROOTS OF FRACTIONS 


25. Rule for Extraction.—lIf the given number is in 
the form of a fraction, and it is required to find the square 
root of it, the simplest and most exact method is to reduce 
the fraction to a decimal and extract the square root of the 
decimal. If, however, the numerator and denominator of 
the fraction are perfect squares, extract the square root of 
each separately, and write the root of the numerator for a 
new numerator, and the root of the denominator for a new 
denominator. 


Rule.—Extract the square root of the numerator and 
denominator separately; or, reduce the fraction to a decimal, 
and extract the square root of the decimal. 


ExamMpLe 1.—What is the square root of ex? 


Sorution.—Applying the rule, the roots of the numerator and the 
denominator are extracted separately, giving 3 and 8, respectively, as 
the numerator and denominator in the new fraction. Thus, 


EXAMPLE 2.—What is the square root of 3? 


So_tution.—Reduce the fraction to a decimal; thus, 3=.625. Then 
the square root of 8 is the square root of .625. 


4/.625=.79057. Ans. 


EXAMPLES FOR PRACTICE 


Find the square root of: 


(aq) 3ee . ts 
(b) te (b) # 

(c) #to five decimal places a (c) .86603 
(d) 3, to four decimal places (d) .6455 
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APPLICATIONS OF SQUARES AND SQUARE 
ROOTS 


INTRODUCTION 


26. Plane Surfaces.—The process of finding the square 
root of a number is very useful in many varieties of calcula- 
tions, as, for example, in finding certain dimensions of squares, 
triangles, circles, and other surfaces, when their areas are 
_ given. Before entering into a description 

of the methods to be applied for these 

purposes, it is necessary to give a short 


D 


description of the principal properties of 

these surfaces. 
The following definitions refer only to 
A B plane surfaces: A plane surface is one 
os on which straight lines drawn in any direc- 
tion lie wholly in the surface. For instance, the surface 
of a table is a plane surface. A plane figure is a plane 
surface bounded by straight or curved lines. A polygon is a 
plane figure bounded by any number of straight lines. Squares 
and rectangles, Art. 27, and tri- 
angles, Art. 28, are examples of 
polygons. The area of a plane fig- 
ure is the number of square units 
included within its boundary lines. 


D oC 
ye 


27. Squares and Rec- 
tangles.—A square, Fig. 1, is a 
plane figure bounded by four 
straight lines 4B, BC, CD, and DA of equal lengths, the 
adjacent lines being at right angles to each other. 

A rectangle, Fig. 2, is a plane figure bounded by four 
straight lines, the adjacent lines being at right angles to each 
other. Only opposite sides are of equal lengths; thus, 


AB=CD,and A D=CB. 
28. Triangles.—A triangle, Fig. 3, is a plane figure 
bounded by three straight lines. A right-angled triangle, 


A B 


Pies 
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Fig. 4, also known as a right triangle, is a triangle that has 

one right angle. The side opposite the right angle is known as 

the hypotenuse, and is the longest one of the 

three sides. The base is the side on which 

the triangle is shown to rest. In the right 

triangle, Fig. 4, the right angle is at C and A B 

is the hypotenuse. The side A C is the base, as — 

the triangle is shown resting on this side. 

The shortest distance between the base and the Bae 

point at which the other sides meet is known as the altitude 

ofatriangle. In Fig. 4 the side B C is also the altitude, as B C 

is the shortest distance from the side AC to the point B at 

which the sides 4 B and BC meet. If one of the two sides 

that form the right angle serves as a base, the other side is the 
altitude. Thus, if BC is the base, AC is 

B the altitude. 


29. Dividing Surfaces Into Tri- 
angles.—A straight line drawn between 
opposite corners of a square or a rectangle 
is known as a diagonal. In Figs. 1 
ed 2 the lines AC and BD are diagonals. Each diagonal 
divides the square and rectangle into two equal right triangles. 
For instance, in Figs. 1 and 2, the diagonal A C separates each 
figure into the two triangles A B C and C D A, and the diagonal 
B D in each produces the triangles BC D and DAB. When 
some of the dimensions of rectangles are to be obtained, it often 
simplifies the calculations to consider the rectangle as composed 
of two equal right triangles and to cal- 


culate the dimensions of one of these, ac- i 
A B 


Fre. 4 


cording to the rules given farther on. 


Note—In practice, when referring to the 
diagonal of a square, this dimension is some- 
times called the width across corners. 


30. Circles.—A circle, Fig. 5, is a 
plane figure bounded by a curved line 
called the circumference. A diameter is a line passing 
through the center and terminating at the circumference, as A B. 


Fie. 5 
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CALCULATIONS RELATING TO PLANE SURFACES 


31. Finding Side of a Square.—It was shown in 
Art. 3 that the area of a square is equal to the second power, 
or square, of the number representing one of its sides. It 
follows that, if the area of the square is given, the length of 
one side is found by reversing the process; that is, by extract- 
ing the square root of the number that represents the area of the 
square. In examples of this class the following rule is applied: 


Rule.—To find the length of one side of a square of a given 
area, extract the square root of the area. 

EXAMPLE.—The area of a square is 1,764 square inches. What is 
the length of one side of the square? 

Sotution,—A pplying the rule, the side is equal to +1,764=42in. Ans. 


32. Principle of Right Triangle.—lf a square is con- 
structed on each of the three sides of a right triangle, as on 
ABC, Fig. 6, it can be shown 
that the area of the square 
erected on the hypotenuse 
AC is equal to the combined 
areas of the squares erected on 
the sides AB and BC. For 
instance, let it be assumed that 
the sides A.B. BC, and AC 
are 3, 4, and 5 inches long, re- 
spectively. If the side A B is 


116| 17\ 18\19 \20| 


Hes heey i a divided into three parts, each 

12122 23| 24 | 25 | ; 
pot 1 inch long, and the square 
Fre. 6 ABI K is erected on A B, as 


one of its sides, the square will contain 9 equal squares, or 
9 square inches. Similarly, the square BC HF on the side 
B C will contain 16 square inches, and the square 4 C E D will 
contain 25 square inches, as shown. But, 9+16=25. 

It was stated in Art. 3 that the area of a square is equal to 
the square of the number representing the length of one side. 
The principle illustrated in Fig. 6 may therefore be stated in 
the following two forms: 
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I. The square of the hypotenuse of a right triangle is equal 
to the sum of the squares of the two sides. 


II. In a@ right triangle, the square of one of the sides is 
equal to the square of the hypotenuse minus the square of the 
other side. 


On these statements are based the following rules: 


Rule I.—To find the hypotenuse of a right triangle, square 
the length of each side, add the squares, and take the square 
root of the sum. 


Rule I1.—To find the length of either side of a right 
triangle, square the length of the hypotenuse, subtract from it 
the square of the length of the known side, and take the square 
root of the remainder. 


oo. Calculating Sides of Right Triangles.—The 
application of the rules in Art. 32 for finding the sides and 
the hypotenuse of a right triangle is shown in the following 
examples : 

Example 1—The sides 4 C and CB, Fig. 4, are 8 and 6 inches long, 
respectively. What is the length of the hypotenuse 4 Be? 

SoLution—By rule I, the lengths of the sides are squared. Thus, 
&=64, and 6=36, and 644+36=100; then, extract the square root, 
100=10. Therefore, 4 B=10 in. Ans. 

Exampte 2.—If it is assumed that the hypotenuse 4 B, Fig. 4, is 
25 inches long, and that the side A C measures 20 inches, what is the 
length of the side BC? 

So.ution.—By rule II, the square of the length of AB is 25°=625, 
and the square of the length of 4C is 20°=400. 625—400=225; then, 
the square root is 4225=15. Therefore, BC=15 in. Ans. 

Examp_Le 3—In a right triangle the hypotenuse is 12 inches long and 
one side is 4 inches long. What is the length of the other side? 

Sotution.—By rule II, the square of the length of the hypotenuse is 
127=144, and the square of the length of the known side is 4=16. 
Then 144—16=128; and, 128=11.31. Therefore, the length of the 
unknown side is 11.31 in. Ans. 

Exampie 4—A ladder.is leaning against the side of a house with 
its lower end 8 feet from the side. If the upper end of the ladder is 
35 feet above the ground, what is the length of the ladder? 

ILT 271B—14 
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Sotution.—The ladder may in this case be considered as the hypot- 
enuse of a right triangle in which the sides are 8 ft. and 35 ft. long, 
respectively. By rule I, the lengths of the sides are squared. Thus, 


35?=1,225 and 8°=64, and 1,225+64=1,289. Then 1,289=35.9. There- 
fore, the length of the ladder is 35.9 ft. Ans. 


34. Finding Diameter of a Circie.—The ratio of the 
circumference of a circle to its diameter is as 3.1416 to 1. 
Then if the diameter of a circle is known, its circumference 
can be found by multiplying the diameter by 3.1416. 

The area of a circle is equal to the product 3.1416 
as ~ 31416 X (diameter)? _ 

Pe J 
Or, the area of a circle is equal to the product obtained by 
multiplying .7854 by the square of the diameter. Conversely, 
if the area of a circle is known the diameter may be found by 


7854 X (diameter )?. 


applying the following rule: 


Rule.—To find the diameter of a circle whose area is known, 
divide the area by .7854 and extract the square root of the 
quoticnt. 

ExampLe 1.—The area of a circle is 38.4846 square inches. What is 
its diameter? 


So.tution.—According to the rule, the value of the area, or 38.4846, is 
divided by .7854 and the square root of the quotient is extracted. Or, 
38.4846 Ars 
org V49=7 
\ 7854 
Therefore, the diameter is 7 in. Ans. 
Examp_e 2.—What is the diameter of a circle whose area is 1.7671 
square feet? 
SoLtution.—According to the rule, the diameter is 
4 ee 
v4 oer, 
7854 peaks 
The diameter of the circle is 1.5 ft., or 14 ft. Ans. 


EXAMPLES FOR PRACTICE 


1. What must be the length of a ladder to reach to the top of a 
wall 40 feet high, if the foot of the ladder is 9 feet from the wall? 


Ans. 41 ft. 
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2. 5,776 barrels standing on end are to be arranged in the form of 


a square, How many barrels will there be on each side of this square? 
Ans. 76 bbl. 


3. Two vessels sail from the same port. Ata given time one vessel 
is at a distance of 360 miles due north from the port; the other is at a 
distance of 450 miles due east from the port. What is the distance 
between the two vessels? Ans. 576.28 mi. 


4. The floor of a room is 24 feet long and 18 feet wide; what is 
the length of the diagonal? Asis, 30 ft. 


5. A light rope, drawn from the top of a flag pole to a point at a 
distance of 43 feet from the center of the pole support and at the same 
level as its base, is 110 feet long; what is the height of the pole? 


Ans. 101.2 ft. 


6. The opening of a safety valve on a steam boiler has an area of 
12.566 square inches. What is the diameter of the opening? Ans. 4 in. 


7. The base of a right triangle, as in Fig. 4, is 20 feet, and the alti- 
tude is 18 feet; what is the length of the hypotenuse? Ans. 26.9 ft. 


8. The square nut for a bolt is 3§ inches on each side. What is 
the width across corners? Ans. 4.42 in. 


9. A circular plate of brass has an area of 100 square inches. 
Wha is its diameter? Ans. 11.28 in. 


MENSURATION 


LINES, SURFACES, AND SOLIDS 


LINES AND ANGLES 


LINES 


1. Geometry.—That branch of mathematics which deals 
with the relations, properties, and measurements of lines, 
angles, surfaces, and solids is known as geometry. The par- 
ticular branch of geometry that treats only of the measure- 
ment of lines, angles, surfaces, and solids is known as 
mensuration, 

In laying out work the mechanic will frequently make use of 
lines and angles in constructing various surfaces. The gen- 
eral property of these elements, as well as some methods of 
constructing them, will be explained in this Section, together 
with the calculation of surface areas and the contents of 


solids. 


2. Points.—In mathematics a point is supposed to be 
without any dimensions; that is, it has no length, breadth, or 
thickness. In accurate work the position of a point is indicated 
by two lines crossing each other at the place where the point is 
intended to be located. 


3. Lines.—From a mathematical point of view a line has 
only one dimension—length; it serves to connect two points. 
On paper a line is represented by means of a mark, that may 


vary in thickness, depending on the means used to make it. 
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A straight line, Fig. 1 (a), is one that does not change 
direction throughout its whole length. A straight line is fre- 
quently called a right line. Lines shown in illustrations are 


a ae ee 
(in alee Pera 


(a) (o) (oc) 
Fre. 1 


usually referred to by letters at their ends, as ab, Fig. 1 (a). 
A curved line, Fig. 1 (), changes its direction at every 
point, no part of the line being straight. 


4. Lines Named According to Relative Positions. 
When two straight lines are equally distant from each other 
throughout their length, as in Fig. 1 (c), they are said to be 

parallel lines. Either one of two parallel 


ee oe lines is said to be parallel to the other. 


5. When two lines cross or cut each 
other, as in Fig. 2, they are said to be 
intersecting lines, and the point 4, at 
which they intersect, or cut each other, is called the point of 
intersection. 


Fic. 2 


6. A line is said to be perpendicular to another line, 
when it meets that line so as not to incline toward it on either 
side. Thus, in Fig. 3 (a), the line 4 B is perpendicular to the 


A 
pe 
iS 
| 
SS 
c B = Horizontal 
(a) (b) 


Fre. 3 


line C D; also, C D is perpendicular to 4 B. Either line is also 
said to be at right angles to the other. 


7. A line that is parallel to the horizon, or water level, as 


CD in Fig. 3 (a) or the corresponding line in Fig. 3 (b), ‘is 
known as a horizontal line. 
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8. <A line that is perpendicular to a horizontal line, as in 
Fig. 3 (6), is called a vertical line; it has the direction of a 
plumb-line. 


9. Drawing Perpendicular Lines.—In laying out 
some classes of work, it is.necessary to draw one line per- 
pendicular, or at right angles, 
to another; therefore, 
methods of doing this will be 
explained. In the example, 
Fig. 4, a line A B is drawn, 
and it is desired to draw a 
line perpendicular to it at the 
point P. To do this, the legs 
of a pair of compasses are 
separated to any convenient 
distance, the pointed leg is set at the point P while with the 
other leg, which carries a pencil, two marks are made at 
C and D on the line A B. These marks will be at equal dis- 
tances from the point P and on opposite sides of it. The legs 
of the compasses are now brought farther apart, so that they 
will span a distance greater than PC, the pointed leg is set 
at C, and a short are (or part 
of a circle) is struck with the 
pencil above P,asat F. The 
leg situated at C is now re- 
moved to D, with the legs of 
the compasses the same dis- 
tance apart as before, and 
another arc is struck at F. 
The points at which these 
arcs intersect is the point re- 
quired, as a line drawn from it to P will be perpendicular 


tONANB.. 


10. If the point P, Fig. 4, at which the perpendicular is to 
be drawn, lies near the end of the line, as, for instance, at the 
edge of a piece of work, the foregoing method cannot be used. 
In such cases, the construction shown in Fig. 5 may be applied, 
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where A B is the line and P the point at which the perpen- 
dicular is to be drawn. The legs of the compasses are sepa-~ 
rated to some convenient distance, one leg is placed at a point 
above A B, as at O, and with the other the greater part of a 
circle is drawn so as to pass through the point P, as shown by 
the dotted curve. This circular are will also cross the line 4 B 
at D. From the latter point a line is drawn through the cen- 
ter O and continued till it intersects the arc at C. A line 
drawn from the point C to the point P will then be perpendicu- 
lar to A B. 


411. Sometime a perpendicular has to be drawn to a line 
from a given point outside the line. The method to be 
employed in this case is shown in Fig. 6, in which A B is the 

Pp line and P the given point. 
One leg of the compasses is 
placed at P and with the 
other leg an arc is de- 
scribed, so that it will in- 
tersect the line 4B in any 
two points, C and DD, as 
shown by dotted curve. 
One leg of the compasses is 
placed successively at the 
, points C and D, and short 
Fic. 6 arcs are described with the 
other leg at E. From their point of intersection, E, a line is 
drawn to P; then E P is perpendicular to A B. 

A perpendicular, drawn from a point outside a straight line, 
is the shortest distance from the point to the line. Thus, 
in Fig. 6, the perpendicular P F is the shortest distance from 
Pte B. 


ANGLES 


12. Definition of an Angle.—When two lines, as ab 
and bc, Fig. 7, meet or intersect at a point b, the opening 
between the lines is known as an angle. The lines are known 
as the sides and the point b as the vertex of the angle. 
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An angle may also be defined as the difference in direction 
between two straight lines. This may be made clearer by 


means of a practical illustration. If the @ 
lines ab and bc, Fig. 7, are supposed to ae ele 
represent the legs of a pair of compasses, es =a 
the are d will represent the path through Siz 


which a point on the leg a b will have to move in order that 
this point may coincide with another point on the leg bc, at 
the same distance from b. The length of the arc d, in degrees, 
etc., will, therefore, serve to indicate the size of the angle. 

In referring to an angle, three letters are commonly 
required, one letter at a point on each leg and one at the vertex. 
In naming the angle, the letter at the vertex is always placed 
between the other two. Thus, the angle, Fig. 7, is referred 
to as the angle a b c. If the angle stands by itself, as in this 
case, it may be referred to simply by the letter at the vertex, 
as angle b. Angles are sometimes referred to by means of a 
short are and a letter, as in Fig. 7, where d indicates the angle. 


13. Classification of Angles.—When two lines cross, 
as in Fig. 8 (a) and (b), they form four angles aoc, cob, 
bod, and doa. Angles that have the same vertex, and one 
side in common, are adjacent angles, as aoc and cob, in 
which o is the vertex of each and the side oc is common to 

both angles. 
When two lines in- 


a tersect, the angles 
e formed on opposite 
a o b sides of the vertex are 
opposite angles. 
& For instance, the 
angles made by a pair 
(a) () of scissors blades and 
Fic. 8 


by the handles, respec- 
tively, are opposite angles. In Fig. 8, a o c and b o d are 
opposite angles; so araaodand boc. 


414. When one straight line meets another so that the 
adjacent angles formed are equai,asaocandcob, Fig. 8 (a), 
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the angles are called right angles, and the lines are said to 
be at right angles, or normal, or perpendicular, to each 
other. When a line is perpendicular to another line, as in 
Fig. 8 (a), the adjacent angles must be right angles. 

The sum of all the angles that are on one side of a straight 
line and have a common vertex is always equal to two right 
angles. In Fig. 8 (a) and (b) the sum of the angles a o ¢ 
and cob is equal to two right angles. If additional straight 
lines are drawn through the vertex o the number of angles will 
increase, but the sum of the angles on the same side of the 
line a b will remain equal to two right angles. 

If there are two right angles on one side of a straight line, as 
in the case of the line ab, Fig. 8 (a), there must also be two 
right angles on the other side. Hence, the sum of all angles 
about a common vertex is equal to four right angles. 


15. An angle greater than a right angle, as the angle aoc, 
Fig. 8 (b), is an obtuse angle, and an angle less than a 
right angle, as the angle c o b, is an acute angle. 


16. Complements and Supplements.—An angle is 

said to be the complement of another, when the sum of the two 

b angles is one right angle. In Fig. 9, 

if bo is at right angles to ad, the 

angle boc is the complement of the 

angle cod, because the sum of the 

} two angles is a right angle, bod. 

nhea3 Two angles that together make one 

right angle are said to be complementary. Thus, boc 
and cod are complementary angles. 

When the sum of two angles is equal to two right angles, 
the angles are said to be supplementary, and each is the 
supplement of the other. In Fig. 9, the angle cod is the 
supplement of the angle coa, and coa is the supplement of 
cod, Also, the angles aob and bod are supplementary 
angles. 


17. Angular Measure.—If the length of the are d, 
Fig. 7, is to serve as a measure of the size of an angle, it is 
necessary to select a suitable unit. For this purpose the cir- 
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cumference of a circle is divided into 360 equal parts called 
degrees, and each degree is divided into 60 equal parts known 
as minutes. A minute is divided into 60 equal parts called 
seconds, which are used where greater accuracy is required 
than can be expressed in degrees and minutes. 

If two lines are drawn at right angles to each other, as in 
Fig. 8 (a), the point of intersection, 0, may be used as the center 
of a circle. This circle will then be divided by the intersecting 
lines into four equal parts, known as quadrants, each repre- 


: 360 ; 
senting an angle of ——=90 degrees, usually written 90°, as 


4 
shown in Fig. 10. One-half of a right angle is oes one- 
fourth is 22}$°, one-third is 30°, two-thirds is 60°, etc., as 
indicated. 

If the radius of the circle, drawn with the vertex of the 
angle as a center, is increased in length, the circumference of 
the circle will also become greater, 
and, consequently, also the length of 
each division. But the angle, or 
amount of opening, included between 
two intersecting lines will not be 
affected. Thus, the angle marked 
90° in Fig. 10 will include 4 of 360°, 
as before. 

This system of measuring angles 
is called angular measure; its 
units and abbreviations are given in 
the following table. The signs for minutes and seconds 
are’ and”, the same as for feet and inches; but as they usually 
occur in connection with the sign for degrees, there is little 
danger of their being misread for feet and inches. The expres- 
sion 27° 13’ 45” is read 27 degrees 13 minutes 45 seconds. 

Usually the mechanic will not have to deal with smaller 
divisions of a degree than minutes; that is, the values of the 
angles he may have ‘to use in calculations will ordinarily be 
given in degrees and minutes, and not in degrees, minutes, 


Fic. 10 


and seconds. 
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ANGULAR MEASURE 
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18. Calculations in Angular Measure.—In some cal- 
culations it may be necessary to reduce degrees and minutes to 
degrees and a fraction of a degree; that is, to reduce a 
denominate number to a higher denomination, as explained in 
Weights and Measures. To do so, the number of minutes is 
written as the numerator of a fraction with 60 as the denomi- 
nator, and added to the whole number of degrees. For 
example, 12° 45’ is equal to 12$% degrees, or 12% degrees, which 
may be expressed decimally as 12.75°. If the expression con- 
tains both minutes and seconds, the minutes and seconds are 
reduced to seconds and divided by 3,600, the number of seconds 
in one degree, and the fraction is added to the whole number 
of degrees. For example, if 39° 16’ 15” is to be reduced to 
degrees, the expression 16’ 15’, reduced to seconds, becomes 
(16X60) +15=975 seconds. Dividing this product by 3,600, 
the fraction is 6; =as—= 2/1. Therefore, 39° 16! 157 may 
be written 3943 degrees, or 39.271°. 


19. Angles may be added and subtracted in the same way 
as other compound numbers. For example, if the angles of 
A5° and 224°, Fig. 10, are to be added, their sum is 45°-+22}° 
=67$°. 

The following examples show how to proceed in calculations 
dealing with angular measure. 

EXAMPLE 1.—Find the sum of 12° 34’, 7° 48’, and 36° 11’. 


SoLtution.—The compound numbers are arranged as shown, with like 
units in the same column. The sum of the right-hand 12° 34° 
column is 93’, which is equal to 1° 33’. The number 33 7 48 
is written under the minutes, the 1° is carried over and 46 11 
added to the degree column, giving a total of 56°, The ee 
sum is then 56° 33’, 56°33" Ans, 

EXAMPLE 2.—Subtract 12° 25’ from 45° 40. 


SoLution.—The smaller value is placed under the 45° 40’ 
larger and subtracted in the usual manner. W225 


Example 3.—From 39° 4’ subtract 27° 56”. Seopa eee Nace 
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Sotution.—As 56’ cannot be taken from 4’, 1°, or 60’, is taken 
from the 39°, leaving 38°, and added to the 4’, making 
64’. The minuend will then assume the form as shown SO he 
below, and the subtraction may now be carried out in 27 56 
38° 64? the usual manner. ~~ 
27 86 The minuend is not usually rewritten as shown here, 
= but the process of taking 1° from 39° and adding its 
ti 8’ Ans. equivalent, or 60’, to the minutes is done mentally. 


20. Means for Measuring Angles.—Angles are com- 
monly measured by the use of a protractor, a form of which 
is shown in Fig. 11. It consists of a piece of celluloid or of 
metal of a semicircular shape and very thin. Along the curved 
edge are a number of divisions, the smallest representing 4°, 
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or 30’, the next larger representing 1°, and the larger ones 
representing 5° and 10°, respectively. To use the protractor, it 
is laid flat on the angle to be measured, with the point O 
directly on the vertex of the angle and the line 4 B directly 
over one side of the angle. The point where the other side 
of the angle crosses the scale shows the size of the angle. 


21. Laying Off an Angle.—li{ a line is given and it is 
required to draw another line that inclines toward it at a given 
angle, the required line may be drawn in the following manner: 
Let C F, Fig. 12, be the given line and C the point from which 
a line is to be drawn at an angle of 54° with the line CF. 
The protractor, Fig. 11, is laid on the line C F so that its cen- 
ter O comes directly over the vertex C of the angle and so that 
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the line A B coincides with the line C F, Fig. 12. Then 54° is 
counted off from the lower end B of the scale on the protractor. 
This means 5 large divisions, each of which represents 10°, 
and 4 small divisions, each of which represents 1°. Opposite 
the end of the 54° mark the point D is located with a sharp 


pencil or a scriber, a pointed steel tool used for scribing, or 
scratching, lines on metal surfaces. Then the protractor is 
removed and a straight line is drawn or scribed so as to pass 
through Cand D. This line C D will make an angle of 54° with 
the line C F; that is, the angle D C F will be 54°. 


EXAMPLES FOR PRACTICE 


1, Find the sum of 26° 18’ and 18° 42’. Ans. 45° 
2. What is the difference between 88° 28’ and 42° 12’? Ans. 46° 16’ 
3. What is the complement of 36° 32’? Ans, 53° 28" 
4. What is the supplement of 87° 29’? Ans, 92731" 
5. Find the difference between the complement of 18° 30’ and the 
supplement of the same angle. Ans. 90° 
6. Subtract 82° 48’ from 112° 23”. Ans. 29> 35) 
7. How many seconds are there in 32° 14’ 6”? Ans. 116,046” 


8. How many degrees, minutes, and seconds do 38,582 seconds 
amount to? Ans. 10° 43’ 2” 
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9. Ina pulley with five arms, what part of a right angle is included 
between the center lines of any two adjacent arms? 
Ans. 4ofaright angle 


10. If a number of straight lines meet a given straight line at a 
given point, all being on the same side of the given line, so as to form 
six equal angles, how many degrees are there in each angle? Ans. 30° 


SURFACES 


DEFINITIONS AND CLASSIFICATION 


22. Plane Surface.—A plane surface, usually called 
a plane, is a surface upon which straight lines may be drawn 
in any direction. A practical example of a plane is the sur- 
face of a surface plate, a steel plate ground perfectly flat on 
its top surface. If a straightedge is laid on its surface, every 
point along the edge of the straightedge will touch the surface, 
no matter in what direction it is laid. 


23. Plane Figures.—Any part of a plane surface 
bounded by any number of straight or curved lines or a com- 
bination of the two is known as a plane figure. 


24. Polygons.—When a plane figure is bounded by 
straight lines only, it is called a polygon. The bounding lines 
are called sides, and the combined length of the sides is known 
as the perimeter of the polygon. Polygons include figures 
with three, four, or more sides, but it is customary to divide 
polygons into three classes, calling those with three sides 
triangles, those with four sides quadrilaterals, and those with 
more than four sides polygons. 


TRIANGLES 
25. Classification.—A triangle is a polygon with three 
sides. Triangles are named according to the relative lengths of 
their sides as isosceles, equilateral, and scalene triangles, and 
according to the nature of the angles as right-angled and 
oblique triangles. 
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26. When two sides of a triangle are of equal lengths, as 
in Fig. 13, it is known as an isosceles (i-sos’se-leez) tri- 
angle. ‘This word isosceles means 
equal legs. 


27. When the three sides of a 
triangle are of equal lengths, as in 
Fig. 14, it is called an equilateral 

Fre. 13 triangle. Fic. 14 
28. <A triangle in which all the sides are of different 
lengths, as Fig. 15, is called a scalene 
triangle. B 


29. If one of the 


angles in a triangle is a 
right angle,the triangle isaright-angled 4 C 
triangle. The side opposite the right Ee 


angle is called the hypotenuse. In Fig. 16 the side 4 P 

is the hypotenuse because it is opposite the right angle C. 
For brevity, a right-angled triangle is gen- 
erally termed a right triangle. 


30. Base and Altitude.—That side of 
a triangle on which it is supposed to stand 
is known as the base; 
any side may be consid- 

Fre. 17 ered as the base. In 
Figs. 16, 17, and 18, AC is shown as the 
base. 

The altitude, or height, of any tri- Cc 
angle is represented by a line drawn from 
the vertex of the angle opposite the base perpendicular to the 
base or to an extension of the base. Thus, in Figs. 17 and 18, 
B D is the altitude of the triangle d BC. In Fig. 18 the per- 
pendicular falls outside the triangle, and the base ‘4 C is shown 
extended to meet the line BD. 


a=-==--- My 


31. Similar and Equal Triangles.—Two triangles 
are similar when the angles of one are equal to the angles of 
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the other. If in the triangle a b c, Fig. 19, a line d e is drawn 


parallel to the side bc, the triangle d 
ade is similar to the triangle abc, as y 
their angles are equal, each to each. 
Two triangles are equal when the a oe 
sides of one are equal to the sides of the Fic. 19 


other. It is seen that triangles may be similar without being 
equal. 


QUADRILATERALS 


32. Parallelograms.—<A parallelogram is a quadri- 
lateral with opposite sides parallel and opposite angles equal. 
There are four kinds of parallelo- 


grams: the rectangle, the square, 
| the rhomboid, and the rhombus. 


33. A rectangle, Fig. 20, is a 
parallelogram with sides at right 
angles to one another. If the sides are equal, as in Fig. 21, the 
rectangle is known as a square. 


Fre. 20 


Fre, 21 


34. A rhomboid, Fig. 22, is a 
parallelogram in which there are 


Fro. 22 . i 
os no right angles and in which the 


length of one pair of opposite sides differs from that of the 


other pair. 
A rhombus, Fig. 23, is a paral- J 


lelogram without any right angles, 
and with sides of equal lengths. 


35. Trapezoid and Trape- Fie. 23 


zium.—A trapezoid, Fig. 24, is a quadrilateral which has 
only two of its sides parallel. 

A trapezium, Fig. 25, is a 

\ quadrilateral without any parallel 


Fre. 24 sides. 


36. Altitudes and Diagonals of Guadrilaterals. 
Any side of a quadrilateral may be considered as its base, but 
in a trapezoid one of the two parallel sides is usually consid- 

IL T 271B—15 


rs 
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ered as its base. The altitude of a parallelogram or of a 
trapezoid is the perpendicular distance between the base and 
the opposite side, as indicated by the dotted line in Figs. 22, 23, 
and 24. 


37. <A diagonal is a straight line joining two opposite 
corners of a quadrilateral, as indicated by the dotted line in 
Fig. 20. Each quadrilateral has 
two diagonals, and either diagonal 


divides the quadrilateral into two 
TT Diagonal triangles. In a_ parallelogram, 
these triangles are equal; for ex- 
ample, either diagonal of the rec- 
tangle, Fig. 20, divides it into two 
BiG: 2° equal triangles. It is important 


t 
' 
! 
' 
‘ 
' 
‘ 
1 


to remember that the two diagonals of any parallelogram 
bisect each other; that is, they divide each other into two 
equal parts. 


REGULAR AND ITRREGULAR POLYGONS 


38. Regular Polygons. — Excluding, according to 
Art. 24, any polygons with less than five sides, a regular 
polygon may be defined as one with five or more sides of 
equal lengths and with equal angles. Fig. 26 shows some com- 
inon regular polygons with more than four sides. At (a) i 

shown the pentagon, or five-sided figure; at (b) the hexagon, 


(a) © (e) (d) 
Fic. 26 


or six-sided figure; at (c) the heptagon, or seven-sided figure 
and at (d) the octagon, or eight-sided figure. 

It is true that equilateral triangles and quadrilaterals are 
regular polygons of three and four sides, respectively, but they 
are not commonly called polygons. 


39. Constructing Regular Polygons.—lf perpen- 
diculars are erected to all the sides of a regular polygon at 


§7 MENSURATION 15 


their middle points, these perpendiculars will meet in a com- 
mon point, which is called the center of the polygon. In the 
hexagon, Fig. 27, the perpendicu- 
lars P O, O O, etc. meet at the cen- 
ter O and are of equal lengths. 
Lines drawn from the vertexes to 
the Center O;/as BO and CO; are 
also equal. It follows that a circle 
with ©) as cemer and OA as 
radius will pass through each of 
the vertexes 4,6, GC, D, &, and F: 
and a circle with O as center and 
OP as radius will pass through 
each of the points P, Q, RK, S, T, and U. A polygon 
is said to be inscribed in a circle when the vertexes of 
the polygon lic om the circutaierence of the circle. A 

polygon is circumscribed about a 


Ere. 27 


circle when the circumference of 
the circle touches the center of 
each Side, as at points , O- Ky etc, 
Pige2/ 


40. A regular polygon may, there- 
fore, be constructed by inscribing it 
in a-circle. For example, to construct 


Fic. 28 


a hexagon, a circle is described from 
a center O, Fig. 28, with a radius A O corresponding to the 
line A O, Fig. 27, and divided into six equal parts. The points 
of division are connected by the straight lines A B, BC, etc., 
thus obtaining the hexagon d BC DE F. 
In a hexagon the sides are equal to the 
radius of the surrounding circle; hence — B 
the length A O, Fig. 28, is used for setting c 

out the points of division on the circle. 


A 


44. Irregular Polygon.—A _poly- 
gon in which neither .the sides nor the 
angles are equal, as Fig. 29, is known as an irregular 


polygon. 
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CIRCLE 


42. Arc, Chord, and Radius.—A circle, Fig. 30, is a 
plane figure bounded by a curved line, called the 


circumference, every point e 
of which is equally distant from aa 
. . f \ 
a point within, called the cen- / \ 

t 
ter. ti i 
\ Li 
F) aN ye 
ey 43. Any part of the cir- ey 
cumference, as ae D, Fig. 31, is called an are. ai 


44. A straight line joining any two points in the cir- 
cumference is a chord. Or, a chord is a straight line joining 
. the extremities of anarc. Thus, in Fig. 31, 


we \ ab is the chord of the arc aeb. Every 
j \_ chord divides the circum- wre 
ae ae ference into two arcs, and i. isa 
\ / the chord is said to subtend, | \ 
eet or to be opposite, either ai ' 
ae arc. If a chord passes \ ee 
through the center, as 4 B, Fig. 32, it is called si ee 
a diameter. Fic. 33 


45. A straight line joining the center with any point in the 
circumference, as O A, Fig. 33, is a radius (plural, radii) ; a 
radius is one-half of a diameter. 


46. Segment and Semicircle.—A segment of a circle 
is that portion of its area that is included between an are and 
its chord. Each chord divides a circle into two segments; 


eeeaa thus, in Fig. 31, one segment is between the 
We ‘chord ab and the are e in full lines. The 
/ \ 


\ other segment is between the chord ab and 
i : the are shown in dotted lines. 
/ If the chord of a segment is a diameter, 
i each segment is a semicircle and each are 
Fic, 34 a semi-circumference. 


47. Sector and Quadrant.—A sector of a circle is that 
portion included between an are and two radii drawn to the 


§7 MENSURATION iG 


ends of the arc. Thus, in Fig. 34, the portion included between 
the arc AB and the radii OA and OB is a sector of the 
circle, 


48. If two diameters are drawn at right angles to each 
other, as 4 B, C D in Fig. 35, the circum- 
ference, as well as the area, of the circle en 
is divided into four equal parts. Each “ 
of the four equal arcs and sectors is [ 


called a quadrant. \ s os 
A Thus, the arcs AD, : / 
DB, andeo. 14 as Soe pee 
\| well as the sectors Zz 
O ee 1, OO, ene Bete 22 


and C O A, are all known as quadrants. 


49. Tangents.—A straight line that 
meets a circle at one point only is a tangent 
to. the circles thus, in Pig, 36, A Bis a tan- 
gent touching the circle at the point E. The latter point is 
called the point of contact, or the point of tangency. 

A tangent to a circle is at right angles to the radius drawn to 


Fic. 36 


the point of contact. Thus, if O is the center of the circle, the 
tangent 4 B is at right angles 
to the radius O E. 


A 


50. Tangent Circles. 
One circle is said to be tan- 


gent to another circle if they - : 
touch each other at one point ae 
only. This point is called 

the point of tangency, or Cee 


the point of contact. In 
Fig. 37 the points of contact 
of the circle A and the circies B and C are at a and Bb, respec- 
tively. A straight line passing through the centers of the tan- 
gent circles also passes through the point of contact; thus, the 
point a, at which the circles A and B are tangent, lies on an 
extension of the line connecting the centers ¢ and c,. Similarly, 


Firs: 37, 
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the point b, at which the circles A and C are tangent, lies on 
the line*¢ ¢,. 


51. Concentric and Eccentric Circles.—When two or 
more circles are described from the same center, as in Fig. 38, 
they are called concentric circles. 
A circle described inside another circle, but 
from a different center, 1s a 
said to be eccentric to = 
the larger circle, and the B 
two circles are termed 
eccentric circles. In 
epee Fig. 39 the circle B is 
eccentric to the circle A, as the centers 
b and a are not at the same point. Fic. 39 


G. OF 


52. Dividing Circumference of Circle Into Equal 


Parts.—The usual way of dividing the circumference of a 
circle into a number of equal parts is to step a pair of dividers 
around the circle, adjusting the distance between its points 
until a distance is found that is used the required number of 
B times in going around the circumference. 

For instance, if the circle, Fig. 40, is to be 
divided into five equal parts, the dividers 
“are adjusted until they will step off five 
equal chords A BB C,C D,D and £ A. 


33. To save the time required to find 

ze — P the exact length of the parts into which 

tise z0 a circle is to be divided, Table I is pro- 

vided, which gives the length of the chord, per inch of diam- 

eter, for all divisions from 3 to 100, inclusive. The length of 

the chord, or the distance between the points of the dividers, is 

found by multiplying the diameter of the circle by the mul- 
tiplier corresponding to the number of divisions desired. 

The application of the table is shown by means of the 

following examples: 
EXxamMeLeE 1.—A circle 14 inches in diameter is to have 24 holes spaced 


equally around it. In setting out the centers of these holes by dividers, 
what must be the distance between the points of the dividers? 
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SoLution.—According to Table I, the multiplier corresponding to 
24 divisions is .13053; but as this applies to a circle 1 in. in diameter, it 
must be muitiplied by 14 for a circle of 14 in. diameter. Therefore, the 
dividers must be set a distance apart equal to 


14X .13053=1.82742, or 1.83 in., nearly. Ans. 


TABLE I 
LENGTHS OF CHORDS 


Num- } Num- | '| Num- | Num- 

ber of |} Multi- |, ber of | Multi- | ber of | Multi- ber of | Multi- 

Divi- plier || Divi- | plier | Divi- pler Divyi- plier 

sions || sions || sions | sions | 
3 | .86603 28 -IIIQ7 || 53 05924 || 77 | .04079 
4 a7e7k" || (20 |. 1oSie 54 | .05815 7S i @OAOO7 
5. | 58779 30 | .10453 || 55 | .05709 79 | .03976 
6 50000 || 31 OI Vl) e508 O5O07 | 8a. | .03926 
7 43388 || 32 09802 | 57 .05509 SI | .03878 
8 .38268 33 .09 506 58 05414 82 | .03830 
©) | nenixey 34. | 06227 || 59 05322 || 83 | 403784 
fo | .30902 35 08964 | 60 .05234 84 | .03739 
rg | .98a73 36 | 08716 || 61 | .05148 || 85 | .03605 
1D 25882 ay 08480 || 62 .05065 86 | .03652 
13 22082 38 08258 63 .04985 87 | .03610 
14 22252 29 08047 64 | .04907 || 88 | .03569 
rm | .20791 || 40 07846 65 | 64831 ||- 86 | .02520 
16 | .19509 AD 1 xO7 655 66 .04758 90 | .03490 


17 | -18375 || 42 | -07473 || 67 | .04687 || 91 | .03452 
i 2a. eovaco.|) 68 | @46m8 || o2 | .os4na 
19 | .16460 44 | .07134 |) 69 | .04552 93), |) C3377 
20) | ar 5643 45 .06976 7O | .04487 One | 08342 
21 |.14904 || 46 | .06824 || 71 | .04423 || 95 | .03306 
OO ARR 2 47 SOOOTOM IN e722 .04362 QO || KOR 
23 3 OL7 | 48 .00540 73 .04302 97 | .03238 
24 | 13053 || 49 | 06407 74 | .04244 98 | .03205 
25 2533 50 06279 |} 75 .04188 QO) O38 173 
26 | 12054 51° | .06156 | 76 | .04133 || 100 | .03141 
2 .1 1609 52 .06038 


=| 
oo 
Hi 
~~ 
w 
a 
on 
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ExAMPLE 2.—A pulley 26 inches in diameter has 5 spokes. What 
must be the distance between the ends of their center lines, situated 
along the pulley rim? 

Sotutien.—According to the table, the multiplier is 58779. There- 
fore, the dividers must be set to a distance of 

26 .58779=15.28 in. Ans. 


ELLIPSE 


54. Axes and Foci of Ellipse.—<An ellipse is a plane 
figure of oblong outline, as shown in Fig. 41 (a). The 
line ab is called the major axis or long diameter of the 
ellipse and the line c d is the minor axis or short diameter. 


55. Constructing an Ellipse.—The method of con- 
structing an ellipse may be explained by reference to 


(Y) Fre. 41 (db) 


Fig. 4] (>). It is assumed that the lengths of the long and 
short diameters ab and cd are given. The construction is 
begun by drawing these diameters at right angles to each other, 
so as to intersect at the middle point e of each diameter. Then, 
with c as a center and a radius equal to ae, an arc is described 
which cuts the major axis at f and g. Each of these points 
f and gis known as a foeus (plural, foci). As will be seen by 
the method of construction, the distance from each focus to 
either extremity of the minor axis is equal to one-half of the 
major axis. 

Pins are inserted at the foci, as shown; a pencil 7 is placed at 
one end of the major axis, the point a in this case, and a cord is 
looped around the pencil point and fastened tautly to the pins 
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f and g at the foci. The pencil is now moved from the point a 
toward the position c and beyond to b, keeping the cord 
stretched taut, thus tracing one-half of an ellipse that will pass 
through the points a, c, and b. Trace the other half similarly. 

It will be noted that the length of cord between the foci 
equals the length of the major axis, because one position of the 
pencil is at c, Fig. 41 (b), and fct+eg=ab. Therefore, the 
sum of the distances from any point in an ellipse to the foci 
equals the length of the major axis; for example, in Fig. 41 (a), 
FRR g=ab. 


MEASUREMENT OF LINES AND AREAS 


LENGTHS OF LINES 


56. Introduction.—As stated in Art. 4, calculations 
dealing with lengths of lines, areas of surfaces, and volumes of 
solids belong to that branch of mathematics called mensura- 
tion. The lines whose lengths will be considered in this Sec- 
tion are those that constitute the outlines of triangles, circles, 
portions of circles, and ellipses. 


5%. Perimeter of Triangles.—lf the lengths of two 
sides of a right triangle are given it is always possible to find 
the length of the third side and, thus, the perimeter, or the 
combined length of the three sides. The following rules, which 
were given in a preceding Section, apply: 

Rule I.—To find the hypotenuse of a right triangle, extract 
the square root of the sum of the squares of the other two 
sides. 

Rule I1.—To find one of the sides about the right angle, 
subtract from the square of the hypotenuse the square of the 
other side, and extract the square root of the remainder. 

ExAMPLe 1,—Find the perimeter of a right triangle, if the sides 
about the right angle are 9.5 and 7 feet, respectively. 

Sotution.—By rule I, the hypotenuse is equal to 


9 F+7P= 190.25+49=11.8 ft. 


The perimeter is: 


9.5+-7+11.8=28.3 ft. Ans. 
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Exampie 2.—A piece of land abcd, Fig. 42, has the form of a 
trapezium, and has right angles at b and d. A fence is to be built 
around the land and it is required to know which 
pair of sides is the longer, ab+be or cdt+da. The 
diagonal ac is 65 feet, bc is 51 feet, and ad is 
28.5 feet. 

Sotution.—By rule Il, ab=f65°—S51°=40.3 ft. 
and cd= + 65°—28.5°=58.4 ft. It follows that 
a b+b c=40.3+51=91.3 ft. and that a dtdc 
=28.5+58.4=86.9 ft. Therefore, there is a differ- 
ence of 91.3—86.9=4.4 ft. between the two pairs of 
sides, the pair ab+bc being the longer of the two. Ans. 


58. Circumference, Diameter, and Radius of 
Circles.—To find the circumference, the diameter, or the 
radius of a circle, the following rules are used: 


Rule I.—The circumference of a circle equals the diameter 
multiplied by 3.1416. 

Rule 1¥.—The diameter of a circle equals the circumference 
divided by 3.1416. 

Rule III.—The radius of a circle equals the circumference 
divided by 2X3.1410. 

EXAMPLE 1.—What is the circumference of a circle whose diameter 
is 15 inches? 


SoLtutTion.—By rule I, the circumference is 15X3.1416=47.12 in. Ans, 


ExampLe 2.—(a) What is the diameter of a circle whose circum- 
ference is 65.9736 inches? (b) What is the radius? 


Sotution.—(a) By rule II, the diameter is 


eee in. Ans 
3.1416 i 
(b) By rule III, the radius is 
Rh aeay in. Ans. 
2X3.1416 : 
Or, the radius is equal to the diameter divided by 2. Thus, 2 =104 in 


59. Ratio of Circumference to Diameter.—The 
number 3.1416 used in the preceding rules is the ratio of the 
circumference of a circle to its diameter ; it is represented very 
often by the Greek letter + (pronounced “pi”). It is an unend- 
ing decimal and its value has been calculated to over 700 deci- 
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mal places, but the value here given is the one most generally 
used, four decimal places being sufficient for all practical pur- 
poses. The values 4+ x, or .7854, and 4 a, or .5236, are fre- 
quently used. In case the calculation does not need to be very 
accurate, the value of 7 may be taken as 72, which is equal to 
3.1429, a fairly close approximation. 


60. Length of Arc of Circle.—The length of an arc of 
a circle may be found by the following rule: 


Rule.—The length of an arc of a circle equals the circum- 
ference of the circle of which the arc is a part, multiplied by the 
number of degrees in the arc, and the product divided by 360. 

ExampLe.—What is the length of an arc of 24°, the radius of the 
circle being 18 inches? 

SoLtution.—The diameter of the circle is 2X18=36 in., and the cir- 
cumference is, according to rule I, Art. 58, 303.1416. By the preced- 
ing rule, the length of the arc is 

36% 3.141624 
300 


=7.54in. Ans. 


61. Approximate Method for Finding Length of 
Are.—The following method, if applied to arcs less than 120°, 
is correct to three figures. It may be used for arcs up to 180°, 
but when the arc exceeds 120° the re- e 


sults are less accurate. 
If the length of the arc ACB, , so 


Fig. 43, is to be found, the middle — z 

point D of the chord 4 B is located Bae es 

and DC is drawn at right angles to 4 B. On drawing AC, 
this line is the chord of half the are. After the lengths of these 
chords are measured, the length of the are is found by the fol- 
lowing rule: 

Rule.—lrom cight times the chord of half the arc, subtract 
the chord of the whole arc, and divide the remainder by 3. 
The quotient is the length of the arc, approximately. 

Referring to Fig. 43, this rule may also be expressed in the 
following form: 

BA CAB 
3 


Length of arc A.B= 
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Exampie—Find the length of the are 4 CB, Fig. 44, if the length 
of the chord 4 B is 72 inches and D C is 8 inches. 

So_ution.—Before the rule can be 
applied it is necessary to find the 
length of the chord AC of half the 
are. It is known that A D=34 of 

pre4 A B=tX72=36 in. 

From the rules for right triangles, given in Art. 57, it is known that 
the hypotenuse 4 C= VA D'+D C = \36?+8?=36.88 in. 

Hence, by the rule, 


8XA C—AB 8X36:88=72 
length of arc A B= 3 = = =74.35 in. Ans. 


G2. Graphic Method for Finding Length of Are. 
If the circular arc does not exceed one-sixth of the circum- 
ference, its length may be found accurately enough for practical 
purposes by means of the con- 
struction shown in Fig. 45. 

For example, it is required to 
find the length of the are A B of 
a circle described with the radius 
OA irom the center O.. At Aa 
line A C is drawn at right angles 
to the radius OA; then, the 
chord A B is drawn and extended 
beyond the. poimt A to the 
point D, making AD half the length of the chord AB. 
With D as a center, and with a radius equal to D B, the are BC 
is described, cutting A C at C. The length of AC will then be 
very nearly equal to the length of the are A B. 


Me Fie. 45 


63. Circumference of Ellipse.—The circumference, or 
length of the curved outline, of an ellipse may be found, 
approximately, by means of the following rule: 


Rule——The circumference of an ellipse is approximately 
equal to the product obtained by multiplying 3.1416 by the 
square root of half the sum of the squares of the two diameters. 

Or, referring to Fig. 41 (a), the rule is stated as follows: 
ab+cd 


Circumference of ellipse -3.1416,| 3 
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Examp.e.—Find the circumference of an ellipse whose diameters are 
14 inches and 10 inches, respectively. 


SoLuTion.—When the known values are substituted in the formal 


147410? 
statement of the rule, the circumference is equal to 3.1416 ae = 


o6p-+ 
SAG aiencig 9738093 i. “Therefore, correct to three 


figures, ‘he circumference is 38.2 in. Ans. 


AREAS OF PLANE SURFACES 


TRIANGLES, QUADRILATERALS, POLYGONS, CIRCLES, 
AND ELLIPSES 
64. Area of Triangle.—The area of a triangle may be 
found by the following rule, if the length of the base and the 
altitude are known: 


Rule.—The area of any triangle equals one-half the product 
of the base and the altitude. 


If the triaagle is a right triangle, one of the short sides may 
be taken as the base, and the other short side as the altitude; 
hence, the area of a right triangle 1s equal to one-half the 
product of the two short sides. 

ExAMpLe.—What is the area of a triangle whose base is 18 inches 
and whose altitude is 7? inches? 

Sotution.—Applying the rule, the area is 


&X (18X72) =697 sq. in. Ans. 


65. The area of any triangle may be found, when the 
length of each side is known, by means of the following rule: 


Rule.—lrom half the sum of the three sides, subtract each 
side separately, find the product of these remainders and of 
half the sum of the sides. The square root of the product is 
equal to the area of the triangle. 


If the various values in this rule are expressed by means of 
symbols it may be given in a more condensed form. First, the 
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sum of the three sides a, b, and c, Fig. 46, is found and divided 


by 2, as ores This quotient is indicated by the letter s; 
that is, soa The difference is then found between s 
and each of the sides, as s—a, s—b, and 
Z ; s—c. These differences are multiplied to- 
gether and by s, and the square root of the 

a product is extracted. 


Bre. 46 When these successive calculations are 
expressed collectively, the whole will appear as follows: 


Area of triangle = Ys (s—a) (s—b) co) 


ExaMpie.—What is the area of the triangle, Fig. 46, if the sides, 
a, b, and c, are 18, 20, and 28 feet, respectively? 


: ae L 
SoLution.—First, it is necessary to find the value of s, or pada 
= 
18+20+28 
= ee) Then, the differences between s and each of the 


sides are found, as, 
s—a=33—18=15 
s—b=33—20=13 
s—c=33—28= 5 
Then, 


area= Vs(s—a)(s—b)(s—c) = V33 X15X13X%5=179.37 sq. ft. Ans. 


66. Area of Quadrilateral.—To find the area of a 
parallelogram the following rule may be used: 


Rule.—The areca of any parallelogram equals the product of 
the base and the altitude. 

EXAMPLE.—What is the area of a parallelogram whose base is 
12 inches and whose altitude is 74 inches? 

Sotution.—By the rule, the area is 12X74=90 sq. in. Ans. 

If the area and one dimension are given, the other dimen- 
sion may be found by dividing the area by the known dimen- 
sion. If the parallelogram is a square, and its area is given, 
the length of a side is found by extracting the square root 
of the area. 


67. To find the area of a trapezoid the following rule may 
be used: 


$7 MENSURATION 27 


Rule.—The area of a trapezoid equals one-half the sum of 
the parallel sides multiplied by the altitude. 

ExaMPpLe.—What is the area of a trapezoid whose parallel sides are 
9 inches and 15 inches, and whose altitude is 6 inches? 

SoLutTion.—The sum of the parallel sides is 9+15=24 in., and half of 
this is 12 in. Then, 

12X6=72 sq. in. Ans. 

68. Area of Regular Polygon.—The area of a regular 

polygon may be found by the following rule: 


Rule.—To find the area of a regular polygon, square the 
length of a side and multiply this by the proper multiplier taken 
from Table II. 

Exame_e—A regular octagon has sides 8 inches long. What is the 
area? 


Sotution.—The multiplier for an octagon, taken from Tavle II, is 
4.8284. By the rule, the area is 


8X 4.8284=64 XK 4.8284=309.02 sq. in. Ans. 


TABLE II 


MULTIPLIERS FOR FINDING AREAS OF REGULAR POLYGONS 


Waste Number Multi- Race Number Multi- 

of Sides plier of Sides pher 
Equilateral || Octagon... 8 4.8284 
triangle.... a 0.4330 | Nonagon .. 9 6.1818 
SOUATC. bas. 4 1.0000 || Decagon...| 10 7.6942 
Pentagon.... 5 1.7205 || Undecagon jet 9.3656 
Hexagon..... 6 2.5981 || Dodecagon 12 I1.1960 

Heptagon.... of 220239 


69. Area of Irregular Polygon.—The foregoing rules 
apply for finding areas of such figures as triangles, squares, 
rectangles, and regular polygons. If the figure or surface is of 
irregular shape, it can generally be divided by means of diag- 
onals into simpler forms, such as squares, triangles, etc. The 
areas of these parts may then be calculated by the rules given, 
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and the sum of the various areas will be the total area of the 
figure. 

EXAMPLE.—It is required to find the area of the irregular polygon 
ABCDEF, Fig. 47, the dimensions 
being as indicated and the angles /’ C D 
and CDE being right angles. 

SoLuTioN.—The diagonals BF and 
CF are drawn and also the line FG 
perpendicular to D E, thus dividing the 
polygon into the triangles dBF, BCF, 
and #G#, and the rectangle PC DG. 
With the dimensions indicated in Fig. 
47 on the lines representing altitudes, 
namely, 7, 5, and 10, and on the sides 


eae AB, DG, and GE, namely, 16, 14, and 
9, the areas are as follows: 
nox : 
area A Boh = i =56 sq. in. 
14x : 
area BC PF = aS = 35 sq. in. 


area F C D G=14X10=140 sq. in. 


area G E= oxen =45 sq. in. 


Total area=56+35+140+45=276 sq. in. Ans. 


70. Area of Circle.—The area of a circle may be found 
by the following rule: 

Rule.—The area of a circle is equal to .7854 tinves the 
square of the diameter, or 3.1416 times the square of the radius. 

Exampie.—What is the area of a circle whose diameter is 15 inches? 

SoLUTION.—By the rule, the area is 


7854 X 15°=.7854 X 225=176.72 sq. in. Ans. 


In practice it is found very convenient to 
use tables giving the diameters, circumfer- 
ences, and areas of circles, as they make it 
unnecessary to perform the calculation just 
described, and thus save much time. Fic. 48 


Gi. Area of Flat Circular Ring.—The area of a flat 
circular ring like that in Fig. 48 may be found by the following 
rule: 
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Rule.—The area of a flat circular ring is equal to the area 
of the outer circle minus the area of the inner circle. 

ExAMPLe.—The diameters of the outer and inner circles of a flat 
ring are 63 inches and 4 inches, respectively. What is the area of 
the ring? 

SoLutTion.—The area of the outer circle is .7854X (64)°=33.183 sq. in. 
and of the inner circle is .7854X4°=12.506 sq. in. Then, the area of the 
ring is 33,183—12.566=20.617 sq. in. Ans. 

72. Area of Sector.—The area of a sector may be found 
by the following rule: 

Rule.—Divide the number of degrees in the arc of the sector 
by 360, and multiply the result by the area of the circle of 
which the sector is a part. The product is the area of the 
S@CLOT, 

Exampite—The angle formed by drawing radii from the center of a 
circle to the extremities of the arc of the circle is 75° and the diameter 
of the circle is 12 inches. What is the area of the sector? 

So_uTion.—The area of a circle 12 in. in diameter is .7854X12? 
=113.1 sq. in., nearly. By the rule, the area of the sector is 

} pe <2 Ostet LATS: 


3860 

73. If the length of the arc and the radius of a sector are 
given, the following rule may be used to find the area: 

Rule.—Thie areca of a sector is equal to one-half the product 
of the radius and the length of the are. 

ExampLe.—lf the radius of an arc is 5 inches, and the length of arc 
is 4 inches, what is the area of the sector? 

SoLution.—By the rule, the area is 


4 (5X4)=10 sq. in. Ans. A B 


G4. Area of Segment.—To find the 
area of the segment ABC, Fig. 49, lines 
are drawn from the center D of the circle 
to the points A and B. Then, the area of 
the segment is equal to the area of the sec- 
tor'4 D B C minus the area of the triangle d BD. Hence, the 
following rule is used ‘to find the area of a segment of a circle: 


Fic. 49 


Rule.—Draw radii from the center of the circle to the ends 


of the arc of the segment; find the area of the sector thus 
IL T 271B—16 
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formed, subtract from this the area of the triangle formed by 
the radii and the chord of the arc of the segment; the result ts 
the area of the segment. 

In problems where the area of a segment is to be found the 
angle and the diameter or radius of the circle are usually given. 
The area of the sector can be found by the rule in Art. 72. A’ 
drawing is then made as in Fig. 49, the known angle /’ being 
laid off by means of a protractor. The radii are then drawn 
to scale, as at D A and D B, the chord is drawn as at A B, and 
the perpendicular distance from the vertex of the angle to the 
chord is measured, as at D FE. This distance is the altitude of 
the triangle 4 B D, and the area of this triangle is one-half the 
product of the base, or the chord 4 B, and the altitude D E, 

ExampiLe.—Find the area of the segment 4 BC, Fig. 49, if the chord 
A B is 8.66 inches, E D is 24 inches, the radius A D is 5 inches, and the 
angle fis 120°. (Are A C Bis 120°. See Art. 81, Serial 1978.) 

SoLtution.—By the rule of Art. 72, the area of the sector is 

eo X (3.1416 5°) =3X 78.54=26.18 sq. in. 

The area of the triangle is 4X (8.66X24)=10.83 sq. in. Therefore, 
by the foregoing rule, the area of the segment is 

26.18—10.83=15.35 sq. in. Ans. 


75. Approximate Method for Finding Area of a 


Segment.—lIf the conditions are such that the position of a 
chord, as AC, Fig. 50, is known, but not 
its length, the following rule may be em- 
ployed fer finding the area of a segment. 
This rule is not exact, but gives results 
sufficiently correct for practical purposes. 


B 


Rule.—Divide the diameter by the height 
of the segment; subtract 608 from the 
quotient and extract the square root of the 
remainder. This root is multiplied by 4 
and by the square of the height of the segment and then divided 
by 3. The quotient gwes the area, very nearly. 


Fie. 50 


Examp.e.—tn the circle shown in Fig. 50, what is the area of the 
segment 4 BC FE A, if the diameter D is 54 inches and the height h of 
the segment is 20 inches? 
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SoLuTiIoN.—The application of the rule is shown by the following 
operations, which are performed in the order given in the rule: 
54+-20=2.7 
2.7-—.608=2,092 
(2.092 =1.446 
4X 1.446=5.784 
5.784 X 20°=5.784 X 400=2,313.6 
2,313.6%-8=/71.2 sq.in. Ans. 


76. The method explained in Art. 75 requires that the 
diameter be given. Should, however, the chord be given, 
instead of the diameter, the length of the fs 
latter may be found by a method based on 
the principle that if from any point on the 4 E 
cCMmcutarerence of a \circle, as from. 4, 

Fig. 51, a line 4 E is drawn perpendicular 

to a diameter, as BF, it will divide the 

diameter into two parts, one of which will 

be in the same ratio to the perpendicular as F 

the perpendicular is to the other part. ane. 23 

That is, the perpendicular will be what is called a mean pro- 
portional between the two parts of the diameter. For example, 
in Fig. 51 the perpendicular A E divides the diameter into the 
two parts B E and E F such that the relation between A E and 
these parts may be stated by the proportion, 


BE AERSHA Ei 
The perpendicular A E, which is one-half of a chord, is the 
mean proportional between the two parts of the diameter. The 
application of this principle will now be shown by means of 
Fig. 50 and the following example: 


ExampteE—lIf AC, Fig. 50, is 30 feet long and the height BE is 
8 feet, what is the diameter of the circle, the chord 4 C being at right 
angles to the diameter B I? 

Sotuttion.—A E is one-half of the chord or 30+2=15 ft. Accord- 
ing to the preceding explanations the following proportion applies: 
BESAE=AL EE of, Bols—13-2 P. 

4 5 995 : 

Therefore, BR a = 28 ft. The diameter is equal to 
E FE. B=28$+8=36% ft. Ans. 
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77. Area of Ellipse.—The area of an ellipse may be 
found by the following rule: 


Rule.—The area of an ellipse is equal to .7854 times the 
product of its long and short diameters. 


Exampie.—The link shown in Fig. 52 has a central part that is 
elliptical in cross-section. That 
is, if the link is cut in two along 
the line shown under the section 
C) i a, the end surfaces will each be 

shaped as shown at a. This cross- 

section, a, is an ellipse 4 inches 

es bo ae long and 23 inches wide. What 


is the area of this cross-section ? 


vy 
2 


Fic. 52 SoLtution—The long diame- 


ter is 4 in. and the short diameter is 23 in. and, by the rule, the area is 


3 


7854 X%4X%2$=7.854 sq. in. Ans. 


78. Areas of Irregular Curvilinear Figures.—A 
method was shown in Art. 69 by which the area of an irregular 
polygon could be calculated. But, if the outline of an irregular 
figure is made up of curved lines, instead of being composed of 
straight lines, there is no general rule by which the exact area 
may be found. In such a case it is necessary to find the area 
by an approximate method. There are several methods of this 
kind, all of which will give fairly accurate results. The aim of 
the following method is to find the dimensions of a rectangle 
that has an area equivalent to that of the figure. 

If the area of an irregular figure, similar to that shown in 
Fig. 53, is to be found, it is necessary to draw a straight line, 


I 
A 


Hire, 53 


as AB, below the figure. Then, the perpendiculars C A 
and 1) B are drawn tangent to the curved ends of the figure. 
The distance 4 B, which is equal to the length of the figure, is 


_—— 
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now divided into a number of equal parts, in this case 20. 
This can be done by using a pair of dividers, setting their 
points a certain distance apart, and stepping off from A to B. 
The approximate distance between the points of the dividers 
may be found by measuring the length of A B and dividing it 
by 20. For instance, if the figure is 2.7 inches long, the length 
of each division is 2.7+20=.135 inch. The distance between 
the points should be adjusted at each trial, until a setting is 
found that will give exactly 20 equal spaces on 4B. Each 
division should be marked with a dot made with a sharp pencil 
point, as shown. 


79. Beginning at the dot next to one end of the figure, 
Fig. 53, a perpendicular is drawn through it, so as to cross the 
figure. Other perpendiculars are drawn from each alternate 
point, that is, skipping every second point. There will then be 
10 lines drawn across the figure from top to bottom, as shown. 
The lengths of those portions of the 10 lines that are included 
between the arrow heads are now measured carefully and the 
lengths are marked in decimals of an inch. When all the 
lengths are measured, they are added and their sum divided by 
the number of lines, in this case 10. The result is the average 
length of the lines, or the average height of the figure. In this 
example the sum of the lengths is .34-+.44+.46+ .46+.52+.60 
+ .64-++ .67+.63+ .44=5.2 inches, and 5.2~10=.52 inch; that 
is, the average height of the figure is .52 inch. The length of 
the figure is equal to the length of 46, which measures 


2.7 inches. The area is equal to the length times the average 
height, or 2.7X.52= 1.4 square inches. 

It is seen from Fig. 53 that the area of the figure is assumed 
to be equal to the area of a rectangle A E F B whose length 4 B 
is equal to the length of the figure and whose height A EF is 
equal to the average height of the figure. 

Nore.—It is to be observed that the line A B is divided into 20 parts 
while only 10 perpendiculars are drawn. The purpose of this procedure 
is to make it possible to locate the first and the last perpendicular at a 
distance from the respective ends equal to one-half the length of a 
division. Since the outline of the figure shows the greatest curvature 


at the ends, greater accuracy in the calculation is secured by placing 
these perpendiculars nearer the ends. 
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80. Approximate Area of Any Polygon.—Although 
the method just described for finding areas is most commonly 
applied to irregular figures, it can also be used for finding the 
approximate area of any regular figure, in case the formula for 
finding such area cannot be remembered. Also, it is not 
absolutely necessary to divide the base line of the figure into 
20 equal parts. Any number of equal parts may be used; but 
the greater the number, the greater will be the accuracy of the 
result. Not less than 20 divisions should be used, so. that 
10 lines of measurement will be obtained, if fairly accurate 
results are expected. 

It is not necessary to measure each of the 10 lines separately, 
as was done in the preceding article. A narrow strip of paper 
with one straight edge may be laid across the figure and the 
lengths of the 10 lines may be marked off on it, end to end, 
beginning at the left-hand end of the strip. The distance 
between this end and the last mark made is then measured, 
which distance is equivalent to the sum of the ten lengths set 
off. The required calculation is then performed as explained 
in Art. 79. 


EXAMPLES FOR PRACTICE 


1. What is the area in square feet of a parallelogram whose base is 
84 inches, and whose altitude is 3 feet? (Nise Al Sue its 


2. One side of a shop is 16 feet long. If the floor space is 240 square 
feet, what is the length of the other side? Ams, 5 £. 


3. How many square feet in one face of a board 12 feet long, 
18 inches wide at one end and 12 inches wide at the other end? 
Ans.. 15 sq, ft. 


4. What is the area of a triangle whose hase is 10 feet 6 inches long, 
and whose altitude is 18 feet? Ans. 94.5 sq. ft. 


5. A wagon wheel is adjusted into a position so that the center lines 
of two opposite spokes are horizontal. Ii there are five equally spaced 
spokes above them, how many degrees are there in the angle between 
two adjacent spokes? Ans. 30° 


6. What is the length of an are of 64°, the radius of the are being 
30 inches? Ans. 33.51 in. 


7. Find the area of a circle 2 feet 3 inches in diameter, 
Ans. 3.976 sq. ft. 


a8 MENSURATION 35 


8. From a circle, 42 inches in diameter, a segment is cut off that is 
11 inches high. What is the area of the segment? Ans, 289.04 sq. in. 


9. Find the area of a flat circular ring whose outside diameter is 
12 inches and whose inside diameter is 6 inches. Ans. 84,82 sq. in. 


10. The diameter of a flywheel is 18 feet. What is the length of its 
circumference to the nearest 16th of an inch? Ans. 56 ft. 67% in. 
ll. A flat roof, 46 feet by 80 feet in size, is covered by tin roofing 
weighing one-half pound per square foot; what is the total weight of 
the roofing? Ans. 1,840 Ib. 


12, How much would it cost to lay a sidewalk a mile long and 
8 feet 6 inches wide, at the rate of 20 cents per square foot? How much 
at the rate of $1.80 per square vard? Ans. $8,976 in each case 


VOLUMES OF SOLIDS 


PRISM AND CYLINDER 


S81. Solids.—A solid, or body, has three dimensions: 
length, breadth, and thickness. The boundaries of a solid are 
surfaces. If these surfaces are planes, they are known as 
faces, and the lines along which they join or intersect are 
called edges. 


82. Classification of Prisms and Cylinders.—A 
prism is a solid whose ends, or bases, are equal and parallel 
polygons and whose sides are parallelograms. 
Prisms take their names from the form of 
their ends. Thus, a triangular 
prism is one whose ends are tri- 


angles; a hexagonal prism is one 
whose ends are hexagons, etc. A ee 


rectangular prism, Fig. 54, is a prism whose ends 
Fie. 55 are rectangles. A cube, Fig. 55, is a rec- 
tangular prism whose faces and ends are squares. 
A eylinder, Fig. 56, is a body of uniform diameter 
whose ends are equal, parallel circles. 
The end on which a prism or cylinder is shown to 
rest is called its base, Fic. 56 
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83. A right prism or a right cylinder is one whose 
center line, or axis, is perpendicular to its base. In this Section 
all of the solids will be considered as having their center lines 
perpendicular to their bases. 

The altitude of a prism or a cylinder is the perpendicular 
distance between its two ends. 


84. Volume of Right Prism or Cylinder.—The 
volume of a prism similar to that shown in Fig. 54 or in 
Fig. 55 is equal to the product of its length, width, and thick- 
ness. But, as the area of the base in either case is equal to the 
product of two of these dimensions, as, for instance, length 
and width, it follows that the volume is found by multiplying 
the area of the base by the altitude of the prism. The three 
dimensions must be in the same units. The volume of a cyl- 
inder also is equal to the product of the area of its base and 
the altitude. Hence, for finding the volume of a right prism or 
of a right cylinder the following rule applies: 


Rule.—The volume of any right prism or cylinder equals 
the area of the base multiplied by the altitude. 


If the given prism is a cube, the three dimensions are ali 
equal, and the volume is equal to the cube of the length of one 
edge. If the volume and the area of the base are given, the 
altitude is equal to the volume divided by the area. 


Examp_Le 1—What is the volume of a rectangular prism whose base 
is 6 inches by 4 inches, and whose altitude is 12 inches? 
Sotution.—As the base of a rectangular prism is a rectangle, its area 


is equal to 6X4=24 sq. in. By the rule, the volume is 24X12=288 cu. in. 
Ans. 


ExAMPLE 2.—What is the volume of a cube whose edge is 9 inches? 


Sotution.—The volume is equal to the cube of one edge, or 9% 
=9X9X9=729 cu. in. Ans. 


ExamMpLe 3.—What is the volume of a cylinder whose base is 7 inches 
in diameter, and whose altitude is 11 inches? 


SoLution.—From Art. 70 the area of a circle is equal to .7854 times 
the square of the diameter. Hence, the area of the base is .7854X7? 
=38.48 sq. in. By the preceding rule, the volume of the cylinder is 
38.48 X 11=423.28 cu. in. Ans. 


Yr 
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EXAMPLE 4.—A cylindrical tank is to contain 140 cubic feet of water. 
If the area of the base is 28 square feet, what must be the height of 
the tank? 


SoLurion.—As it was stated that the altitude of a cylinder is equal 
to the volume divided by the area, it follows that the height of the 
tank is 140-+-28=5 ft. Ans. 


85. Volume of Hollow Right Prism or Cylinder. 
If the cylinder or prism is hollow, the volume is equal to the 
actual area of the base multiplied by the altitude. 


EXAMPLE.—The outside diameter of a hollow cylinder, Fig. 57, is 
14 inches and the diameter of the interior opening 
is 12 inches. It the altitude of the cylinder is 9 
inches, what is its volume? 

So_ution.—The base may be considerea as a flat 
circular ring, similar to Tig. 48, and its area is 
found by using the rule in Art. 71. The area of the | {25°75 
outer circle is .7854X 14°=153.938 sq. in., and of the 
inner circle it is .7854X12°=113.098 sq. in. Then, 
the area of the base is 153.938—113.098=40.84 sq. in. iad 
Then by the rule, the volume is 40.84X9=367.56 cu. in. Ans. 


PYRAMID, CONE, AND SPHERE 


86. Pyramid and Cone.—A pyramid, Fig. 58, is a 
solid whose base is a polygon and whose sides are triangles 
uniting at a common point, called the vertex. 

\ cone, Fig.59, is a solid whose base is a cir- 
cle and whose convex surface tapers uniformly 
to a point called the vertex. 

The altitude of a pyramid or 
a cone is the perpendicular dis- 
tance from the vertex to the base, 
as shown by the dotted line in 
Figs. 58 and 59. If this line passes through the 
center of the base, the solid is called a right pyra- 
mid or a right cone. 


Fia. 58 


Fic. 59 


87. Volume of Right Pyramid or Right Cone. 
The volume of a right pyramid or of a right cone may be 
found by the following rule: 
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Rule.—The volume of a right pyramid or a right cone 
equals the area of the base multiplied by one-third of the 
altitude. 

If the base of the pyramid is a regular polygon, its area may 
be found by the rule of Art. 68. 

Examecte 1—What is. the volume of a triangular right pyramid, the 
edges of whose base each measure 6 inches, and whose altitude is 
8 inches? 

Sotution.—The base is an equilateral triangle; hence, by the rule of 
Art. 68, its area is 6°X.433=15.59 sq. in. Applying the rule, the 


volume is 
15.59X3=41 57 cu in. Ans. 


ExAMPLE 2.—What is the volume of a right cone whose altitude is 
18 inches, and whose base is 14 inches in diameter ? 


Sotution.— .7854'K 14°=153.94 sq. in. the area of the base. By 
the rule, the volume is 


153.94 2=923.64' cu. in. Ans. 


88. Convex Area of Pyramid, Cone, or Cylinder. 
The slant height of a pyramid is a line drawn from the 
vertex perpendicular to one of the sides of the base. The 
slant height corresponds, therefore, with the altitude of any 
one of the triangular faces. The slant height of a cone is any 
straight line drawn from: the vertex to a point on the circum- 
ference of the base. 

To find the convex area of a pyramid or cone (which is the 
area of the outside surface, not including the base) apply the 
following rule: 


Rule I.—To find the convex area of a pyramid or of a cone, 
multiply the perimeter of the base by one-half the siant height. 

The convex area of a cylinder is found by the following 
rule: 


Rule If.—To find the convex area of a cylinder, multiply 
the perimeter of the base by the altitude. 

EXxaAmp.Le 1——-What is the convex area of a pentagonal pyramid if one 
side of the base measures 6 inches and the slant height is 14 inches? 

Sotution.—The base of a pentagonal pyramid is a pentagon with 
five equal sides. The perimeter of the base is 6X5=30 in. and, by 
rule I, the convex area is 30X7;!=210 sq. in. Ans, 
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ExameLe 2:—What is the entire area of a right cone whose slant 
height is 17 inches and whose base is 8 inches in diameter? 

SoLuTion.—The perimeter, or circumference, of the base is 3.1416 
X8=25.1328 in; the area of the base is .7854>8°=50.27 sq. in; the 
convex area is 25.1328 1=213.63 sq. in., and the total area of cone is 
50.27-+-213.63=263.90 sq. in. Ans. 

ExameLe 3.—What is the convex surface of a cylinder 4 inches in 
diameter and 75 inches high? 


SoLution.—The perimeter of the base is 3.1416X4=12.57 in. Hence, 
by rule II, the convex area is 12.57X75=942.75 sq. in. Ans. 


89. Frustums.—If a pyramid is cut off parallel to the 
base, as in Fig. 60, so as to form two parts, the lower part is 
called the frustum of the pyramid. If a cone is 
cut in a similar manner, as in Fig. 61, the lower 
part is called the frustum of the cone. The 

upper end of the frustum of a 
pyramid or cone is called the upper See 
base, and the lower end the lower 
base. The altitude of a frustum is 
the perpendicular distance between the 
1 bases, indicated by the dotted lines in 
Figs. 60 and 61. 


90. Volume of Frustum of Pyramid 
ie Having Regular Polygon for Base.—The 
TIG. 6 - x ‘ “ 

volume of a frustum of a pyramid may be found 


by the following rule: 


Rule.—Multiply together the lengths of one side of the 
upper and lower bases and the corresponding multiplier taken 
from Table II, and to the product add the sum of the areas of 
the upper and lower bases; then multiply the total sum by one- 
third the altitude of the frustum. The result will be the volume 
of the frustum. 


Exampie.—lIn a frustum of a pyramid, whose bases are regular hexa- 
gons, each edge of the upper base is 5 inches long and of the lower base 
is 8 inches long. If the altitude is 14 inches, what is the volume? 

SoLution.—The area of the upper base, by the rule of Art. 68, is 
5? 2,5981=64.95 sq. in. By the same rule, the area of the lower base is 
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8X 2.5981=166.28 sq. in. The sum of these areas is 64.95+166.28 
=231.23 sq. in. Then, by the rule, the volume of the frustum is 


[(5X8X2.5981) +231.23] X44= (103.92-+-231.23) X44 
=335,15X44=1,564 cu. in. Ans. 


91. Volume of Frustum of Cone.—The volume of the 
frustum of a cone may be found by using the following rule: 


Rule.—Multiply together the diameters of the two bases and 
7854 and to the product add the sum of the areas of the upper 
and lower bases; then multiply the total sum by one-third the 
altitude of the frustum. The result will be the volume of the 
conical frustum. 

EXAMPLE.—What is the volume of a frustum of a cone whose upper 
base is 8 inches in diameter, whose lower base is 12 inches in diameter, 
and whose altitude is 15 inches? 


Sotution.—The area of the upper base is .7854X8’=50.27 sq. in., 
and that of the lower base is .7854X12°=113.1 sq. in. Their sum is 
50.27-++113.1=163.37 sq. in. By the rule, the volume of the frustum is 


[(8X12X.7854) +163.37] X48 = (75.44+163.37) X48 
=238.77 X5=1,193.85 cu. in. Ans. 


92. Volume of Sphere.—A sphere, Fig. 62, is a solid 
bounded by a uniformly curved surface, every point of which 
is equally distant from a point within, called 
the center. The word ball is commonly used 
instead of sphere. The volume of a sphere 
may be found as follows: 


Rule.—The volume of a sphere equals the 
cube of the diameter multiplied by .5236. 


Fie. 62 


EXxAMPLe.—What is the volume of a cannon ball 
12 inches in diameter? 

SoLution.—By the rule, the volume is 12°X.5236=12 1212 .5236 
=904.78 cu. in. Ans. 

The volume of a spherical shell, or hollow sphere, is equal 
to the difference in volume between two spheres having the 
outer and inner diameters of the shell. 


95. Area of Sphere.—The surface area of a sphere is 
found by the following rule: 
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Rule.—Square the diameter and multiply the result by 
Jolg TO. 
ExAMPLE.—What is the surface area of a sphere 14 inches in 
diameter? 
SoLtution.—According to the rule, the area is 
14°X3.1416=14X 14X3.1416=615.75 sq. in. Ans. 


PRISMOIDS. 


94. Definition.—A prismoid is a solid with two faces, 
or bases, that are parallel polygons and the remaining faces 
triangles or quadrilaterals. Thus, the solid shown in Fig. 63 
is a prismoid; its bases are the irregular pentagon A BCD E 
and the trapezoid F G H J, which are parallel. The other faces 


of the prismoid are the triangle G BC and the quadrilaterals 
GOCORAHE DELLE Ar and FAB G. the perpendicular 
distance between the bases of a prismoid is called its altitude. 


95. Middle Section of Prismoid,—If an imaginary 
cut is made through a prismoid, as at PQORS, Fig. 64, 
parallel to the two bases and at a point equidistant between 
them, the polygon so formed is known as the middle section 
of the prismoid. 


96. Volume of Prismoid.—lIn calculating the volume 
of a prismoid the perimeter of the middle section is an impor- 
tant factor. Its length is found by means of the following 


rule: 
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Rule I.—Find one-half the sum of each pair of corre- 
sponding sides of the bases. The sum of these results gives 
the length of the perimeter of the middle section. 


The meaning of this rule will be understood by referring to 
Fig. 64. Thus, the sides of the middle section are found in the 
ey a AB+FG 
following manner: The side P Q is equal to — ene 


2 


BC : 
side Q R= ~~, as the vertex of the triangle has no dimension ; 


: + 
the side R tee Me cs, and the side Te ae » the 
perimeter of the middle section is equal to the sum of the 
values found for the sides. 
The volume of the prismoid may now be found by means 
of the following rule and formula, known as the prismoidal 
formula: 


Rule 11.—The volume of a prismoid is equal to one-sixth 
of the product obtained by multiplying the altitude by the sum 
of the area of the lower base, the area of the upper base, and 
four times the area of the middle section. 


The latter rule may also be expressed.as follows: 


lower SeKr ; - 
Volume=¢ (altitude) x ("p Cer upper +4 ony 


base base ““section 


ExampLre—Find the volume of the prismoid shown in Fig. 65, if the 
altitude is 14 inches and other dimensions are as indicated. 


SoLtution —In the Wlustration the triangle PC) PR is the middle sec- 
tion. The sides of this triangle are found by means of rule I. Thus, 
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CH 
a | 


pot sek ae 85 in 
py ee = 7S a25 a 
. ) x at 


The areas of the triangles 4 BC, DEF, and P GR are calculated by 
the rule of Art. 65, which gives area of 4 BC=240 sq. in, area of 
D E F=24 sq. in., and area of P Q R=105.2 sq. in., nearly. According 
to rule II of this Article, the volume of the prismoid is 

$xX14X (240+24+4& 105.2) =1,597.9 cu. in., nearly. Ans. 


97. General Application of Prismoidal Formula. 
The prismoidal formula explained in Art. 96 is used exten- 
sively in practice. It applies not alone to prismoids, but also 
for calculating the volume of a prism, pyramid, cylinder, cone, 
frustum of a pyramid, frustum of a cone, sphere, or segments 
of a sphere, in addition to the irregularly shaped bodies to 
which it is usually apphed. 

When the formula is applied to a pyramid and cone the 
dimensions and area of the upper base are equal to 0; for a 
sphere the areas of the upper and the lower base are 0; for a 
prism and a cylinder the areas of the upper and lower bases 
and of the middle section are all equal. 


EXAMPLES FOR PRACTICE 


1. A rectangular tank 12 feet long, 8 feet wide, and 10 feet deep, 
inside measurements, is half full of water. How many cubic feet of 
water does it contain? Ans, 480 cu. ft. 


2. A box filled with sand has the dimensions 4 feet, 3 feet 6 inches, 
and 2 feet 6 inches on the inside. How many pounds of sand does it 
hold, if the sand weighs 96 pounds per cubic foot? Ans. 3,360 1b. 


3. A forged steel shaft 9 inches in diameter and 10 feet long has a 
hole 44 inches in diameter through it from end to end. If forged steel 
weighs .283 pound per cubic inch, what is the weight of the shaft? 

; Ans. 1,620 Ib. 


4. How many cubic feet are-contained in a foundation wall that is 
20 feet long, 8 feet high, and 2 feet thick? Ans. 320%cu. ft. 
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5. What is the volume of a cylindrical oil tank 3 feet in diameter 
and 6 feet 6 inches high? Ans. 45 cu. ft. 1,635 cu. in. 


6. What is the capacity of a tool box, which, measured on the 
inside, is 2 feet 3 inches long, 18 inches wide, and 1 foot deep? 
Ans. 3cu. ft. 648 cu. in. 


7. Considering only its outside dimensions, what is the volume of a 
ball float with a diameter of 223 inches? Ans. 5,964 cu. in. 


8. The diameters of the upper and lower bases of a conical frustum 
are 8 and 10 feet, respectively. If the altitude is 12 feet, what is the 
volume of the frustum? Ans. 766.55 cu. ft. 


9. If a tank had the dimensions of the frustum in question 8, how 
many gallons of water would it hold, one gallon being equivalent to 
231 cubic inches? Ans. 5,734.2 gal., nearly 


10. The cavity of a mold is 20 inches long, 4 inches wide, and 

4 inches deep. If a lead casting is made in this mold, what would be 
its weight, the weight of lead being .41 pound per cubic inch? 

Ans. 131.2 Ib. 


PROBLEMS FOR PRACTICE 


CALCULATIONS OF MATERIAL, WEIGHT, 
AND TAPER 


CALCULATING LENGTH OF STOCK 


98. Forging Problems.—At times it is difficult to esti- 
mate the amount of stock required for a certain job. For 
instance, a blacksmith may have in stock iron bars of a certain 


, ES 
(a) Oe 


Fic. 66 


size, that are to be used for making some bars of a smaller 
size. As the length of stock required will be correspondingly 
shorter, it will be advantageous to know what length of stock 
to allow. 
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In Fig. 66 (a) is shown a piece of square stock that is to be 
forged into the form shown at (b). The ends a of the finished 
piece are of the same size as the original square bar at (a), 
but the middle part b is round, instead of square, and is con- 
siderably longer and smaller than the middle part of the square 
stock. The problem then is to find how much square stock to 
allow, so that, when it is hammered out into the long, round 
part b, this part will be of the required length. The rule to be 
used is as follows: 


Rule.—Calculate the volume, in cubic inches, of the part 
that is to be made from the stock and divide it by the area of 
the end of the bar stock, in square inches. The quotient is the 
length of stock required, 

If the finished piece is to be shorter and thicker than the bar 


stock, the same rule can be used. 


Examp et 1.—A forging like that shown in Vig. 66 (b) is to be made 
from a piece of bar stock 3 inches square. If the dimensions of the 
forging are to be as shown 
in Fig. 67, what length of 


8 
sy 
stock is required? Ae 
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that is, 3 in. square, and 
each is 33 in. long; therefore, it will take 2X3 in.=7 in. of stock for 
the ends. The middle part is a cylinder 2 in. in diameter and 15 in. long. 
The volume of this part, therefore, is, by the rule of Art. 84, 


7854 X%2?X 15=47 cu. in. 


The area of the end of the bar stock, which is 3 in. square, is 
3X3=9 sq. in. Then, by the rule of this article, the length of stock 
required for the middle section of the forging is 


47+-9=5.22 in., or 54 in., very nearly 


That is, a piece of 3-in. square stock 54 in. long, when hammered 
down to a round piece 2 in. in diameter, will be 15 in. long. The total 
length of bar stock required for the forging, therefore, is the sum 
of that needed for the ends and that needed for the middle part, or 


7+54=123 in. Ans. 
ILT 271B—17 
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Examp.e 2—A forging is to be made, of the shape shown in Fig. 68, 
from a round 1-inch bar. The central portion, which is 18 inches long, 
is the same size as the bar, but the two ends are upset until their diam- 


8 
: 8 ae 
~yY S ~ 


Fic. 68 


eters are increased to 1} inches. If each of the upset parts is 6 inches 
long, how much stock should be allowed for? 


Norr.—When a red-hot bar of iron is hammered on one end in a longitudinal 
direction, it becomes shorter and thicker, and it is then said to be wpset. 


Sotution.—A cylinder 14 in. in diameter and 6 inches long has, 
according to the rule in Art. 84, a volume of .7854%1.25°X6=7.363 cu. 
in. The volume of the two ends is 2X7.363=14.726 cu. in. 

The area of the end of the bar stock, which has a diameter of 
1 inch, is .7854X1°=.7854 sq. in. Then, according to the rule of this 
article, the length of stock required for the end portions is 14.726 
+.7854=18.75 in. The total length of bar stock required is equal to 
the sum of that needed for the middle part and for the ends, or 


18-+18.75=36? in. Ans. 


CALCULATION OF WEIGHTS 


99. Method of Estimating Weight.—It often becomes 
necessary to calculate the weight of a body whose dimensions 
are known but which cannot conveniently be put on scales to be 
weighed. For instance, suppose that it is desired to estimate 
the weight of a casting that has not been made. From the 
drawing it is possible to obtain all the dimensions of the casting. 
Then, by the principles of mensuration given previously, the 
volume of the casting can be found. After the volume is 
known, it is multiplied by the weight of a unit volume of the 
material, and thus the weight is obtained. Sometimes, castings 
or forgings have intricate shapes; but usually it is possible to 
consider them as made up of a combination of cylinders, 
spheres, rectangular prisms, cones, etc. The volume of each of 
these is calculated and the total is the approximate volume of 
the piece. 


TABLE UI 
AVERAGE WEIGHTS OF MATERIALS 
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100. Weights of Materials.—In finding the weight of 
a machine part, the volume is usually calculated in cubic 
inches. This volume must then be multiplied by the weight of 
the material per cubic inch, to obtain the weight of the body. 
If the volumes are calculated in cubic feet, the weight per 
cubic foot is used. To enable the weights of bodies to be cal- 
culated, the weights of a number of different materials are 
given in Table III, in pounds per cubic foot and per cubic inch. 
The method of using the table is shown in the following 
examples: 

ExampLe 1—A hollow box-shaped casting has outside dimensions of 
18, 10, and 6 inches, and inside dimensions of 16, 8, and 4 inches. What 
is its weight, if it is a steel casting? 

So_ution.—The first step is to calculate the volume of the casting. 
This is the difference between the volume represented by the outside 
and inside dimensions. The volume of a solid 18 in. by 10 in. by 6 in. is 
18X10X6=1,080 cu. in., and that of a solid 16 in. by 8 in. by 4 in. is 
16X8X4=512 cu. in... Then, the volume of the casting is 1,080—512 
=568 cu. in. According to Table III, a cubic inch of steel casting 
weighs .278 Ib. Therefore, the weight of the casting is 

568 X .278=158 lb., nearly. Ans. 

ExampLe 2.—Find the weight of a cast-iron bracket like that in 
Fig. 69 (a), having the dimensions shown in ()D). 

SotutTion.—The bracket may be considered as being made up of three 
parts, two of which are rectangular prisms, and the other of which is a 
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triangular prism. One rectangular prism has a length ab of 8 in, a 
width cd of 7} in., and a thickness ae of 1} in. Its volume, therefore, 
is 8X73X1}=90 cu. in. The other rectangular prism has a width ab of 
8 in., a height af of 93—13=8 in., and a thickness gh of 14 in., so its 
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volume is 8X8X14=96 cu. in. The bracing web has the shape of a 
right triangle whose base cz is 74—14=6 in., and whose altitude ig is 

: : 6x8 ; j ; 
93—13=8 in. Its area is therefore ee sq. in. As the thickness is 


% in., the volume of the triangular prism, according to the rule of 


Art. 84, is 24X14=36 cu. in. There are four holes each 1 in. in diam- 
eter and 13 in. long; so the amount of metal cut out by each is the 
volume of a cylinder 1 in. in diameter and 14 in. long. The area of the 
base is the area of a l-in. circle, or .7854X 1’?=.7854 sq. in. Then, by 
the rule of Art. S84, the volume of one cylinder is .7854X14 
=1.1781 cu. in. As there are four holes, their volume is 4X1.1781 
=4.7 cu. in., approximately. The actual volume of the bracket, there- 
fore, is 90+96+36—4.7=217.3 cu. in. According to Table III, a cubic 
inch of cast iron weighs .260 Ib. The weight of the bracket, therefore, is 
217.3 X .260=563 lb., very nearly. Ans. 


ExampLe 3.—What is the weight of a forged steel shaft of the 
form and dimensions shown in Fig. 70, the end d being square. 


Sotution.—The shaft may be considered as being made up of a 
cylindrical piece a that is 1 in. in diameter and 23 in. long, a cylinder b 


nae : ee ie ere 
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14 in. in diameter and 9? in. long, a frustum of a cone with bases 1} in. 
and 14 in. in diameter and 2 in. long, and a prism #? in. square and 
14 in. long. According to the rule of Art. 84, volume of part a 
=.7854X 1?X24=1.96 cu. in. and volume of part D=.7854X (14)°X92 
=17.23 cu. in. 

The part c is a frustum of a cone. The area of the smaller base is 
7854 X (14)?=1.23 and that of the larger base is .7854X (14)’=1.77 cu in. 
Then, by the rule of Art. 91, the volume of the frustum is 
[ (14X14 X.7854) +1.23-41.77] X §= (1.474+1.234+1.77) X3=2.98 cu. in., or 

3 cu. in., nearly 

The moiunie of the rectangular solid end d, according to the rule of 
Art. 84, is 2X3X14=.8 cu. in. 

The total volume of the shaft, therefore, is 1.96+17.23+3+-.8 
=22,99 cu. in., or 23 cu. in., nearly. 

According e Table III, the weight of a cubic inch of forged steel is 
.283 lb. The weight of the shaft, then, is 

23X .283=62 lb., nearly. Ans. 
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CALCULATION OF TAPERS 


101. Definition of Taper.—The term taper means a 
gradual and uniform increase or decrease in the width or 
diameter of a piece from one end to the other. The taper is 
usually expressed by stating how much the width or diameter 
of the piece increases or decreases per inch or per foot of 

length. Thus, if the 


ae a a piece shown in Fig. 
% aye “In : . 
7 ia ~ #1 (a) is 1 inch long, 
| z ai | 3 inch wide at one 
— ——<——S 0 | 5 : 
Be end, and # inch wide 
(a) Fic. 71 @) 


at the other, the taper 
is 3}—8=+4 inch in | inch, or 4 inch per inch. Ifthepiece shown 
in (b) is 1 foot long and its diameters at the ends are 44 inches 
and 4 inches, the taper is 44—4=4 inch per foot. The taper 
may be expressed in inches per inch or in inches per foot, as 


desired. 


102. Finding the Taper.—lIf the length and the end 
dimensions of a piece are known, the taper may be found by 
the following rules: 


Rule I.—To find the taper in inches per foot, divide the 
difference of the end dimensions, in inches, by the length of the 
piece in feet. 


Rule I1.—To find the taper in inches per inch, divide the 
difference of the end dimensions, in inches, by the length of the 
piece in inches. 

EXAMPLE 1.—A tapered bar 23 feet long is 48 inches wide at one end 
and 4 inches wide at the other. What is the taper per foot? 

SoLution.—By rule I, the taper is 

(48—4) +24=§X2—=Hin. per ft. Ans. 

EXAMPLE 2,—A round tapered piece 8 inches long has diameters of 
18 and 23 inches at the ends. What is the taper per inch? 

So_ution.—By rule II, the taper is 


(28-13) +8=3X$=—¥s in. per in. Ans. 
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108. Finding Dimensions From Taper.—Sometimes 
the dimension at one end of the piece and the taper are given 
and the dimension at the other end is to be calculated. This 
may be done by the following rules: 


Rule I.—To find the dimension at the large end, multiply 
the length of the piece in feet (or in inches) by the taper per 
foot (or per inch) and to the product add the dimension at the 
small end. 


Rule II.—To find the dimension at the small end, multiply 
the length of the piece in feet (or in inches) by the taper per 
foot (or per inch) and sub- 
tract the product from the 


Taper Bl in. per foor 
dimension at the large end. 
; : [ences grea eee 
Examp Le 1.—The piece shown in 4 
Fic. 72 


Fig. 72 has a taper of % inch per 
foot, is 42 inches wide at the small end, and is 2 feet 3 inches long. 
What is the width at the large end? 

Sotution.—By rule I, and remembering that 2 ft. 3 in=2¢ ft., 

24Xt=aXb=33 

Then, the width at the large end is 

got4i=5s in. Ans. 

Exampte 2.—A piece 16 inches long has a taper of 4 inch per inch 
and is 7% inches in diameter at the large end. Find the diameter at 
the small end. 

Sotution.—By rule II, 

16xz=4 

Then, the diameter at the small end is 

7i—4=3}in. Ans. 
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FORMULAS 


ELEMENTARY OPERATIONS 


USE OF SYMBOLS 


RULES AND FORMULAS COMPARED 


1. Disadvantages of Rules.—In the preceding Sec- 
tions, and in particular in that one dealing with mensuration, 
frequent use is made of rules indicating how to use certain 
numbers for the purpose of finding an unknown length, area, 
or volume. 

When the arithmetical processes are of a simple kind, the 
rule will be short and easily understood. If, however, the 
rule deals with several numbers that have to be combined and 
used in various ways, the rule becomes more complicated. The 
following rule, which is used for finding the area of a seg- 
ment, may serve as an example of this kind: 


Rule.—Divide the diameter by the height of the segment; 
subtract .6oS from the quotient and extract the square root of 
the remainder. This root is multiplied by 4 and by the square 
of the height of the segment and then divided by 3. The 
quotient gives the area, very nearly. 

It is difficult to follow the various steps in this rule and it 
would, therefore, be advantageous to find another method by 
which the rule could be presented in a more concise form, so 
that the required treatment of the numbers could be seen at a 


glance. 
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2. The great length of a rule is not its only fault. It is 
also too limited in its application, as it refers to the finding of 
only one particular value in a given problem. The meaning of 
this statement will be understood by referring to the rule for 
finding the volume of the frustum of a cone. In this rule the 
diameter of the bases and the altitude of the frustum are 
employed. But, the conditions may be such that the volume is 
given and that the value of one of the other three factors 
must be found so as to obtain the given volume. It would, 
therefore, require four rules, so as to make it possible to find 
any one of the four dimensions, if the three others were given. 


3. Formulas.—A rule may be simplified by using a 
single letter to represent each part, or quantity, instead of the 
name of the quantity and then joining the letters by signs to 
indicate the operations to be performed. The relative positions 
of the numbers will also serve to indicate multiplication or 
division, as will be explained subsequently. 

A rule presented by these means is known as a formula. 
From the preceding explanations it follows that a formula 
may be considered as a shorthand method of expressing a rule. 
Symbols, such as letters and arithmetical signs, are used 
instead of words. Any formula can be expressed in words, 
and when so expressed it becomes a rule. 


A formula shows at a 
glance all the operations that are to be performed. It does 
not have to be read three or four times, as is the case with most 
rules, to enable one to understand its meaning. Also, it takes 
up much less space and may be adjusted to meet the various 
requirements of a problem; in short, whenever a rule can be 


4. Advantages of Formulas. 


expressed as a formula, the formula is to be preferred. 

Before the application of letters and other symbols is 
explained, it will be necessary to define the meaning of some 
terms and signs, as well as the principles on which formulas 
are ‘ased. 
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ARITHMETICAL SIGNS AND THEIR APPLICATION 


5. Signs of Aggregation.—The signs used in formulas 
are the ordinary signs indicative of arithmetical operations and 
the signs of aggregation. All these signs were explained in 
preceding Sections, but the signs of aggregation will need 
further explanation, as their application is extended in some 
directions. 

The signs of aggregation are four in number, viz., —, 
ta. | fe aed { ie respectively called the vinculum, the 
parenthesis, the brackets, and the brace. They are used 
to a great extent when it is necessary to indicate that all the 
numbers included by them are to be subjected to the same 
operation. For example, if the sum of 5 and 8 is t> be mul- 
tiplied by 7, any one of the four signs of aggregation may 
be used, but it is customary to use the parenthesis; thus, 
(5+8) x7. As already explained, the vinculum is used exten- 
sively in connection with the radical sign to indicate a root. 

If two signs of aggregation are needed, the brackets and the 
parenthesis are used, so as to avoid having a parenthesis 
within a parenthesis, the brackets being placed outside. For 
example, [(20—5)+3]X9 means that the difference between 
20 and 5 is to be divided by 3, and the result multiplied by 9. 

If three signs of aggregation are required, the brace, 
brackets, and parenthesis are used, the brace being placed out- 
side, the brackets next, and the parenthesis inside. For 
example, { [(20—5) +3] X9—21\~8 means that the quotient 
obtained by dividing the difference between 20 and 5 by 
3 is to be multiplied by 9, and that after 21 has been subtracted 
from the product thus obtained, the result is to be divided by 8. 


6. Order of Operations.—When several quantities are 
connected by the various signs indicating addition, subtraction, 
multiplication, and division, the operation indicated by the 
sign of muitiplicatian must always be performed first; next in 
order comes the operation of division. Thus, 21+3X4 equals 
14, 3 being multiplied by 4 before adding it to 2. Similarly, 
10+2X5 equals 1, since 2X5 equals 10, and 10+10 equals 1. 
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If this rule were not followed in the preceding examples, the 
results would be quite different. For instance, if in the 
example 2+3>4 addition is performed before multiplication, 
as 2+3=5, and 5X4=20, the result differs from that previ- 
ously found, which was 14. 

In the example 10+2%5, the quotient found by dividing 
10 by 2 is 5, and 5 multiplied by 5 is 25. Performed in the 
correct manner the result was found to be 1. 


7. In cases where several numbers are connected by using 
the sign of division and the plus or minus sign, the operation 
of division must be performed first. For example, 5-93 is 
equal to 2; 9 divided by 3 gives 3 as the quotient, and 5—3=2. 

The signs of addition and subtraction are of equal value; 
that is, if several quantities are connected by plus and minus 
signs only, the indicated operations may be performed in the 
order in which the quantities are placed. Thus, in the example 
5+7-—4, the solution may be found as 5+7=12, and 12—4=8. 
Or, 7—4=3, and 3+5=8. 


EQUATIONS FORMED WITH NUMBERS 


FUNDAMENTAL PRINCIPLES 


8. Elementary Operations.—The principle on which 
any formula is based is a condition of equality existing between 
a combination of numbers arranged in a certain manner. The 
following example shows a simple combination of numbers of 
this kind : 

2+4=5+1 

The equality sign (=) is placed as the connecting link 
between the numbers 2 and 4 on one side, and the numbers 
5 and 1 on the other side. An expression of this kind is known 
as an equation, because the equality sign connects two com- 
binations of numbers that are equal, the sum of 2 and 4 being 
equal to the sum of 5 and 1. 

This condition of equality is not limited to sums of numbers 
only, but may refer to any combination of numbers, subjected 
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to the arithmetical operations of addition, subtraction, multi- 
plication, division, square root, etc. The following shows an 
equation in which there is a combination of some of these 
operations: 
(9X8) —2=7\/64+42 
It is found that if the operations are carried out as indicated, 
the results on both sides of the equality sign are equal to 70. 


9. Quantity.—lIt is convenient to have a term that may be 
applied to the whole expression on either side of the equality 
sign. For this purpose the word quantity is in general use. 
The term quantity, as used in mathematics, is applied to 
any number or combination of numbers on which the ordinary 
arithmetical operations are to be performed. By using the 
term quantity one avoids the necessity of specifying what these 
operations will be. In the last example the numerical com- 
binations (9X8)—2 and 7\/64+42 are both referred to as 
quantities. 

Employing the term quantity with this meaning, an equation 
may be said to be an expression of equality between two 
quantities. 


10. First and Second Members.—Distinction is made 
between the quantities on either side of the equality sign in an 
equation by applying 
the term first mem- a oman 
ber to the quantity on \ / 
the left-hand side of 
the equality sign. e 
The quantity on the 
other side is called the 
second member. Speaking of both quantities, they are 
known as the members of the equation. In the following 
example 5X9 is the first member and 60—15 the second 
member. Thus, 

first member second member 


5X9 = 60=15 


Fre. 1 


11. Comparison Between Equation and Scale. 
Equations may be better understood by comparison with the 
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ordinary scale, as used in stores. A scale of this kind, as shown 
in Fig. 1, has two pans a and b, which are supported by a lever, 
pivoted in the stand c. When the pointer d stands at the zero 
mark, it indicates that a condition of equality exists between 
the weights supported by the two pans; that is, the weights 
are in balance, or equilibrium. In the following examples the 
scale will be indicated diagrammatically by the balance lever, 
the two pans, and the weights they contain. 


12. A mathematical equation and a balance have this prop- 
erty in common, that a condition of equality cannot exist unless 
the quantities on both sides of the equality sign, or the weights 
in both pans of the scale, are equal. 

It is impossible to reduce the weights placed in only one pan 
without disturbing the balance of the scale, just as it is 1mpos- 
sible to reduce the value of only one member of the equation 
without disturbing the equality. But if the same change is 
made in both weights the scale will remain in balance, and 
likewise if the same change is made in both members of an 
equation they will remain equal. 

The changes to which the members of an equation may be 
subjected are conveniently divided into the following four 
cases: 

1. Adding the same quantity to both members of an 
equation. 

2. Subtracting the same quantity from both members. 

3. Multiplying both members by the same quantity. 

4. Dividing both members by the same quantity. 


13. Adding a Quantity to Both Members of an 
Equation.—It can be proved that if a number is added to 
one member of an equation, a number of equal value must be 
added to the other member. For example, Fig. 2 (a) repre- 
sents a scale with two pans a and b. The pan a supports 
weights of 10 and 8 pounds; and the pan b supports weights 
of 12 and 6 pounds. The total weight on each pan is 18 pounds. 
If, now, 1 pound is added to the pan b, as in Fig. 2 (b), the 
balance is destroyed, but may be regained by placing a similar 
weight, 1 pound, on the pan a, as shown in Fig. 2 (c). 
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The arrangement shown in Fig. 2 (a) may be represented by 
an equation, as follows: 
10+-3= 12-76 
If 1 pound is added as in Fig. 2 (b), the resulting change 
may be shown in the following manner, the vertical dash ( | ) 


Fic. 2 


being used merely to separate the members on the two sides: 
ro) 2 re) 

It is seen that the equality is destroyed and that this expres- 
sion is not an equation, as the value 18 of the first member is 
not equal to the value 19 of the second member. To regain 
equality, a quantity equal to | may be added to the left member, 
making the two members equal, as follows: 

104-8-+1L=12+641 

It follows that if a quantity is added to one member of an 
equation, the same quantity must be added to the other member, 
to maintain the equality between the members. 


14. Subtracting a Quantity From Both Members. 
If a number is subtracted from one member of an equation, a 


(a) 


Fre. 3 


number of the same value must be subtracted from the other 
member. For example, the weight on each of the scale pans 
a and b, Fig. 3 (a), is equal to 27 pounds. If the 2-pound 
weight is removed from the pan a the balance is destroyed, 
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but it will be regained by removing the 2-pound weight from 
the pan bd) as m Fig. 3.( 2). 

The arrangement shown in Fig. 3 (a) is represented by the 
following equation : 

20+5+2=18+7+2 

Removing the 2-pound weight from the pan a, Fig. 3 (a), is 
equivalent to subtracting 2 from the first member of the 
equation ; thus, 

Dae 2 | bee ae 

Performing the subtraction indicated in the first member, 
the result is 2—2=0, and the relation will assume the follow- 
ing form: 

204 9| Sar 7 az 

The equality is seen to be lost, and to regain it, the same 

value, 2, is subtracted from the second member, as follows: 


Aa S=1esr eH 2 1S 417 
From the preceding examples the following rule is derived: 
Rule.—/f a quantity is added to or subtracted from one 


member of an equation, the same quantity must be added to or 
subtracted from the other member. 


If this rule is not complied with, the equality ceases to exist 3 
that is, the quantity represented by one member is not equal 
to the quantity represented by the other member. 


15. Multiplying or Dividing Both Members by 
Same Quantity.—The remarks made about adding a quan- 
tity to, or subtracting it from, one member of an equation 
apply also to the processes of multiplying or dividing a mem- 
ber by a given number. These operations are, in reality, 
operations of addition or subtraction, repeated a given number 
of times. 

For example, let it be supposed that on the scale pan a, 
lig. 4 (a), there is a weight of 15 pounds, and on the pan b 
the weights of 12 pounds and 3 pounds, also equal to 
15 pounds. It is required to multiply the weight on the pan a 
by 3. This is equivalent to increasing the total number of 
weights to three, or 15+15+15=45 pounds. The condition 
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will then correspond to that explained in Art. 133 that is, a 
weight equal to 45—15=30 pounds has been added to the pan a. 


[3\ 


2\ |12\ 


(a) Fic. 4 (v) 


If equilibrium is to be reestablished the remedy is the same; 
that is, the weights on the pan b must be multiplied by the 
same number, or 3. These may be as shown in Fig. 4 (0), 
namely, three weights of 12 pounds each and three weights of 
3 pounds each. The total weight on the pan b is 3X12+3X3 
=45 pounds. 

When this method is applied to an equation the same results 
are obtained. The arrangement shown in Fig. 4 (a) is rep- 
resented by the equation 

15=12+3 

When the first member is multiplied by 3, the relation 
assumes the following form: 

IS7<3) 124-3 

This expression shows that the equality is lost, and to regain 
it, the second member must also be multiplied by 3, thus: 

15X3= (1243) X3=15X3 

The latter equation shows the application of the parenthesis, 
as explained in Art. 5. In this case, it is necessary to con- 
sider the sum 12+3 as one number, when multiplying by 3. It 
is therefore enclosed in parenthesis. 

16. Finally, it is necessary to consider the effect pro- 
duced by dividing one member of an equation by a given 
number. In Fig. 5 (a) there is seen to be a balance between 


the weight of 18 pounds, resting on the pan a, and the two 
weights of 12 and 6 pounds, respectively, resting on the pan b, 
IL T 271B—18 
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If it is required to divide the weight of 18 pounds by 3, that 
is, to replace it with a weight one-third as great, or 6 pounds, 
the evident result will be that the scale is thrown out of 
balance. To regain equilibrium the weights on the pan D 
must be divided by the same factor, 3. One-third of 12 and 
of 6 pounds is 4 and 2 pounds, respectively. When the weights 
on the pan b are replaced by these reduced weights, the 
arrangement will appear as in Fig. 5 (b), where it is seen 
that the pans are again in equilibrium. 

On the application of this principle to an equation, similar 
results are obtained. The arrangement shown in Fig. 5 (a) 
is represented by the equation 

18=12+-6 

When the first member is divided by 3, the relation assumes 

the following form: 
13435.|. 124-6 
or, Os 12--6 


It is seen that, as 6 cannot be equal to 18, the equality is lost, 
and to regain it, the second member must also be divided by 3, 
as in the following equation: 


6= (12+6)+3=18+3 
or, 6=6 


Also, in this equation, it is necessary to enclose the second 
member of the equation, or 12+6, in a parenthesis, before 
dividing by 3. Otherwise, only the last number, 6, would be 
divided by 3. 


17%. Raising a number to a given power is a process of 
multiplication; that is, of multiplying a number by itself a 
given number of times. Also, extracting the root of a number 
is a process of division, as the root must divide into its number, 
and the successive quotients, as many times as the index of 
the root indicates. Thus, a number may be divided three times 
by its cube root. For example, the cube root of 27 is 3; hence, 
2/-3=9, and 9=-3=3, and 323=1- 

It follows that the rules applying to the multiplication and 
division of the members of an equation by a given number also 
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apply to raising the members to like powers or extracting like 
roots of both members. For example, in the equation 
6=44+2 
both members may be squared without affecting the equality of 
the equation. Thus, 
= Ate)" 

or, 30= 30 

Likewise may like roots of both members be extracted. For 
example, in the equation 


64= 444-20 
the square root of both members may be extracted ; thus, 
\/64=\/444+20 
or, 8=8 


18. From the explanations given in Arts. 13 to 17 the fol- 
lowing important rule is derived : 

Rule.—I/f one member of an equation is subjected to any 
arithmetical operation, the other member must be treated in 
the same manner. 


This rule, which is apparently very simple, is of the greatest 
importance in operations with equations. If not complied with 
in all cases, serious errors will result. The application of the 
rule is shown by the following examples: 


EXAMPLE 1.—It is required to add 25 to the second member of the 
equation 
82+17+14=78+25+10 
What changes must be made in the equation in order that the equality 
of the members may be maintained? 
Sotution.—By the rule, it is necessary to add a number to the first 
member corresponding with that added to the second one. Or, 


82+-17+ 144-25=78+25+-10+25. Ans. 


In its present form the value of each member is 138. In its original 
form the value was 113; but in both cases there exists a condition of 


equality. : 
EXAMPLE 2.—It is desired to subtract 34 from the first member ot 
the following equation: 108+15+23=92+36+18. What change must 


be made in the second member? 
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SoLution.—According to the rule, if 34 is subtracted from the first 
member, a number of equal value must be subtracted from the second 
member. The equation must, therefore, be written as follows: 

108-+15+23—34=92+ 36+ 18—34 

On subtracting 34 from a larger number in each member, the equa- 

tion will be as follows: 


74+15+23=92+2+18. Ans. 
In its present form, each member of the equation is equal to 112, In 
the original equation the value was 146. 


ExampLe 3.—If the second member in the equation 944+3=53+44 
is multiplied by 12, what changes must be made in the equation to 
maintain the equality of the members? 

Sotution.—According to the rule, it is not allowable to multiply the 
second member by 12, unless the first member is multiplied by the same 
factor. The equation must, therefore, be written as follows: 


(94+3)12= (53+44)12. Ans. 


Each member must be enclosed in a parenthesis to insure that both 
numbers are multiplied by 12, and not only the last one. 

Exampie 4.—The second member of the following equation is to be 
divided by 6. If the equality is to be maintained, what change is neces- 
sary in the equation? 

814+17—20=64—4+ 18 


According to the rule, the equation must be written as 


SOLUTION. 
follows: 


(81+17—20) +6= (64—4+18)+6. Ans. 
As the whole of each member is to be divided by 6, the members 
must be enclosed in a parenthesis as shown. 


19. Transformation.—In employing equations, it is 
often necessary to change the position of a number from one 
member to another; changes of this kind are called transfor- 
mations. 


15+-9-+-3=20+6-+-1 (1) 


Suppose that in equation 1 it is required to move the 
number 20 from the right side to the left side of the equality 
sign. It was explained in Art. 14 that the same number may 
be subtracted from both members of an equation. Performing 
this operation by subtracting 20 from both members, the equa- 
tion will appear as follows: 


15--97-3—20=20--0-- 1-20 
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But, in the second member, 20—20=0. Hence, the equation 
will be 


l5+-94-3-20=6-F1 (2) 


An examination of equation 2 shows that the equality of 
the equation is not affected, as, in the first member, 15+9+3 
—20=7, and, in the second member, 6+1=7. 

When the equations 1 and 2 are compared, 


foro = 20-0 
and (5+-9+-3 =20=6--1 


it is seen that on transferring 20 from the second to the first 
member its sign is changed from + to —. 


20. It remains to be shown how a number, preceded by 
a minus sign, may be transposed from one member to the other 
member of an equation. For example, in the equation 


105+15—30=40+50 


it is desired to transfer the number —30 from the first to the 
second member of the equation. According to the rule in 
Art. 18, it is permissible to add the same number to both 
members. Hence, adding 30 to both members, the equation 
will appear as follows: 


105+15—30+30=40+ 50+30 


In the first member, the numbers may be written 105+15 
+30—30; but 30-—30=0. The-equation may, therefore, be 
written 


105+15=40+50+30 


As both members of the equation are equal to 120, the 
equality of the members has not been affected by the change, 
and the —30 has been transferred simply by changing its posi- 
tion and its sign. 

When no sign precedes a number, a + sign is understood ; 
thus, in the preceding equation, 105 has no sign before it, and 
therefore it is understood to be +105. 

From the two preceding examples the following rule is 


derived: 
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Rule.—/f a number or quantity preceded by a plus or a 
minus sign is transferred from one member of an equation tu 
the other member, its sign must be changed. 

Exampce 1—In the equation 32+96+40=100+48+ 20, it is required 
to transfer 32 to the second member. 

SoLution.—When no sign precedes a number, it is understood that 


the plus sign is omitted. Hence, the 32 in the first member is con- 
sidered as +32, and by the rule, the equation may be written as follows: 


96+ 40=100+48+-20—32 


The sum of the numbers in the first member is 136. In the second 
member the sum of 100+48+20=168, and 168—32=136. Hence, the 
value of each member is equal to 136. 


EXxampLe 2—Transfer the value —46 from the second to the first 
member in the following equation: 
96+40+30=212—46 
By the rule, the equation may be written as follows: 
96+40+30+46=212 
When the number —46 is placed in the first member its sign is 
changed from — to +, and each member has a value of 212. 
21. Certain numbers may be transferred from one mem- 
ber of an equation to another by means of multiplication or 


division. For example, if in the equation ee 160 it is 


2 


required to transfer the denominator 5 to the second member, 
the rule in Art. 18 is employed and both members are mul- 
tiplied by 5. Thus, 
8005 
oa oe —=160X5 
In the first member the figures 5 in the numerator and 
denominator cancel each other, and the equation may be written 
as follows: 
800=160X5 
It is seen that the equality between the members is not 
affected. 
22. Dividing both members of an equation by the same 
number is also used as a means for transferring certain num- 


bers or quantities from one member to the other. For example, 


in the equation 450=509 
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let it be assumed that 50 is to be transferred to the first mem- 
ber, for the purpose of having 9 alone in the second member. 
This result may be obtained by dividing both members by 50. 
Thus, 

450 50X9 

20° 50, 

But, in the second member, the numbers 50, in the numer- 
ator and denominator, cancel each other, and the equation may 
now be written as follows: 

450 _ 
var 

23. The examples in Arts. 21 and 22 show that if the 
number that requires transposition is a denominator of a frac- 
tion, both members must be multiplied by this number for the 
purpose of transferring it to the other member. If the number 
or factor is a numerator, both members must be divided by 
the number. If two or more factors are to be transferred, the 
equation is treated in a similar manner. In all cases the 
following rule applies: 

Rule.—A factor may be transferred from one member of 
an equation to the other by multiplying or dividing both mem- 
bers of the equation by the factor that is to be transferred. 


9 


ExampLe 1—In the equation 325X8=2,600 transpose the factor 8 to 
the second member of the equation. 

SoLtution.—The factor 8 being in the numerator of a fraction having 
1 as a denominator, it follows from the preceding explanations and rule 
that both members must be divided by 8. Thus, 

aes 

Equal factors in the first member may now be canceled and the 

equation acquires the following form: 


pie te Ans. 
EXxAMPp_Le 2.—Transpose the number 5 to the second member of the 
following equation: 42 =900. 


SoLution.—By the rute, both members are multiplied by 5, giving the 
equation the following form: 
4,500 


i =900X5 
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The two numbers 5 in the first member cancel each other, and the 
equation will be 
4,500=9005. Ans. 
24. In the preceding examples the members of the equa- 
tions consisted of one or more factors. Equations may besides 
several factors have single numbers connected by plus or 


minus signs. For example, - =10+4—5. 


If, in this equation, it is desired to transfer the number 9 
from the first to the second member, the latter must be treated 
as one quantity by enclosing it in a parenthesis. The trans- 
position is then performed in accordance with the rule in 
Art. 23, that is, by multiplying both members by 9. Thus, 


2s (10+4—5)9 
The two 9’s in the first member cancel each other and the 
changed form of the equation is 
81= (10+4-—5)9 
If, in an equation of the latter kind, the factor that is out- 
side the parenthesis is transferred to the other member, there 
is no further use for the parenthesis, and it may be removed. 
The following example will make this clear: In the equation 
4X27 =6(25—10+3), the factor 6 is to be transferred to the 
first member. Following the rule in Art. 23, both members 
are divided by 6. Thus, 
AX2/ 0(23—10--3) 
= 6 
The factors 6 in the second member cancel each other and 
the equation may be written 


4X27 
127 (25-10+3) 
As the parenthesis is no longer required, it is removed and 
the final form of the equation is 


2 
127 = 25-1043 


When the operations indicated by the signs are performed, 
the equation 1s 
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1 
We =25-10+3 
or, 18=18 
It is seen that the equality of the two members has not been 
affected by the transposition. 


Exampie—lIn the equation 53X8=4(190—92+8) the factor 53 is to 
be transferred to the second member, so that the first member contains 
but the one factor 8. 


SoLution.—By the rule in Art. 23, both members are divided by 53. 
Thus 53X8_4 (190—92+8) 


Sow ao 


The two equal factors 53 in the first member cancel and the equation 
appears as follows: 


_ 4 (190—92-+-8) 
oe eee 
That the members still have equal values may be ascertained by per- 
forming the required arithmetical operations. Thus, adding and sub- 
tracting the numbers in the parenthesis, the result is as shown in the 
following equation: 


4X106 
a 
or, 8=8 


EQUATIONS FORMED WITH SYMBOLS 


APPLICATION OF SYMBOLS 


25. Numbers Represented by Symbols.—The pre- 
ceding articles explain the funcamental properties of equations 
by means of numbers, so as to show more clearly the results 
of the various operations. In the succeeding pages symbols, 
such as single letters, will be used to represent the various 
numbers used in the equations. The advantage to be derived 
from this method will be shown gradually, as the scope of the 
examples is becoming more extended. No change in method, 
as regards the treatment of equations, is involved by sub- 
stituting letters for numbers. 

Using letters to represent numbers is not a method limited 
solely to equations. It is used, for example, to a great extent 
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in stores as a means for indicating prices on articles, so as to 
prevent the customer from reading the prices. But, the sales- 
man, being furnished with a key, knows the meaning of each 
letter, and is therefore able to tell the price. 


26. Standard Symbols.—Any letter may serve as a 
symbol for any particular dimension, referring to a surface, 
a solid, or for dimensions of any part of a machine or struc- 
ture; also for numbers that represent revolutions, horsepower, 
speed, ete. A number of the more frequently used symbols are 
given herewith. 

A=area of a surface; 
C=circumference of a circle; 
d=diameter of a circle; 

r= radius of a circle; 
h=altitude of a triangle ; 
H = horsepower ; 
N=revolutions per minute. 

It is important to remember that, while a letter may be given 
any value whatever, it cannot change its meaning in any par- 
ticular equation, but must retain the same value throughout. 


27. Omitting Multiplication and Division Signs. 
It was stated in Art. 5 that in formulas and equations the 
various arithmetical operations are indicated by the same 
signs as were used in arithmetic. In formulas and equations, 
however, where brevity is always desired, it is possible in 
many cases to omit the multiplication and division signs, when 
such omissions will not cause any misunderstanding. Thus, 
instead of writing aXb, the sign of multiplication is omitted, 
and the product of the two letters is indicated by writing 
them close together, without any intervening sign. -Hence, 
aXb is written a b; dXeXf is written d e f; bX (ete) is 
written b(c+e); and so forth. This simplified method of 
indicating multiplication cannot, however, be adopted for 
numbers. For example, 3X7 cannot be written 37, for 37 has 
been defined, in arithmetic, te mean 30+7. With the thought 
constantly in mind that a letter is a symbol for a number, there 
should be no difficulty in multiplying by letters. 
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Proceeding to the subject of powers, it follows that, as 
3X3=3?, soaXa=a?. This latter expression is read a square, 
following the rule given in Powers and Roots. If there are 
three similar factors, as bD<bXb, the result is b*, which is read 
b cube, b* is read b fourth and is equal to bXbXbxX); cis c 
fifth and is equal to cXcXceXcXc; and so on for any other 
power. 

When division of symbols is indicated, as a+b, the sign of 
division may be omitted by writing the factors as a fraction; 


thus, a+b may be written = Aiso<e fg 18 written 
‘ g 
20 020.6, 18 won’ 2 and so forth. 
cd 

28. Supplementary Symbols.—Only a limited num- 
ber of letters are employed in the equations dealt with in the 
succeeding pages. In practice, the letters of the alphabet are, 
at times, insufficient to meet the requirements, and it is found 
necessary to have recourse to supplementary marks and 
symbols, known as primes and subscripts. The marks ’, ”, ””, 
are called primes; small letters or numbers, as 4g, », ¢, etc. and 
1 oq, ete., printed below the line, are known as subscripts, 
or subs. 

When capital letters have primes annexed to them, as 4’, B’, 
A”, C’”, they are commonly read large a prime, large b prime, 
large a second, large c third, respectively ; but when small let- 
ters are used, as a’, b’, c”’, d’”, they are read small a prime, 
small b prime, small c second, small d third, respectively. 
Similarly, such expressions as a,, D., W;, f, are read small a 
sub one, large d sub two, large w sub three, small f sub four, 
respectively. 

The words large and small are used in reading these expres- 
sions only when both capitals and small letters occur in the 
same problem. If all the letters are capitals, or if all the let- 
ters are small letters, the words large and small are dropped. 
Under these conditions, f’, P,, k’” would be read f prime, 
p sub two, r second; and d,, g”, a, would be read d sub one, 


g second, a sub three. 
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In writing the different letters, the capital letters are formed 
like printed letters, so that they may be easily distinguished 
from small letters. On the whole, care should always be taken 
in writing letters to see that there is no confusion; that, for 
instance, subs are not mistaken for exponents, and that each 
letter represents just what is intended. 


OPERATIONS WITH THE TERMS OF AN EQUATION 


29. Rules Applying to Equations.—All the rules 
given in the preceding articles apply also to equations com- 
posed of symbols and will, therefore, require no further expla- 
nations. The application of the preceding rules will be shown 
by means of examples, and if it is kept in mind that the letters 
stand for certain given numbers, there should be no difficulty 
in applying the rules. 

The following example will illustrate the application of the 
rule, in Art. 14, stating that no quantity can be added to or 
subtracted from one member of an equation without perform- 
ing a similar operation with the other member. The given 
equation is: 

atb+c=dtetf 

Supposing that the symbol g is to be added to the first mem- 
ber, it must also be added to the second member, and the 
changed equation will assume the following form: 

arb-reTrg—a ety tg 

These letters may have any value, but the arrangement of 
the letters in the two members must be such as to comply with 
the law that the two members must have equal values. In the 
present case the values of the letters are assumed to be as 
follows: 


a=1 e=4 
b=3 f=7 
c=9 g=8 
d=2 


When these values are substituted for the letters, the equa- 
tion assumes the following form: 


LOR 
ea) 
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1+-34+94-8=2+44+7+8 
or, 21=21 
it the letter g is subtracted from the first member, it must, 
«ccording to the rule, be subtracted also from the second 


: . Thus 
member. Thus, Se eee ie ae 
The substitution of the given values makes the equation 
l37-9=-8=2744+/-8 


Ore 5=5 


30. The rule in Art. 18, according to which both members 
of an equation may be multiplied or divided by the same num- 
ber, is illustrated by means of the following examples: 

ExAmMPpLe 1—The first member of the equation a=b+c is to be mul- 
tiplied by the factor d. 

Sotution.—According to the rule both members must be multiplied 
by d, or ad=(b+c)d. Ans. 

Examp.e 2.—In the equation a=b-+c, the second member must be 
divided by d. 

SoLuTiIon.—To comply with the rule both members must be divided 
by d; hence, 

Gabe 
d a 

Proor.—In examples 1 and 2 the letters have the following values: 

a=12, b=9, c=3, and d=5 

The substitution of these values in example 1 makes the given 
equation 12=9+3, and the solution is 12X5=(9+3) 5. In example 2 
the solution is 


Ans. 


2 
re) 


12_9 


oe 


31. Expressions and Terms.—Any number, a single 
symbol used to represent a mathematical quantity, such as a 
letter, or a combination of a number and letters is called a 
mathematical expression, or simply an expression. 
Thus, 24 and a, each representing a number, are expressions. 
Combinations of numbers and letters or of several letters, suchas 


aw b 


—, and 2+5a, are all mathematical 


Isa, e— 0, Oo, ae; 


expressions, because each may represent a number. 
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It is seen that the foregoing expressions indicate addition, 
subtraction, multiplication, and division. In many cases it is 
preferable to have a special name for single letters and for 
expressions that refer only to multiplication and division, such 


ab Ze" ' ; 
as a, b, axXb, —, and , etc. Each of these expressions 1s 
c e 


called a term. 

The expression c e—c? r may then be said to consist of the 
two terms ce and c? 7, connected by a minus sign; the expres- 
sion a+b—c consists of the three terms a, b, and c, connected 
by a plus and a minus sign. 


32. Coefficients and Literalsx—When a term is 
expressed by letters and a number, written before the letters, 
the number is called the coefficient. The coefficient always 
precedes the letters of the terms; thus in 8a the figure 8 is a 
coefficient. The coefficient shows how many times the rest of 
the term is to be taken. In the term 8ab the coefficient 
8 indicates that the quantity a b is to be taken eight times. 

At times it is convenient to have a special name for the por- 
tion of a term that consists of letters, as in 10cd. In this and 
similar terms 10 is the coefficient and cd the literal expres- 
sion, literal quantity, or as it may be called, simply the 
literal. 

When no coefficient 1s written in a term, the coefficient 1 is 
always to be understood. Thus, @ means | a, and c d means 


CNG 


oo. Like Terms.—lIf the sum is to be found of a num- 
ber of similar coins they are simply counted and the number 
found is the sum. Thus, counting six single cents, the sum is 
written 6 cents. Similarly, if the letter c represents 1 cent, 
the expression cte+ce+tce+te+e means that the number of 
c’s is to be found by counting, or addition. The fact that 
there are six c’s is represented by the expression 6c, the 
coefficient 6 indicating the number of c’s. 

In counting money, unlike coins are kept separate, as one 
could not count a combination of cents and dimes, as repre- 
senting either cents or dimes. Similarly, in the expression 
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cte+te+d+d-+d, one could not add all the letters and state 
the sum as 6c or 6d, as both would be wrong. Hence, similar 
letters must be grouped together and then added. In the 
preceding example, the sum is 3c+3 d. 


o4. Terms that contain the same letters or combination of 
letters are called like terms; all others are unlike terms. 
The term like does not mean, in this case, that the terms are of 
equal values, but that the terms are of the same kind. Thus, 
the terms 3c and 5c are like terms, because both terms con- 
tain the same literals c, but they are not of the same value, as 
the coefficients 3 and 5 are not equal. Similarly, the expres- 
sions 3 cents and 5 cents are like, as both deal with cents, but 
the values of the two expressions differ. 

In the 'terms 3 a b, 4 a b, and 9 a D the literals, a b, are the 
same in all of them; hence, they are like terms. If the letters 
have the same exponents, they are like terms. Thus, the terms 
3c¢d?, 4cd?, and 6c d? are like terms, because the literals c d? 
are the same in all of them. 


35. Unlike Terms.—Terms are unlike when they 
contain different literals. For example, the terms 2a, 13), 
and 27 c are unlike terms, because they contain different let- 
ters. Supposing that a, b, and c represent hours, minutes, and 
seconds, respectively, it is obvious that the sum of the terms 
2a, 13.b, and 27 c¢ cannot be found by adding the coefficients 
2, 13, and 27, as the sum, 42, would not represent either hours, 
minutes, or seconds. Hence, in adding these terms, the sum 
must be written 2a+130+27c, just as one would write 
2 hours 13 minutes 27 seconds, the plus signs being omitted in 
the latter case, as being understood. 

Terms are also classified as unlike if they contain different 
combinations of letters, or if the exponents of the letters are 
not alike. Thus, 2a@b,5ac, and 3bc are unlike terms, as each 
one contains a different combination of letters. The terms 
Qh, 206. 360, /ab7, 400%, and 5a’ b? are all unlike 
terms, notwithstanding the fact that the terms are composed of 
the same letters. They are unlike terms, because the exponents 
of similar letters are different in each term. 
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Terms as 3a?b and 4a’b are like and so are the terms 
5ab*, 7ab', and 4a)', as not alone the letters, but also the 
respective exponents, are like. It is important that this subject 
of like terms be well understood, so as to avoid serious mis- 
takes in addition and subtraction of terms. Remember that 
like terms are those which have the same letters affected by the 
same exponents, though the terms need not have the same 
coc fficients. 


36. Addition of Like Terms.—In a term consisting of 
a coefficient and one or more letters, as 4 a b, the coefficient, 4, 
indicates how many times the quantity ab is to be taken; in 
this case four times, ora b+ab+ab+ab. Let it be supposed 
that a=2, and b=3; the expression a b is then equal to 2X3=6, 
and the expression abt+ab+ab+ab would be equal to 
6+6+6+6. The term 4 a b would then be equivalent to four 
sixes. For similar reasons the term 3ab would be equal to 
three sixes. The expression 4ab+3ab would, therefore, be 
equal to four sixes plus three sixes, or seven sixes. Hence, 
4abr3ab may be written 7 ad. Similarly, 5¢d+2ed 
+14 cd is equal to 21 cd. The principle employed in the pre- 
ceding explanations may be stated as a rule, as follows: 


Rule.—To add like terms, add the coefficients, and to the 
sum annex the common letters. 


37. Subtraction of Like Terms.—The explanations 
referring to the addition of like terms apply also to the sub- 
traction of such terms. Thus, the terms 12 cd and 9c d being 
like terms, it is possible to find their difference by subtracting 
the smaller coefficient from the larger, or 12—9=3. Hence, 
12cd—9cd is equal to 3c-d, just as 7 inches—4 inches is 
equal to 3 inches. For subtracting similar terms the following 
rule applies: 

Rule.—To subtract like terms, find the difference between 
the coefficients, and to the difference annex the common letters. 


38. When subtracting like terms it will occasionally 
happen that the subtrahend is larger than the minuend. For 
example, in the expression 5— 14, the subtrahend 14 is larger 
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than the minuend 5. In all cases the smaller numbet is sub- 
tracted from the larger, and the difference is given the sign of 
the larger number; thus 14—5=9, and +5—-14=—9, 

Similarly, in the expression 12 a+14 b—20 b, the coefficient 
20 is larger than 14 in the like terms 20b and 14). The 
difference, 14b—20b, is equal to —6b, and the simplified 
expression is written 12 a—6 b. 

In expressions of this kind the following rule applies: 

Rule.—When a subtrahend is larger than the minuend, the 
difference ts found by subtracting the smaller number from the 
larger and placing a minus sign in front of the result. 

ExamepLe—Cornbine like terms in the following expression: 

Ira baton b— love b—9 Gea bic 2s bnc 


Sotution.—When the like terms having the same sign are combined, 
the expression becomes 17 a D—15 a b +14 b c—21 bc; 17 a b—-15 ab 
=2 ab and 14 b c—21 b c= —7 bc. The result is 2a b0—-7 bc. Ans. 


39. Application of Rules.—The preceding rules apply 
to any expressions irrespective of whether they stand alone or 
form parts of an equation. In the following examples the 
various expressions are connected by an equality sign; they 
represent, therefore, equations and the rules in Art. 20 must 
be applied when a term is transposed from one member of the 
equation to the other member. 


ExaAmepcte 1—Add like terms in the equation 4a+2 b+3 a=8c. 

SoLtution.—The terms 4a and 3a being like terms, they may be added 
by adding the coefficients; thus, 4at3a=7a. The equation may now 
be written as follows: 7a+2b=8c. Ans. 


EXAMPLE 2.—Add or subtract like terms in the equation 16a+4b+9c 
=8at2d+7 c. 

Sotution.—Until sufficient expetience is gained it is preferable to 
have those terms that are to be added or subtracted situated in the same 
member; but, according to the rule in Art. 20, a term may be trans- 
posed from one member of the equation to the other by changing the 
sign of the term. Hence, 8a and 7c may be ttansposed to the first 
member, where they become —8a and —7c and the equation is written 
as follows: 

14 a—8 at+4 b+9 c—7 c=2 d 
But 16a—Sa=8a, and 9c—7c=2c. Hence, the equation is now 
8at4b+2c=2d. Ans. 
I LT 271B—19 


26 FORMULAS §8 


Exampce 3.—Add like terms in the equation a+ 8,at+i? b+ b=4c. 

Sotution.—Whenever a term is without any coefficient, as a, it is 
understood that 1 is its coefficient; thus, a means la. Then, ,*, a is to be 
added to la, making 1,3, a, or +3 a. 


The term 4 b must be reduced to fourths before it can be added to 
2b; thus, 4=%, and 3+2— Hence, ? b+ b=}b. 
The whole equation may now be written t§ at+$b=4c, or, in mixed 
numbers, 
1,8,a+14 b=4c. Ans. 


ExAMpLe 4.—Combine like terms as indicated in the equation5a+ 4a 
+4 b—9 h=16 c—Ih c. 
Sotution.—In the first member of the equation the sum of 5 a and 
4 a is 54 a, and +4 b—9 b= —5 BD, according to the rule in Art. 38; 
in the second member 16 c—14 c=14$ c. The simplified equation may 
now be written: 
4 a—5 bD=144h c. Ans. 
ExaMpLe 5.—Combine like terms in the following equation: 
9.13 a—16.42 b=11.47 c—2.93 b—5.25 a+ 8.32 a 
Sotution.—When like terms are transposed to the same side of the 
equation, the equation may be written as follows: 
9.13.a+5.25 a—8.32 a=16.42 b—2.93 b+11.47 ¢ 


Note.—At the present stage it does not matter whether the terms are trans- 
posed to the first or to the second member, but when the conditions are such as to 
require one term to be alone in one member, then the remaining terms must all 
be transposed to the other member. 


In the equation the addition and subtraction of like terms may be 
performed in the following manner: 9.13 a+5.25a=14.38a; 14.38a 
—8.32 a=6.06a. The difference between 16.42 b and 2.93 b is13.49 b. 

The equation in its simplified form is: 


6.06 a=13.49 b+11.47 c. Ans. 


EXAMPLES FOR PRACTICE 


Perform the operations indicated in the following expressions: 


Me SiG -Arcakey Gaivores Ans, 22.6 

2. OO eos ela bs) bs Ans. 28a 0? 

Ol tf Ghat llGhole— 5) 6c Ans. 16 a 

Simplify the following equations; 

4. 7at+2a—3 a=8 b—3 b. Ans. 6a=5b 

5. 94t4 y—3 2—6 x—6 y+4 2=14—3. AnsS.3 t—249--2—11 


6 9aeyt2y2e—-4 4 y=15 2-6 x 2t2y 2. Ans. 54 y=9 4 g 
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40. Multiplication of Terms.—The restriction that 
prevents addition of unlike terms does not apply to multiplica- 
tion of such terms. Either like or unlike terms can be mul- 
tipled. For example, if 6 is multiplied by 3, 6 is to be taken 
three times, or 6+6+6. Similarly, if a is multiplied by b, the 
factor a is to be taken b times, and b may here be of any value. 
In the first case the product is 6X3=18; in the latter case it is 
aXb=ab. 

If a term, consisting of a coefhcient and one or more letters, 
as 24a}, is to be multiplied by a number, as 4, the product is 
found as follows: 24ab4=96ab. That is, the coefficient 
is multiplied by the number in the usual way and the letters are 
annexed to the product. If two terms containing literals, or 
letters, are to be multiplied together, as in the example 14a) 
3c, the numbers, or coefficients, are multiplied as before, and 
the letter c of the second term is annexed to the letters in the 
first term; thus, 14abX3c=42abc. 

It is customary to arrange letters and quantities alphabet- 
ically in all algebraic expressions; thus, 4abc rather than 
4cab or 4bac, ete. Also, write 4ab+3act+4ad rather 
than place the term containing b after one containing c or d. 

If the same letter is contained in several terms that are to be 
multiplied together, the letter in the product has an exponent 
equal to the sum of its exponents in the several terms. That is, 
the number of times the letter is used as a factor in the product 
is the sum of its exponents in the given terms. Thus, 11 ¢X3 c¢ 
=33c?;6bX4b0X 2b=48b*. If the terms contain several 
similar letters, the same method is adopted for each letter. For 
example, 8 a b cX5 a b c=40 a? Db? c*?, In the following 
examples, the products are found by applying this method; 
tus, Ob <7 ob c=63 a? Ob? cs l4aedx2cd=2Z8 4c a’; 
Sia? <3 act Xo 6 C1200" 0 cc. 


41. Division of Terms.—The operation of division 
may be performed also with either lke or unlike terms. For 

: ‘l6ab E agits, son Uy CNA 
example, l6ab+cd=— 7; (Zeo3ed ) =O one e ar 


Cancelation should be employed, whenever possible, to simplify 
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expressions. A few examples will show the general method to 
eT ats : 
be followed. The expression 2 a+2 is equal to 3 in which the 


numbers 2 cancel each other, so that only the letter a remains. 


6xXa 


6a 
Hence, 2a+2=a. Also, 6 a+2 a may be written Se OF ay 3 


6 


the similar letters a are canceled, ieaving the fraction 2, of 
which the quotient is 3. Thus, 6 a+2 a=3. Similarly, 6 a 6 
_6ab 6XaxXb_ 6b 

ga Bea 2 
The following examples are solved in the same manner: 


20abc 120¢ 


2 = 8b). 


; = =—>—=2 
20 bie Oa Bair 6 Oc 
: _4a 2a 
ae aa b 
teers: pee eeee 
Bye Cc 


EXAMPLES FOR PRACTICE 


1. Multiply 2 x by 3 y. Ans. 64y 
2. Multiply 2ac by 4a). Ans. 8a bc 
3. Multiply 8 ac by 5 bd. Ans. 40abed 
4. Multiply 3a°c by 4b’ c?. Anis) 2a pe 
5. Divide 2 # by 34. Ans. 22 
3y 
6. Divide 12 a b by 4 b. Ans. 3a 
7. Divide 9 bc by 3ad. Ans, 26 
ad 


8. Multiply 34 by 6y and divide the product by 32. Ans. Ory 


PARENTHESIS 
42. Application to Symbols.—The application of a 
parenthesis, brackets, and brace to numbers is explained in 


Arts. 5 to 7. The rules given apply also to quantities indicated 
by letters; thus, (a+b) Xc means that the sum of a and b is to 
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be multiplied by c. The sign of multiplication may be omitted 
and the letter c written near the parenthesis in the same man- 
ner as two letters are combined to indicate multiplication. 
Thus, (a+b) Xc may be written (at+b)c. 

The latter expression may be interpreted in two different 
ways; thus, (a+b)c may be said to mean that the sum of 
a and U is to be multiplied by c, or the separate letters may be 
multiplied by c and written thus, actbc; that is, (atb)c=ac 
t+be. The result is the same in either case, as may be seen 
from the following example. Letting a=4, b=5, and c=3, it 
foliows that (a+b) c= (4+5) X3, or 9X3=27. If the expres- 
sion is read in the other way, or ac+b c, then, 4*3+5X3=12 
+15=27, as before. 

The expression (a—b)c may also be interpreted in two 
ways, as, for instance, that b is to be subtracted from a and the 
remainder multiplied by c; or, that a and b are to be multiplied 
successively by c and the last product subtracted from the first. 
That is, (a—-0)e=ac—-v'c. 


AS. Removal of Parenthesis.—I{ the numbers 42, 10, 
and 8 are added, the sum is 60; that is, 42+10+8=60. If the 
sum of 10 and 8 is added to 42, the sum is also 60; that is, 
42+ (10+8)=60. Hence, 42+(10+8) =42+10+8. In the 
same way, at (b+c)=atb+c. 

Again, if 42 and 10 are added together and 8 is subtracted 
from the sum, the result is 44; that is, 42+10—8=44. If 8 is 
subtracted from 10 and the remainder is added to 42, the result 
is also 44; that is, 42+(10—8)=44. Hence, 42+ (10-8) 
=47-10—s. tna similar manner, o-7 (0-—c)—a+0—c. 

From the preceding examples it is seen that, if a parenthesis 
is preceded by a plus sign, the parenthesis may be removed 
without changing the value of the expression. From this the 
following rule is formulated: 

Rule.—/f an expression, indicating addition and subtraction 
only, contains a parenthesis preceded by a@ plus sign, the 
parenthesis may be removed without changing any signs. 


44, The preceding rule does not apply, if the parenthesis 
is preceded by a minus sign. For example, in the expression 
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42—10—8, if 10 is subtracted from 42, and then 8 is taken 
from the remainder, the result is 24; that is, 42—10—8=24. 
If the sum of 10 and 8 is subtracted from 42, the result is also 
24; that is, 42— (10+8) =24. Hence, 
42—(10+8) =42—10—-8 
For similar reasons, 
t= (0 Eo Oe 


If 10 is subtracted from 42 and 8 is added to the difference, 
the result is 40; that is, 42—10+8=40. Again, if the remain- 
der, obtained by subtracting 8 from 10, is subtracted from 42, 
the result is also 40; that is, 42—(10—8)=40. Hence, 


A2— 10=8) =42—=10--8 
Similarly, 
é—(b=¢) =a-b+e 


From these examples the following rule is derived: 


Rule.—/f an expression, indicating addition and subtraction 
only, contains a parenthesis preceded by a minus sign, the 
parenthesis may be removed, if the sign of every term within 
the parenthesis is changed. 


ExaMmPLe.—Remove the parentheses from the expression (a+b—2c) 
—(a—b—4c) and perform the required operations of addition and 
subtraction. 

SoLtution.—As any quantity is supposed to be preceded by a plus 
sign, unless another sign is indicated, the first parenthesis is supposed 
to have a plus sign in front of it. The parenthesis may therefore, 
according to the rule in Art. 43, be removed without requiring any 
change of signs of the enclosed terms. The second parenthesis is pre- 
ceded by a minus sign; hence, on removing the parenthesis, the signs of 
the enclosed terms must, according to the last rule, be changed. The 
first term a in the second parenthesis has a plus sign, understood, and 
when the parenthesis is removed the two quantities will appear as fol- 
lows G=r0—=2 6—dat-bai-4e. 

It is to be noted that the second letter a has received a minus sign, 
instead of its previous plus sign, and that the terms b and 4c have 
received plus instead of minus signs. 

Addition and subtraction of like terms may now be performed. 
Thus, a—a=0; b+b=2b, and 4c—2c=2c. The simplified expression 
will have the following form: 


r 26+2¢. Ans. 
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45. The parenthesis cannot be removed according to the 
rules of Arts. 43 and 44 if the expression involves multiplica- 
tion, unless each of the terms within the parenthesis is multi- 
plied by the factor outside the parenthesis, as explained in 
Art. 42. For example, take the expression (8+7) 4. This 
means that the sum of 8 and 7, or 15, is to be multiplied 
by 4, and the result is 60; also, 4K8+4xX7=60. Now, if 
the parenthesis were dropped without performing the multi- 
plication, the expression would become 8+7X4, which is 
equivaleut to 8+28=36, showing that the dropping of the 
parenthesis without performing the multiplication indicated 
alters the value of the expression and therefore is incorrect. In 
other words, the parenthesis cannot be omitted from such an 
expression as (a+b)c unless both a and b be multiplied by c, 
because the value would be incorrectly stated if that were done. 
Similarly, the parenthesis cannot be omitted from the expres- 
sion 160-4 (36—28). As it stands, this expression indicates 
160—4X8=160—32=128. But if the parenthesis were 
omitted, and the sign changed, the equation would become 160 
—4X36+28 = 160— 144-+-28=44, which would be altogether 
wrong. 

Therefore, the rules in Arts. 43 and 44 must not be applied 
if the expression in parenthesis is multiplied by any term. The 
rules are applicable only to cases such as have been illustrated 


in Arts. 43 and 44. 


EXAMPLES FOR PRACTICE 


Remove the parentheses from the following expressions and combine 
like terms: 


t Yarb—2:c) —(e—0—e). Ans. 2b—c 

Zz (3 Pa a) a 2 Ce) fale Ans: Se—j~—4 
& (Cee) = Aine Ans, 2a 
Ase 9 eH b= 12 4) — Cs be? Be). 


Ans. 5ab—3 b—6 be 


‘ 
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EQUATIONS WITH ONE UNKNOWN TERM 


4G, Preliminaries.—In the preceding pages of this 
Section the elements of equations have been described in detail, 
and also the means by which these elements may be combined 
or transposed to the different parts of an equation. In the 
equations that have been dealt with hitherto, the terms had 
known values, and the advantages to be obtained by the use of 
equations could, therefore, not be displayed. But, having 
obtained the necessary information by which to manipulate 
equations, it is now possible to take a step farther and to 
describe their application. 


47. Elementary Equations.—The fundamental parts 
of an equation are the two members connected by an equality 
sign, as 2+3=5. 

If one of the terms of an equation is removed or covered, 
the required conditions of equality will be a means for ascer- 
taining what its value must be. Thus, suppose the black circle 
in the following equation represents a coin covering one of the 
terms ot the equation : 


ofo+ @ =10+-7 


The fundamental requirement of an equation is that both 
members must be ot equal value; therefore, the value of the 
first member must be equa! to that of the second member, or 
10+7=17. The sum of 3 and 5 in the first member is 8, and 
the number covered must therefore be 17—8=9. The com- 
plete equation is 


34+-579=10-+7 


48. In the following equation the second term is hidden 
and its value is to be found: 


42— @ =18X3—30 


The value of the second member is equal to 54—30=24. 
As the first member must have the same value, the hidden term 
must be 42—24=18, and the complete equation is 


42—18=18X3—30 
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In the following equation the denominator of the first mem- 
ber is hidden, and must be found: 


8X4 _ | 
755-3010 


The value of the second member is 56—40=16, and the 
unknown number must be such that when divided into 32 the 
quotient will be 16; that is, the product of the unknown num- 
ber and 16 is 32. Therefore, the unknown number must be 
32+16, or 2, and the complete equation is 


84 = 56-30-10 


or, 16=16 


49. Symbol for Unknown Term.—lIn all equations it 
is customary to indicate the position of the unknown term by 
means of a letter, and for this purpose the letter + is in general 
use. Thus, if the sum is to be found of the numbers 5, 3, 9, 
and 2, they may be arranged to form an equation by letting the 
letter + represent the unknown sum. Or, 

=O Toto Fe 

On performing the addition, the sum is found to be 19, 

Hence, 
4=19 

In this example the unknown term + constitutes the first 
member of the equation and the known terms the second mem- 
ber. This is the most convenient arrangement for finding the 
value of an unknown term #, and the various transformations 
to which an equation is subjected aim to separate + from the 
other terms. 


50. Stating a Problem in the Form of an Equa- 
tion.—The method to be adopted when a problem is to be 
stated in the form of an equation is shown by the following 
examples: 

EXAMPLE 1—What humber must be added to 9 to give a sum of 21? 

SoLution.—Letting 4 represent the unknown number, the equation 
may be stated as follows: 


9+4=21 
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Here, 9+-r is the first member and 21 the second one. The equation 
may be solved by transposing the terms so that x» stands alone on one 
side of the equality sign. Thus, transposing 9 to the second member, 
changing the sign in so doing, the result will be 

x=21—9 
or, x=12. Ans. 

By reason of the simplicity of the equation, it may also be solved by 
inspection. In this equation the value of x must be equal to the 
difference between 21 and 9, or 12, and if x is replaced by 12, the 
equation is solved, as 9+12=21. It follows that +=12. 

ExampLe 2.—What number must be subtracted from 52 to give a 
difference of 39? 

Sotution.—If 39 is made the second member of the equation, the 
equation may be written as follows: 

§2—*#=39 

If 39 is subtracted from 52 the difference is 13, which must be the 

value of x. Hence, the complete equation is written 
§2—13=39 

As the requirement of equality between the members is complied 
with, it follows that +=13. 

Or, another way to solve this example is to transpose the terms so 
that x» stands alone on one side of the equality sign. Thus, starting 
with the equation 52—1=13, transpose —s to the second member 
and +13 to the first member, changing signs in so doing, and the 


result will be 
52—-13=+ 


or, *#=52—13=39,. Ans. 
ExAMPLE 3.—What number must be added to the sum of 24 and S$ 
to give a sum equal to that of 38 and 5? 

SoLtution —I* the first sum and x are placed in the first member and 
the second sum in the second member, the equation will be as follows: 
24+-9+ 1+=38+5 

In this example the number of terms is too great to find the value 
of «# conveniently by inspection. It is therefore preferable to trans- 
pose all the terms, except x, to the second member. This results in a 
changing of signs, and the equation will now have the following form: 

*=38+5—24—9 

When terms with like signs are combined, r=43—33; and when 33 is 

subtracted from 43, the difference is 10; hence, 
*=10. Ans. 

That the solution is correct may be proved by substituting 10 for + 

in the original equation; thus, 
24+9-+10=38+5 
or, 43=43 


5 
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EXAMPLE 4.—There are 41 barrels of oil in storage. If there were 
three times as many on the preceding day, how many were there? 
State the equation. 

SoLutTiIon.—The value of +x is evidently three times the present 
number of barrels, or , 

he +=3X41 


Hence, *#=123 bbl. Ans. 


Exampze 5.—A number when decreased by 9 is equal to 3. What is 
the number? 


SoLtution.—If x is the unknown number, the problem states that if 
9 is subtracted from x, the difference is 3. The equation is, therefore, 


x—93 
or, 4=3+9 
from which a=12. Ans. 


Example 6.—If 225 tons of coal were shipped on Tuesday, and the 
quantity was three times as much as that shipped on Monday, how much 
was shipped on the latter day? 

SoLution.—The unknown quantity + must be multiplied by 3 to be 
equal to the known amount, 225 tons. Hence, 


3 x=225 
By the rule in Art. 28, both members are divided by 3, and 
Sa _225 
3 8 
When equal numbers in the first member are canceled, the equation is 
225 
xs > 
3 
ofr, x=75tons. Ans. 


ExAMpeLe 7.—If 8 is added to the product of 9 and an unknown 
number, the sum is 71. Find the unknown number. 


Sotution.—The problem states that if 8 is added to the product 9 x, 
the sum is 71. Hence, the equation is as follows: 
9 ++8=71 
The number 8 is transposed to the second member; thus, 
9 +=71—8 
In order that x may be alone in the first member, both members are 
divided by 9. Hence, 


ee ee Go) 
9° 9 
NY VAL tae) 
or, gage ag ol: Ans. 


EXxAMPLe 8—The area of a triangle is 92 square inches and its base 
is 40 inches. What is its altitude? 
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So.tution.—According to the principles of mensuration, the area of a 
triangle is equa! to half the product of its base and altitude. The area 
is given as 92, the base as 40, and the altitude, which is to be found, may 


40 x : = i — 
be represented by +. Then 92=—,- from which 92=20 x or 20 +=92, 


92 
and r= 79 = 4.6 Die Aes: 


Exampte 9.—A rectangle has an area of 15.2 square inches. If its 
width is 6 inches, what is its length? 

SoLuTion.—From mensuration it is known that the area of a rec- 
tangle is equal to the product of its length and width. If A=area, 
b=width, and +=length, the following equation applies: 

A=b x 

When both members are divided by b to have x alone in one member, 
the equation is: 

A_bx 
b »b 

Equal letters in the second member are canceled and the equation 

will be 


a 
a 
or, = 
b 
The given values are then substituted, or A2=15.2 and b=6, and 
aie 
og 
from which x=2.53 in., nearly. Ans. 


51. Clearing an Equation of Fractions.—The process 
of clearing an equation of fractions is most important, and it 
should be thoroughly understood. The principle on which the 
process is based will be explained by means of an example. 
Suppose, for instance, that the value of x is to be found in the 
equation 

ee 
+ 


It has been explained that both members of an equation may 
be multiplied by the same number without changing the equality 
of the members. If both members of this equation are mul- 
tiplied by a number that will contain each denominator without 
a remainder, as 6, 12, or 18, the denominators can be canceled. 
If 6 is used as a multiplier, the equation becomes 
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Ost sO 


from which by cancelation 3 ++2 #=150 
5 .4#=150 
=U, ANS: 


: : : Vv 
In this example, 6 is the least common denominator of 5 


a 


and 3 and in clearing an equation of fractions the least number 


that can be used as a multiplier is the least common denomina- 
tor of all the fractions in the equation. 
From this example the following rule is derived: 


Rule.—Any equation can be cleared of fractions by multi- 
plying both members by the least common denominator of the 


fractions. 
: : Pa ioe ee 
EXAmMpLe 1.—Find the value of x in the equation 3 +5 =45. 
So.ution.—According to the rule, both members are multiplied by 
the least common denominator, which is equal to 3X5=15,. Thus, 


Ibe, Moe 
a ae ge 15X45 


The denominators may now be canceled by dividing the numerators 
by 3 and 5, respectively; thus, 
5X2 a+3 #=15X45 


or, 10 443 4£=15X45 
13 r=15X45 
= eae it te Ans 


; ' see 30) Bor 
Exa mp_Le 2.—Find the value of + in the equation ata 763. 
o 


So.tution.—The least common denominator is equal to the product 
237, or 42. All the terms are therefore multiplied by 42 and the 
equation becomes 

42% ,42x% 42x 
a ee) 
from which, by cancelation, 
21 «+14 +—6 +=42 X63 


‘ 


or, 29 +=42X 63 


42X63 : 
and t=~ 79 =91,5. Ans. 


=42X 63 
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Examp.e 3.—Find the value of x in the equation So ee 

Sotution.—The least common denominator is 12, and when all the 
terms are multiplied by 12, the equation is 

2 SS 
from which, by cancelation, 
4 (4 +1) +3X2 +=564—24 x 

When the parenthesis is removed and the necessary multiplications 
are performed, 4 ++4+6 1=564—24 +. 

The terms —24 + and 4 are now transposed and their signs changed ; 


=12%47—12X2 « 


mes: 4 x+6 x-+24 1=564—4 
When like terms are combined, 
34 +=560 
from which LS n= =167;. Ans. 


Exampce 4.—Solve the equation Qx+e=8+3 to find the value of x. 
Sotution.—The equation is multiplied by the least common denomi- 
ies : 
nator, whichis (5.7 hus: 15X2 a+—g"=15X $+ 15X¥. 
Next, cancel, and 15X24#+3 ¥=5X2+3X3. Then perform the mul- 
tiplications, and 304+34=10+9, from which 337=19 and +=35. 
Ans. 
627s 


EXAMPLE 5,—Find the value of x in the equation —“~_=— 
Maino 
Sotution.—The least common denominator here is the product of 
the two denominators, or (1+3)+. When each term of the equation 
is multiplied by this quantity the result is 
32 (43) # 18 (a3) x 
et a 
The common factor ++3 can be canceled from the numerator and 
denominator of the first member and the common factor x can be 
similarly canceled from the second member. The equation will then be 


32 +=18 (4+3) 
When the terms in the parenthesis are multiplied by 18, the equation 
becomes 32 +=18 x +18X3 


When the term +18-r is transposed to the first member it becomes 
—18 4 and the equation then is 


32 +—18 +=18X3 


from which 14 +=54 


and 4=312=37. Ans, 
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52. Order of Steps in Solving Equations.—The 
successive steps to be taken in solving an equation, that is, in 
finding the value of the unknown quantity, are as follows: 

1. Clearing of fractions. 

Transposing terms. 


to bo 


Combining like terms. 

4. Dividing both members of the equation by the coefficient 
of the unknown quantity. 

Sometimes the terms are transposed before the clearing of 
fractions, as in the following example 2. 

EXAMPLE 1.—Find the value of x in the equation 9 +—9=5 ++7. 


SoLuTion.—It was stated in Art. 20 that if a term is without a 
sign, a plus sign is understood; thus, 5 x and 9 w represent +5 » and 
1 Ot 

When the unknown terms are transposed to the first member, the 
known terms to the second member, and the signs of the transposed 
terms are changed, then 


9 +—5 4=7+9 
from which 4 +=16 
and x=4, Ans. 


ExaAmpLe 2.—Find the value of the unknown quantity y in the equa- 
tion 6+4 y=8+3 y. 

SoLution.—The unknown term }y is first transposed to the first 
member, and the known term 6 to the second member, both with signs 
changed, and the equation is then 

4 y—$ y=8—-6=2 
The members are now multiplied by the least common denominator, 


which is 6. Thus, 


6 6. 
=y—= y=6X2 
2 oi 

By cancelation, 3 y—2 y=12 

from which y=12. Ans. 

ExAMPLeE 3.—Find the value of x in the following equation: 

1-3, rt7_¢ 
1S 17 


SoLtution.—The equation is cleared of fractions by multiplying the 
terms by the least common denominator of the fractions, 15X17. Thus, 
XY (2-9) 8X 15X17 
The denominators can now be canceled, giving 


Lio aS Gea = 8X 150017 


40) FORMULAS §8 


When the multiplications are performed the equation becomes 
17 e—51+15 ++105=2,040 


The known terms are now transposed to the second member, 


17 ++-15 x=2,040+51—105 


from which 32 +=1,986 
and a =o, Ans. 


ExAMpLe 4.—An iron pipe 42 feet long is cut into two parts, one 
being 5 times as long as the other. How long is each part? 

Sotution.—lf the shorter part is indicated by +, the other part must 
be 5 4, as it is five times as long as the short part. The sum of these 
parts, or 5x +2, must be equal to the total length of the pipe, or 42 ft. 
Hence, the equation is written as follows: 


5 we ta=42 
from which 6 «=42 
42 
and x=—=7 ft. 
6 


The shorter part is therefore 7 ft., and the longer part 5X7=35 ft. Ans. 


Examp ce 5.—Find the value of x in the following equation: 
46 23 
at3) 4 
Sotutron.—To clear of fractions the members are multiplied by the 
common denominator (4+3) x; thus, 


46 (e3) #23 (v3) ¢ 


eta) x 


The factor ++3 is now canceled from the fraction of the first mem- 
ber and « from the fraction of the second member, giving 
46 x=23 (4+3)=23 x +69 
The term +23 x is now transposed; thus, 
46 +—23 +=69 


from which EGAN) 
69 
and = 52=3. Ans. 
Exampce 6.—F'ind the value of x in the equation sega Cite dS 
PNA) Yi 


SoLution.—The least common denominator of all the fractions in 
this example is equal to the product of the denominators, or 2X5X7 
=70. When both members are multiplied by 70, the result is ; 


704 70%, 70 r_ 
at git ge SeONls 
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£ 


By cancelation, 35 +14 4+10 +=70X15. 
from which 59 «=70X15 


70X15 
and ie oS nearly. Ans. 


EXAMPLES FOR PRACTICE 


1. Find the value of the unknown quantity # in the following 
equations : 


(a) 11 a+l4=56—3 x. (a) x= 3 
(6) 27 #—127=11—-19 x. (b) += 3 
(c) 34+44-+-5 4=6 ++72. (c) r=12 
os Ans. 
(d) #—3=4 wa) 2 14 
. 54 42 
AN) fee -=14 
(e) megs, (e) # 
2. Ii ++3a=81, and a=17, what is the value of +? Ans. +=30 
3. Find the value of + in the equation atatead: Ans. +=60 
3 ! 
4. When 3 +2 a=2 a+24, what is the value of x? Ans. +=8 


APPLICATION OF FORMULAS 


SOLUTIONS OF SIMPLE STANDARD FORMULAS 


TRANSFORMATION OF FORMULAS 
53. Formulas Requiring Transformation.—Equa- 
tions which express relations between known and unknown 
quantities in such a way that the values of the unknown quan- 
tities can be determined are very useful in engineering work 
and in many business and accounting problems. The 
formulas used in mathematical work are equations which 
express, briefly and concisely, rules or methods which would 
be difficult to understand and apply if expressed in words. 
The use of formulas to solve problems has already been illus- 
trated in the solutions of previous examples of equations, but 
other examples will make still more clear how transformations 
must sometimes be made. 
1 LT 271B—20 
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If a formula always were in the form most suitable for the 
purpose in view, the application of formulas would be very 
simple. But the conditions are frequently such that the 
formula cannot be used in its original form; often one of the 
quantities that are supposed to be given is unknown and must 
be found. It is then necessary to transform the formula ; that 
is, a new formula must be found, based on the given formula. 
It is in such cases that the knowledge of how to transform an 
equation is particularly advantageous. A simple example will 
show the necessity and the advantage of such transformations. 


54. Example of Transformation.—The following rule 
is applied in mensuration: “The volume of a right pyramid 
or a right cone equals the area of the base multiplied by 
one-third of the altitude.’ This rule may be expressed by a 
formula, as follows: 


fas (1) 


in which V =volume, in cubic inches; 
a=altitude, in inches; 
b=area of base, in square inches. 


Or, if a is taken as the altitude in feet and b as the area of 
the base in square fect, then V will be the volume in cubic 
feet. 

The formula, as stated, gives the volume of the pyramid; 
but, the conditions may be such that the volume and the alti- 
tude are known quantities, and that it is necessary to find what 
base area will give the required volume. The formula must 
then be transformed, so that the symbol b is alone on one side 
of the equality sign, preferably at the left. 

To make this transformation both members of formula 1 
are first multiplied by 3; thus, 
3ab 

3 


The 3 is canceled from the second member, thus: 


3V=ab 


w= 
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Both members are then divided by a, thus: 
3V _ab 
@ a 


and the a is canceled from the second member, giving 


or, b= — (2) 


The formula will now give the required area of the base, if 
the volume and altitude are known. 

Should it, on the other hand, be necessary to calculate the 
altitude of a pyramid with a given volume and base area, 
formula 1 must be transformed so that the symbol a consti- 
tutes the first member of the formula. 

The various steps to be taken are about the same as in the 
preceding case. Thus, both members are multiplied by 3, 


3ab 
3V a a 
The 3 is canceled from the second member, thus: 
. 3V=ab 
Both members are now divided by b, giving 
3 oe ab 
b b 
and b is canceled in the second member, thus: 
a 
; aia 
of, a= 8) 


Formula 1 is thus used as a basis for developing two new 
formulas to serve other conditions. 

ExampLe.—The volume of a pyramid must be equal to 220 cubic 
inches. If the altitude is 18 inches, what must be the area of the base? 


Sotution.—By formula 2, with the given values, V=220 and a=18, 


substituted, the formula is: 
: p39 X220 


18 
. 220 i oe 
from which b= 6 =36.67 sq. in., nearly. Ans, 
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FORMULAS RELATING TO ELECTRICAL AND STEAM 
ENGINEERING 


55. Scope of Examples.—A series of examples will now 
be given showing how transformations are made in some of 
the formulas that may be encountered in succeeding Sections. 
It is to be borne in mind, however, that the formulas are chosen 
merely as examples to show how they and similar formulas 
may be applied; no knowledge of the practical application is 
required in connection with the examples. 


56. Ohm’s Law.—One of the fundamental formulas of 
electrical engineering is known as Ohm/’s law, which states 
the relations between the strength of an electric current, its 
pressure, or electromotive force, and the resistance of the 
electric circuit. 

Let J=current strength, in amperes ; 

E=electromotive force, or pressure, in volts; 
R=resistance, in ohms. 


B 
en, I R (1) 
If both members of the equation are multiplied by FR, then 
IR= = 
By cancelation, IR=E 
or, E=IR (2) 
If the members of formula 2 are divided by J, 
— 
aE 
By cancelation, a= 
Or, R= 7 (3) 


Exampce 1.—The electromotive force of a current is 3 volts. If the 
resistance of the electric circuit is 15 ohms, what is the current strength, 
in amperes? 


e 
) 


x E 
SoLuTIoN.—By formula 1, I=3 and, with the known values sub- 


stituted, l=T 54 ampere. Ans. 
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EXAMPLE 2.—What is the resistance of an electric circuit in which a 
pressure of 110 volts produces a current of 10 amperes? 
E_ 110 
T1060 
Examp_e 3.—In an electric circuit of 8 ohms resistance flows a cur- 
rent of 6 amperes. What is the pressure, or electromotive force? 
So.ution.—By formula 2, E=J R=6X8=48 volts. Ans. 


SoLution.—By formula 3, R= =11 ohms. Ans. 


Grd — * x 

v4. Steam-Engine Formula.—The rule for finding the 
horsepower of a steam engine is generally given in the following 
form: 


Rule.—The horsepower of an engine equals the product of 
the average steam pressure on the piston, in pounds per square 
inch, the length of the stroke, in feet, the area of the piston, 
in square inches, and the number of strokes per minute, divided 
by 33,000. 

This is a very simple rule and easy to remember, yet it is 
more common to express it as a formula, which is usually 
written thus: 

2 InN 1 
~33000 =F) 


where H=horsepower of engine; 


H 


P=average steam pressure per square inch of piston; 
L=length of stroke of piston, in feet; 

A =area of piston, in square inches ; 

N=number of working strokes of piston, per minute. 

The number 33,000 is known as a constant, because it is a 
fixed value used in power calculations. Various constants are 
employed in formulas. 

In order that the horsepower of an engine may be found, it 1s 
necessary to know the average steam pressure per square inch 
of the piston; the area of the face of the piston, in square 
inches; the length of the stroke of the piston, in feet; and the 
number of working strokes of the piston, per minute. In prob- 
lems relating to the steam engine, the stroke is often given in 
inches and then it must be reduced to feet, by dividing by 12, 
when used in the formula. The number of revolutions per 
minute is usually given instead of number of strokes, in which 


46 FORMULAS § 8 


case the number of revolutions must be multiplied by the num- 
ber of working strokes per revolution, which in the following 
examples is equal to 2. It is also customary to give the diam- 
eter of the cylinder instead of its area. As the piston is cir- 
cular, its area must be found from the rule given in a preceding 
Section, namely, the area of a circle 1s equal to .7854 times the 
square of the diameter, which is more easily remembered as the 
formula, 
A=.7854 D? (2) 
in. which A =area of circle, in square inches ; 
D=diameter, in inches. 

Exampie.—What is the horsepower of an engine, if the piston is 
20 inches in diameter, the stroke 36 inches long, the average steam 
pressure 40 pounds per square inch, and the engine makes 80 revolu- 
tions per minute? 

SoLtution—In order to apply the formula for horsepower, it is 
first necessary to find the area of the piston. By formula 2, A4=.7854D’ 
=.7854X 20 X20=314.16 sq. in. L, the length of the stroke, must be 
reduced to feet; hence, L=36+12=3 ft. The number of strokes per 
minute NV is 80X2=160. P=40 Ib. per sq. in. Hence, when these known 
values are substituted in formula 1, 


403 314.16 160 a 
33.000 == 182./Oubd, 1. 2am, 


58. Transformation of Steam-Engine Formula. 
Sometimes the horsepower of the engine is given, and likewise 
the average steam pressure, the length of the stroke, and the 
number of revolutions per minute, and it is required to find 
the diameter of the steam cylinder. In that case, formula 1, 
Art. 57, must be transformed so that the area A, which gov- 
erns the diameter, will be in the first member, or on the 
left-hand side of the formula, and the other terms on the right- 
hand side. 

Both sides of the formula are multiplied by 33,000, and 


PLAN 
33,000 H = “33,000 9 99:000 
from which, by cancelation, 33,000 H=P LAN. 
Both members are then divided by P LN, thus: 
33000 PF DAN 
PLN Fay 
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By cancelation of P L N in the second member, 
Se,000 47 

PEN — 

33,000 H 

or, = 
aa a 


The area can now be found from formula 1, and subse- 


(1) 


quenily the equivalent diameter from formula 2, Art. 573 but 
it is more convenient to substitute the latter formula for 4 in 
the formula just found, as these A4’s represent the same thing. 
33,000 H 
Pion 

Both sides of the equation may now be divided by .7854; 
thus, 


Thus, Fo IO 


1854 D* 33,000 # 

854.7854 P LN 

54, 

p2=_33,000 H_ 
Loon oN. 

and by dividing .7854 into 33,000, 


Ei 
By cancelation of .78 


The square root of both members can now be extracted 
according to Arts. 17 and 18, giving 
: 42,017 H 
VD=\ PLN 


The term \D?=D; 
42.017 H 
thus, D= ie 
The square root of 42,017 is 205, nearly ; hence, 
H BS 
=a ix = . (2) 
Dee J PLN 


This is read D equals 205 times the square root of Y over 
P iW, 


EXAMPLE—What should be the diameter of 
100-horsepower steam engine to work with a mean effective pressure 


the cylinder of a 


of 42 pounds per square inch, a stroke of 30 inches, and make 100 rev- 


‘ 


olutions per minute? 
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Sotution—Here H=100, P=42, L=?$=2.5, and N=2xX100=200. 
When these values are substituted in formula 2, it becomes 


J es J 100 
L205 pi eo? Naa 28 one 
The first step is to simplify the fraction under the radical sign. 
100 ene 
D=205 Ny 492. § X200 = 209 V.004762 
=205 X.069=14.145 in., nearly. Ans. 


In practice, the nearest common fraction of an inch would be chosen 
instead of .145, as 4, and the answer would be 14% in., nearly. 


59. As already stated, it is possible to find the value of the 
quantity represented by any letter in a formula, if the values 
represented by the other letters are known. For example, let 
it be required to transform formula 1, Art. 57, so that the 


value of N may be found, if the other quantities are known. 


12 LAN 
First multiply both members of the formula H= 33.000 


by 33,000; thus, 
PLAN 
33,000 f= 000 
By cancelation, 33,000 H=P LAN 


To obtain N alone on one side of the equality sign, divide 
both members by P L 4; thus, 
33,000 Hi UP EAN 
Pied TP ie 


: 33,000 Ar 
By cancelation, PLA N 
33,000 H 
oe Vee 7 te 


EXxampLe.—The piston area of a steam engine is 78.54 square inches, 
the mean effective pressure is 40 pounds per square inch of piston, and 
the length of stroke is 14 feet. If the engine is to develop 60 horse- 
power, what must be the number of strokes per minute? 

SoLution—Here H=60, P=40, L=14, and A=78.54, and when these 
known values are substituted in formula 1, it becomes 


33,000 60 ‘ 
N= X14X78.54 7904.2 strokes per minute. Ans. 
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FORMULAS RELATING TO MENSURATION AND MINE 
VENTILATION 
60. Area of a Triangle.—A good example of a formula 
using powers and roots of numbers is shown in the follow- 
ing formula for finding the area of a triangle when the three 
sides are known: 


in which A=area of triangle; a, b, and c=lengths of sides. 
If a, b, and c are in inches, A will be in square inches; and 
if a, b, and c are in feet, A will be in square feet. 

EXAMPLE.—What is the area of a triangle whose sides are 21 feet, 
46 feet, and 50 feet long ? 

SOLUTION.—It makes no difference which side is represented by 
a, b, or c; hence, let a@ represent the side 50 ft. long; b, the side 46 ft. 
long; and c, the side 21 ft. long. Then, by the formula, 


b , (@+e—e\ =| 50°-+-46?—21") # 
Sea) Pe eee 

2N (2 2b 2 2x46 

46 | /2,500+.2,116—441 - 4,175\2 
“eso (S ee =23|2,500- eftls 

2 92 ) 92 


= 23 V2,500 — (45.38)?= 23 V2,500— 2,059.34=23 V440.66 
eae sq. ft., nearly. Ans. 


The operations in this example have been extended much 
further than is necessary, in order to show every step of the 
process. It will be found instructive to change the numbers 
of the different sides so that a represents either the 21- or the 
46-foot side and b and c the other sides. The values so taken 
can then be substituted in the formula and the operations per- 
formed as before; the answer will be the same as that already 
found with a slight variation depending on the number of 


decimal places to which the results are carried. 


61. Mine-Ventilation Formulas. — In calculations 
relating to mine ventilation it is necessary to ascertain the 
quantity of air flowing per minute through an airway under 
certain conditions. . The rule to be applied is as follows: 
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Rule.—The product of the sectional area of airway, in 
square feet, and the velocity of air-current, in feet per minute, 
equals the quantity of air in circulation, in cubic feet per 
miniute. 


The rule written as a formula is, 
q=av Ch} 


in which g=quantity of air in circulation, in cubic feet per 
minute ; 
a=sectional area of airway, in square feet ; 
v=velocity of air-current, in feet per minute. 
ExampLe.— What quantity of air will be delivered per minute through 
a 6X8’ airway, if the air travels at the rate of 500 feet per minute? 


So_ution.—By the preceding formula, in which the following known 
values are substituted, namely, a=6*8=48 sq. {t. and v=500, it is 
found that g=av=48 X500=24,000 cu. ft. per min. Ans. 


G2. If it is required to find the velocity of the air-current, 
when the sectional area of the airway and the circulating 
volume of air is known, formula 1, Art. G1, must be trans- 
formed in the following manner: 

Divide both members of the formula g=av by a; thus, 


ES 

a 
fone fee 
a 


ExampLe—lIf the quantity of circulating air is 24,000 cubic feet per 
minute and the airway is 6 ft.X8 ft. what is the velocity of the air- 
current, in feet per minute? 


SoLutTion.—By substituting in the formula a value for g=24,000 and 
for a=6X8=48, 


v= 4g 200 ft.per min. Ans. 


63. The rubbing surface of an airway is the entire inner 
surface of the airway composed of the roof, floor, and sides. 
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It is estimated in square feet. To find the area of this rubbing 
surface the following rule is used: 

Rule.—The area of the rubbing surface of the entire airway 
equals the perimeter, that is, the distance around the cross- 
section of the airway, multiplied by the length of the airway. 

The formula for this rule is 


S10 
in which s=area of rubbing surface, in square feet; 
J=Jength of airway, in feet ; 
o=perimeter, in feet. 
Exampie—What is the area of the surface of an airway 6 ft.X 8 ft. 
and 1,250 feet long? 


So_utTion.— Here 0=6+6+8+8=28 ft.; that is, the distance around 
the section of the airway equals the sum of the lengths of its four sides. 
The length /=1,250 ft. When these values are substituted for 0 and / in 
the formula, s=1,250X28=35,000 sq. ft. Ans. 


64. The pressure necessary to produce a certain velocity 
of air-current in an airway of given dimensions is as follows: 
Rule.—The pressure, in pounds per square foot, required to 
produce a given velocity of the air-current, equals the product 
of the coefficient of friction, the area of the rubbing surface of 
the airway, and the square of the velocity of the flow, divided 
by the sectional area of the airway. 
The rule, given as a formula, is 
J So? 
ae 
in which p=ventilating pressure, in pounds per square foot; 
k=coefficient of friction, which for mine passages 
may be taken as .00000002 ; 
s=rubbing surface, in square feet ; 
y=velocity of air-current, in feet per minute ; 
a=sectional area of airway, in square feet. 
Tt should be noted that s, v, and a of this formula represent 
the same quantities as similar letters in Arts. 61 and 63. 
Exampre—What pressure is required to produce a circulation with 
a velocity of 500 feet per minute in an airway 6 ft.x8 ft. and 1,250 feet 
long? , 
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Sotution.—Here k=.00000002, s=/ 0=1,250%28=35,000 ft., v=500, 
=500X 500=250,000, and a=6X8=48 sq. ft Hence, by the formula, 
a 00000002 X 35,000 250,000 


48 =3.646 lb. per sq. ft. Ans. 


65. At times no one formula is in a suitable form for find- 
ing a required quantity; that is, the known quantities are not 
entirely the same as those required by any formula. In such 
cases it may be necessary to combine two or more formulas to 
get one in a form suitable for employing the known quantities. 


RS : ae 
For example, the formula p=——— requires the quantities 
a 


a, s, and v to be known. If, now, instead of s and v, the quan- 
tities /, 0, and gq are known, it is possible to employ the for- 


mulas = and s=lo, Arts. G2 and 63, and by this means 


kSv? 


obtain the data required by the formula p= Thus, 


instead of using s and v in this formula, the equivalent values 
may be employed in their places. Hence, instead of s, the 


term /o is inserted and instead of v, the term q. but as v is 
a 
q 2 
squared, the term ~ must likewise be squared and written +. 
a a 


The substitution of these terms is done in the following 
manner : 
g 
» BRXlLox, 


ksv 2 2 
Rs? T =kxloxL x? = 2109 
a 


a a’ 


a a 


EXAMPLE.—What pressure is required to produce a circulation of 
24,000 cubic feet of air per minute in an airway 6 ft.X8 ft. in cross- 
section and 1,250 feet long? 

Sotution.—In this problem, q=24,000, J/=1,250, o=2(6+8) =28, 
a=6X8=48, k=.00000002. Then, by the formula just found, 


__.00000002 X 1,250 28 X 24,000 X 24,000 
p= 48X48 48 =3.646 lb. per sq. ft. Ans. 
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FORMULAS RELATING TO BEAMS AND COLUMNS 


66. Formula for Wooden Beam.—The following 
formula is used when it is desired to obtain the size of a rec- 
tangular wooden beam that will safely support a given load, 
uniformly distributed over the beam: 

CA Or 
ee 8 as G 
in which W =total uniform load on the beam, in pounds ; 
L=length, or span, of beam, in feet ; 
s=unit fiber stress of the material of which the beam 
is composed ; 
f = factor of safety ; 
b=breadth of beam, in inches; 
d=depth of beam, in inches. 


EXaMpLe—What must be the depth of a rectangular beam of yeilow 
pine to carry a total safe uniformly distributed load of 8,000 pounds, if 
the span is 15 feet and the width of the beam is 6 inches? It is assumed 
that the fiber stress s is 7,000 pounds per square inch, and that the 
factor of safety f is 6. 

Sotution.—The formula 2 . L =e may be written 


=—-———. As d is the unknown quantity, the formula should be trans- 


BWL 
8 


formed so that d is alone on one side of the equality sign. 

Multiply both members by the least common denominator, 24f, to 
clear of fractions, and obtain. 

IZWLX24f bd’sx24f 
8 a of 

from which 36W L f=4bd’s 

Now divide both members by 40s in order that d* may be alone in 
the second member. 


36W LF 4bd’s 


Abs 4b 
from which IWLT_ op 
bs 
eee 
eee Ue bs 
and d= OW LF 


bs 
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In the example, 1’=8,000, L=15, f=6, b=6, and s=7,000. When 


these values are substituted 


jay 000 X 156 
6X 7,000 
from which d= nS ¥154.29=12.4 in. . Ans. 


As 12.4 in. is not a stock size of timber, the next larger stock size, 
which is 14 in., should be chosen. 


67. Reinforced-Concrete Columns.—The following 
formula may be used for designing reinforced-concrete 
columns: 


P=2(Atna) 


in which P=total load on the column, in pounds ; 
=ultimate unit stress in the concrete, in pounds ; 
f=factor of safety; 
A=area of concrete in column section, in square 
inches ; 
n=ratio of modulus of elasticity of steel to modulus 
of elasticity of concrete, which is about 15; 
a=area of steel in column section, in square inches. 
Examp_e—Design a reinforced-concrete column to withstand safely 
a load of 100,000 pounds. If S=2,000 pounds, n=15, and f=5, what 
must be the sectional area of the concrete and steel, if the sectional 
area of the steel is 3 per cent. of that of the concrete? That is, 


3 
a=7099 4 
SoLution 1.—In this problem there are two unknown quantities, 
A and a; but, as a is equal to 730 A, the latter value may be sub- 
stituted for a in the formula; thus, 
& on 
Dae (Ati 4) 
To transform the formula, divide both members by S and multiply 


by f; thus, 
PEST (448 4) 


Se Si 100 
; | ah a BOL. 
from which cr = 5a A . 
To remove the denominator 100, both members are multiplied by 100; 
thas, = 100. 44100%3 n A’ 


100 


5D 
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After cancelation of the equal factors 100 in the last fraction, the 


PF 


by Aig : 100 
equation is written —~s—-=100 A+3n A. 


Since the terms in the second member have a common factor A, 
the terms may be arranged as follows: 4(1004+3n). The formula is 
now 


= (100+-3n) 


Now divide the members by 100-++-3n and then cancel, thus: 
— 100P fF 
¥ (100-3) > 
LOOM Ff 
S (100+37) 
The given values can now be substituted; then, 


100% 100,000%5 __5,000_ 


100 P f 
= 


or, A= 


A= , : 2 : 
oss) 2° oe 
poles 
ae =F soy And, 
a 109% 172-4! Sl Gate, ONES 


SoLutTion 2.—At times the solution may be simplified by using the 
formula in its original form and substituting, at once, the known quan- 
tities. In this case, the transformation of the formula is postponed 
until it is reduced to its simplest form. 

For example, the known values may be substituted in the formula as 
it was first given; thus, 


100,000= 2000 (4-+15 0) 


Since a= —_ A, the latter value is eee in the equation; thus, 


100,000=7"°(. ATS A) 


5 ae 
ie 100,000=400 (. fae = x 1) 
Both members can now be divided ie 400, 
250= At 
from which, by reducing the A’s to the same denominator and adding, 
~. 100-4 AS A 14s 
250= “00 + 100 i094 149 4 
or, al 45 A 
Hence, A= =172.41 sq. in. Ans. 


a 
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EXAMPLES FOR PRACTICE 


1. What is the area of a circle 17 feet in diameter? Ans. 227 sq. ft. 


2. What is the horsepower of a steam engine having a single cylin- 
der 18 inches in diameter and 30 inches long using steam on both ends, 
running at 84 revolutions per minute, with a mean effective pressure of 
45 pounds per square inch? Ans. 145.74 H. P. 


3. If 80,000 cubic feet of air flows through an 8X8’ airway, what 
is the velocity of flow? Ans. 1,250 ft. per min. 


4. What is the surface of an 8X8’ airway 1,600 feet long? 
Ans, 51,200 sq. ft. 


5. A current of 20 amperes is flowing under a pressure of 220 volts. 
What is the resistance, in ohms, of the electric circuit? Ans. 11 ohms 


dtc 


6. In the formula eae substitute the following values: d=10 


fod 


, a Ps ( 
c=2. What is the value of r? Ans. *=39 
7. The formula for finding the area A of a segment of a circle is 


442 |[D 
A= 3 a —.608. If D, the diameter of the circle, is 54 inches, and h, 


the height of the segment, is 20 inches, what is the area of the segment? 
PGase, Py Meson shaky 


8. The formula for finding the surface area of a sphere is A4=D? 
3.1416. Ii D, the diameter of the sphere, is 14 inches, what is the area? 
Ans, 615.75 sq. in. 


CUBE KOOT 
EXTRACTION OF CUBE ROOT 


METHODS AVAILABLE 


INTRODUCTION 


1. Definition.—The cube root of a number is one of the 
three equal factors of that number. For example, 4 is the cube 
root of 64, because 4*4X4=64; that is, 4 is one of three 
equal factors that, when multiplied together, produce 64. 
Similarly, 3 is the cube root of 27, because 3X3X3=27. 
Again, 2 is the cube root of 8, because 2X2X2=8; 6 is the 
cube root of 216, because 6X6X6=216; and so on. 


2. Indicating Cube Root.—The cube root of any num- 
ber is indicated by writing the radical sign (J) in front of it, 
the vinculum (——) over it, and the index figure * above and to 
the left of the radical sign. For example, “125 indicates the 
cube root of 125; 15.625 indicates the cube root of 15.625; 
{2 indicates the cube root of #5; and so on. 


3. Extracting Cube Root.—The operation of finding 
the cube root of a number is called the extraction of the cube 
root; that is, the cube root of a number is extracted when one 
of the three equal factors of that number is found. The 
extraction of the cube roots of numbers must frequently be 
done in the solution of certain kinds of problems that are met 
with in engineering work. For this reason it is necessary that 
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instruction be given as to how to find the cube roots of 
numbers. 


4, Methods of Finding Cube Root.—There are a 
number of different ways in which the cube root of a number 
may be found, but in this Section only three methods will be 
described. These will be called (a) the trial-and-error method, 
(b) the table method, and (c) the exact method, and they will 
be described in detail in later articles. 


5. Significant Figures.—In any number, the figures 
beginning with the first digit at the left and ending with the 
last digit at the right, are called the significant figures of 
the number. Thus, the number 405,800 has the four signifi- 
cant figures 4, 0, 5, 8; and the number .000090067 has the 
five significant figures 9, 0, 0, 6, and 7. A cipher is not a digit. 
Consequently, if a number begins or ends with ciphers, they 
are not considered in determining the significant figures of 
that number. But if ciphers occur between digits, as in the 
numbers 2,807 and 21.03, they are then considered as significant 
figures. 

The part of a number consisting of its significant figures is 
called the significant part of the number. Thus, in the 
number 28,070, the significant part is 2807; in the number 
.00812, the significant part is 812; and in the number 170.3, 
the significant part is 1703. 

The significant figures or the significant part of a number 
consists of the figures, in their proper order, from the first 
digit at the left to the last digit at the right, without regard 
to the position of the decimal point. Hence, all numbers that 
differ only in the position of the decimal point have the same 
significant part. For example, .002103, 210.3, 21,030, and 
210,300 have the same significant figures 2, 1, 0, and 3, and the 
same significant part 2103. 


6. Exact and Approximate Cube Roots.—Only a 
comparatively few numbers can be separated into exactly equal 
factors. For example, considering all the numbers from 1 to 
1,000, there are only ten of which the exact cube root can be 
found, namely, 1, 8, 27, 64, 125, 216, 343, 512, 729, and 1,000. 
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All the other numbers between 1 and 1,000 have only approxi- 
mate cube roots; that is, their cube roots cannot be found 
exactly, because those roots will contain unending decimals. 
For example, suppose that the cube root of 50 is to be found. 
There are no three equal numbers that, if multiplied together 


? 


TABLE I 
PERFECT CUBES AND EXACT CUBE ROOTS 


| Cube | Cube | Cube 


Number Boat Number oo) Number oer | Number Root 
I 1 17,576 | 26 | 132,651 | 51 | 438,076] 7 
8 2 19,683 27 || 140,608 52 | 456,533) 77 
27 3 21,952 28 | 148,877 53 || 474,552] 78 
64 4 24,389 | 29 | 157,464 | 54 | 493,039] 79 
125 5 27,000 30 166,375 55 512,000 | 80 
216 6 29,791 31 175,616 56 || 531,441 81 
343 7 32,708 2 185,193 | 57 551,368 | 82 
512 8 351937 | 33 195,112 58 | 571,787] 83 
729 9 39,304 34 205,379 59 592,704 | 84 
1,000 10 42,875 35 216,000 60 || 614,125 85 
Tie hey II 46,056 36 226,981 61 | 636,056 86 
i728) 12 50,653 37 || 238,328 62 || 658,503 87 
2,197 13 54,872 38 250,047 63 || 681,472 88 
2,744 14 | 59,319 | 39 || 262,144 | 64 704,969 | 89 
Daas 15 64,000 40 274,025 65 || 729,000] 90 
4,096 16 68,921 41 || 287,496 66 || 753,571 gI 
4,913 ny 74,088 A2 300,763 67 | 778,688 2 
5,832 18 79,597 43 314,432 68 || 804.357] 93 
6,859 19 85,184 44 328,509 69 830,584) 94 
8,000 20 || 91,125 45 | 343,000 70 | 857,375 | 95 
9,261 21 97,336 | 46 || 357,911 71 | = 884,736 | 96 
10,648 22 103,823 47 || 373,248 72 912,673 97 
12,167 23 110,592 48 389,017 73 || 941,192] 98 
13,824 24 117,649 49 || 405,22 74 |) 970,299 | 99 
15,625 25 125,000 50 421,875 75 | 1,000,000 | 100 


will produce 50; but 3.6 is an approximate cube root of 50, 
because 3.6X3.6X3.6=46.656. If the root is carried to another 
decimal place, or made 3.68, the result is even better, because 
3.68X 3.68 X 3.68 = 49.836032, which is very close to 50. If 
another decimal place is added and the root is made 3.684, the 
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accuracy is still further increased, because 3.684 3.684 3.084 
= 49998717504. But no matter to how many decimal places 
the root may be extended, the cube of that root will never be 
exactly 50, although it will approach nearer and nearer to 50. 
If an exact root cannot be found, therefore, the approximate 
root should be carried to as many significant figures as the 
accuracy of the solution demands. 


%. Table I shows all the numbers between 1 and 1,000,000, 
inclusive, that have exact cube roots, these roots being the 
whole numbers from 1 to 100, inclusive. The larger numbers 
are the cubes of the corresponding smaller numbers, and any 
number that is a perfect cube has an exact cube root. 


8. Preliminary Steps in Finding Cube Root.— [f 
the cube root of a number is to be found, the first step is to 
point off the number into periods of three figures, beginning 
with the units place if the number is a whole number, and at 
the decimal point if the number is a decimal. If it is a mixed 
number, the pointing off is begun at the decimal point and is 
carried to the right and to the left. These instructions may 
be made clear by illustrative examples. Suppose, for example, 
that the cube root of 405,224 is to be found. The number is 
pointed off into periods, or parts, containing three figures, 
beginning at the right, or at the units place. When thus 
pointed off, which may be indicated by prime marks ’ or by 
commas, the number becomes 405’224. The reason for point- 
ing off in this way is to determine how many figures there are 
in the root. For every period, or part, there will be one figure 
in the root; and as 405/224 contains two such periods, the cube 
root consists of two figures. Table I shows that the cube root 
of 405,224 is 74, which consists of two figures. 


9. It may happen that, when the number whose cube root 
is to be found is pointed off, the first period at the left will 
contain one or two figures instead of three. In stich a case, the 
one or two figures are considered as a full period. For 
example, suppose that the number whose cube root is to be 
found is 91,125. When pointed off it becomes 91’125, and as 
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the first two figures constitute a period, there are two periods 
in the number, which indicates that the cube root contains two 
figures. Table I proves the correctness of this conclusion, as 
the cube root of 91,125 is 45. 

If the number 5,832 is pointed off, it becomes 5’832, in 
which the first period contains but one figure. However, as 
there are two periods, the cube root contains two figures. 
Reference to Table I shows this to be the case, as the cube 
Foot Of 5,832 is 18. 


10. If the number whose cube root is to be found is a 
decimal, it is divided into periods of three figures each, 
beginning at the decimal point. In case the last period at the 
right contains only one or two figures, ciphers must be 
annexed until the period has three figures. The cube root 
then contains as many figures, following the decimal point, as 
there are periods in the original number. Annexing ciphers 
to the right of a decimal, as explained in a preceding Section, 
does not alter the value of the decimal in any way. It is 
done in this connection simply to fill out the period that con- 
tains less than three figures. For example, if the cube root of 
.14625 were required, it would be pointed off thus, .146/25, 
and as the last period has only two figures, a cipher would be 
annexed, making .146’250. As this number contains two 
periods, the cube root of it will be a decimal and will contain 
two figures, one for each period; but as the number .14625 is 
not a perfect cube, its cube root will not be exact and so the 
root may be carried to any desired number of decimal places, 
according to the accuracy required. This is done by annexing 
extra periods of three ciphers each. 


41. If the cube root of a mixed number is to be found, 
the number is divided into periods of three figures each, begin- 
ning at the decimal point and proceeding in each direction. If 
the last period at the right has less than three figures, ciphers 
are annexed as in the case of a decimal number. For example, 
suppose that 1,274.4285 is the number to be considered. When 
pointed off it becomes 1’274.428’5, and ciphers must be annexed 
to the last period at the right, giving 1’274.428’500. As there 
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are four periods, the root will contain four figures, two pre- 
ceding the decimal point and two following it. In the number 
just considered, the decimal point serves to separate the second 
and third periods, and no other mark of separation is needed, 


TRIAL-AND-ERROR METHOD 


12. Roots of Whole Numbers and Decimals.—In 
solving practical problems that require the finding of cube 
root, it is usually not necessary to obtain the root to more 
than four significant figures, and in most instances three 
significant figures will be enough. Tor such approximate cal- 
culations, therefore, a simple way of finding the cube root of 
a number is by trial and error. As explained in Art. 1, the 
cube root of a number is one of the three equal factors that, 
when multiplied together, will produce the number. The trial- 
and-error method, therefore, consists simply in assuming a root 
and cubing it. If the product is greater than the number 
whose root is to be found, the assumed root is made smaller 
and the cubing operation is repeated. By making a number of 
trials in this way, eventually a root is found that, when cubed, 
will give a product very nearly equal to the given number. 
That root is then taken as the cube root of the number. The 
method may be illustrated most clearly by examples and their 
solutions. 

Examp.Le 1.—Find the cube root of 4,913 by the trial-and-error 
method. 


SoLution.—The number is first pointed off into periods, as explained 
in Art. 8, which gives 4913. As there are two periods, the cube root 
contains two figures. The first period consists of one figure, 4. Now, 
the first figure of the root cannot be 2, because 2X2X2=8, which is 
much greater than 4. The smallest root of two figures, beginning 
with 2, is 20, and 20°=2020X20=8,000, which is considerably greater 
than the given number, 4,913. So it is plain that the root must be less 
than 20. Suppose that 18 is assumed; then, 18X18X18=5,832, which is 
also somewhat larger than 4,913, showing that the root must be less than 
18. Hence, 17 is chosen; then 17X17X17=4,913, the given number. 
Therefore, 17 is the exact cube root of 4,913. Ans. 


ExampLe 2.—By the trial-and-error method find the cube root of 
12,764. 
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So.uTiIon.—When pointed off properly, the number becomes 12’764. 
Reference to Table I shows that the first figure of the root must be 2, 
because 2°=8, which is less than 12, the first period, whereas 3°=27, 
which is greater than the first period. If 12’764 has an exact root, 
there must be two figures in it, because the number has two periods, 
and it has just been shown that the first figure is 2. So, let 22 be chosen 
as a trial root; then, 22X22X22=10,648, which is less than 12,764, 
showing that the root must be greater than 22, Let 23 be chosen next; 
then, 23X23X23=12,167. This is also less than 12,764. So let 24 be 
chosen; then, 24X24X24=13,824. This is considerably larger than the 
given number, 12,764, and indicates that the cube root cannot be 24. 
But it was also found that 23 was a little too small. Therefore, the 
root must be greater than 23 and less than 24. So, take 23.4 as a trial 
root; then, 23.423.4X23,4=12,812.904. This is also larger than 12,764, 
showing that the root must be less than 23.4. Let 23.38 be chosen; 
then, 23.38X23.38 X23.38=12,780.078472, which is so close to 12,764 that 
it may be considered approximately equal to it. Then, 23.38 is the cube 
root of 12,764, very nearly. Ans. 


Exampie 3.—What is the value of ~/.0837 by the trial-and-error 
method? 


So_ution.—The number is first pointed off, and ciphers are annexed 
to complete the last period, giving .083’700. The given number is 
wholly decimal and so the root will be wholly decimal. As there are 
two periods, there will be two figures following the decimal point in 
the root, if the root is exact, and more if the root is not exact. The 
fitst period contains the number 83. Reference to Table I shows that 
the first figure of the root must be 4, because 4°=64, which is less than 
83, whereas 5°=125, which is greater than 83. Hence, it is known that 
the root must be a number greater than 40. Let .45 be assumed; 
then, .45.45X.45=.091125, which is greater than .0837, showing that .45 
is too large. So .44 is chosen as a trial value; then, 44*.44x.44 
=,085184, which is still too large. The root must therefore be less 
than .44. So .43 is assumed; then, .43X.43%.43=.079507, which is 
smaller than .0837, indicating that the root must be greater than .43. 
Therefore, it is known that the root lies between .43 and .44. Let .437 
be tried; then, .437X.437 X .437=.083453453, or .0835, very nearly. ‘This 
is so close to .0837 that, for all practical purposes, it may be said that 


4/0837=.437. Ans. 

Examp.e 4,—Find the value of 442,800 to four significant figures 
by trial and error. 

Sorution—When pointed off, the number becomes 442’800, The 
first figure of the root must be 7, because 7°=343, which is less than 
442, the first period, whereas 8'=512, which is larger than 442. As the 
given number has two periods, the root will have two figures preceding 
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the decimal point. Let 76 be chosen for the first trial; then, 76X76X76 
=438,976, which is less than 442,800, indicating that the root must be 
greater than 76. If 77 is tried, it is found to be too large, because 
77°=456,533, which exceeds 442,800. Therefore, the root hes some- 
where between 76 and 77. As 438,976 is closer to 442,800 than is 
456,533, the root is closer to 76 than to 77. So, let 76.3 be chosen as a 
trial value; then, 76.3°=444,194.947, which is larger than 442,800, indi- 
cating that 76.3 is too large. If 76.2 is tried, it is found that 76.2° 
=442 450.728, which is a trifle smaller than 442,800, but very close to it. 
It is concluded, then, that the root is between 76.2 and 76.3, but not 
much greater than 76.2. Take 76.21 as a trial value, and 76.21° 
=442,625, very nearly. This is still less than the given number, so 70.22 
is tried as the root. Then, 76.22°=442,799, which is so nearly equal to 
442,800 that 76.22 may be considered as the required root, to four 
significant figures. Ans. 


13. Roots of Numbers Containing Fractions.—lf 
the number is a fraction or if it contains a fraction, the simplest 
way of treating it is to reduce the fraction to a decimal and then 
proceed as in the preceding examples. For example, suppose 
that the cube root of 3 is to be found by trial and error. 
Reduce the fraction to a decimal, thus: 3=3+8=.375. Then, 
the cube root of .375 is found by the method already explained, 
and the result thus obtained is the root of 2. If the cube root 
of a number like 17%; is to be found, the fractional part is 
reduced to a decimal; thus, #4 =26+47=.5532. The entire 
number then becomes 17.5532, and the root is found in the 
manner already explained. The following examples will serve 
to make the foregoing instructions clearer : 


Exame_Le 1.—Find by trial and error the cube root of 3, to three 
significant figures. 


So.ution.—The fraction 2, reduced to a decimal, becomes .625. As 
625 is wholly a decimal the cube root will be wholly a decimal. 
The first period of .625 contains three figures, the remaining periods 
consisting of ciphers; that is, the number when pointed off may 
be written .625’000'000. The largest number whose cube is less 
than .625 is .8, because .8=.512, whereas .9?=.729, Therefore, 
the first figure of the root is 8 and the root lies somewhere between 
8 and 9. Choose .85 as a trial root; then, .85°=.614125, which 
is less than .625. So, try .86 as the root; then, .86°=.636056, which is 
too large, as it exceeds .625. The root of .625 therefore lies between .85 
and .86. Choose .855 as a trial root; then, .855°=.625026375, which is so 
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close to .625 that no further calculations are necessary, and .855 may be 
taken as the cube root of 8=.625. Ans. 


Examp Le 2.—Find the value of {470% to three significant figures by 
trial and error. 


SoL.ution.—First reduce $ to a decimal; thus, 3=3+4=.75. The 
number whose cube root is to be found is then 470.75. When this num- 
ber is pointed off, it becomes 470.750, showing that the root has one 
figure before the decimal point. The largest number whose cube is 
less than 470 is 7, because 7°=343, whereas 8'=512. So the first figure 
of the root is 7 and the required root is between 7 and 8. Let 7.5 be 
assumed; then, 7.5°=421.875, which is less than 470.75. So 7.6 is tried; 
then, 7.6°=438.976, which is still too small. Next, 7.7 is tried; then, 
7.7°=456.533, which also is less than 470.75. Therefore, 7.8 is tried; 
then, 7.8'=474.552, which is too large. It is now seen that the root is 
greater than 7.7 but less than 7.8. As the cube of 7.8 is 474.552, which is 
close to the given number 470.75, it is plain that the root must be close 
to 7.8, but less than 7.8. So, 7.78 is tried; then, 7.78°=470.911, which is 
so close to 470.75 that no further trials are necessary, and the required 
root is taken as 7.78. Ans. 


EXAMPLES FOR PRACTICE 


Find the cube roots of the following numbers, by the trial-and-error 
method, to three significant figures: 


(a) 18,610 (a) 26.5 
(6)) 23505 (b) .705 
(c) 160,000,000 ie 543 
(d) 54.5 (d) 3.79 
(e) 4 (e) .794 
(f) 1275 (f) 2.31 


TABLE METHOD 


14. In Table I are given the cubes of all whole numbers 
from 1 to 100, inclusive ; likewise, the table gives the cube roots 
of all numbers between 1 and 1,000,000 that have exact roots. 
By means of this table it is possible to find directly the first two 
significant figures in the cube root of any number and to find 
the third significant figure by a simple calculation. It will be 
observed that the numbers in the table are all whole numbers, 
‘and that none contains more than seven figures. Therefore, 
to use the table for finding cube roots, the numbers whose 
roots are to be found must be altered in such a way as to 
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bring them within the range of the table. The method of doing 
this will now be described. 


15. As already explained, digits only are considered in 
determining the significant figures of a number; therefore, 
5, 50, .5, and .05 have the same significant figure, 5. The 
cubes of these numbers are 125, 125,000, .125, and .000125, 
respectively, and thus it will be seen that these cubes also have 
the same significant figures, 1, 2, and 5, and the same signifi- 
cant part, 125. The numbers 125, 125,000, .125, and .000125, 
if pointed off preparatory to extracting the cube roots, become 
125, 125’000, .125, and .000125. It will be seen at once that 
each of these contains the same significant part, 125, and that 
these three significant figures form a single period in each 
number. The only difference among the numbers is in the 
position of the decimal point. Consequently, their cube roots 
will have the same significant figure, 5, but the position of the 
decimal point will be different. Thus, as 125 is a whole num- 
ber of one period, its root is a single figure, 5; as 125/000 has 
two periods, its root has two figures, 50; as .125 is a decimal 
and comprises one period, its root is a decimal of one figure, 
or .5; and as .000/125 is a two-period decimal, its root is a 
decimal of two figures, or .05, because, when a decimal begins 
with ciphers, there is a cipher in the root, following the decimal 
point, for each complete period of three ciphers directly fol- 
lowing the decimal point in the number. 


16. The principle explained in the preceding article is 
important and should be thoroughly understood, as it forms the 
basis for the use of Table I for finding cube root. Suppose, for 
example, that the cube root of .004096 is to be found. The 
table contains no decimals whatever. But, if .004096 is pointed 
off, it becomes .004’096, which is a number of two periods with 
a single figure, 4, in the first period. The significant part of 
the number is 4096. In the table can be found 4,096, which 
also contains two periods, with the figure 4 alone in the first 
period, and which has the same significant figures. Therefore, 
4,096 and .004096 will have the same significant figures in 
their roots, the only difference being in the location of the 
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decimal point. The cube root of 4,096 is 16, according to the 
table. The cube root of .004096 contains these same significant 
figures, 16, but as .004’096 has two periods and is wholly a 
decimal, its root must have two figures and be wholly a decimal. 
Therefore, the cube root of .004096 must be .16. 


17. It has been shown that after a number has been pointed 
off into full periods of three figures each, by the method 
explained in Arts. 8 to 11, the position of the decimal point 
does not affect the figures of the root. Therefore, after the 
periods have been determined the number may be considered 
as a whole number while the figures of the root are being 
found. If this whole number does not consist of two periods 
it must be altered, because no number having more than two 
periods is given in the table and because accurate results 
cannot usually be obtained by using only one period, 

If the number has only one period, three zeros are annexed 
to form the second period. Thus, if 3 is the number whose 
cube root is to be found, it is necessary to annex three ciphers 
to form the second period; the altered number is 3/000. If 
the number contains more than two periods, ignore the periods 
after the second, unless the first figure of the third period is 
= or more, in which case increase the last figure in the second 
period by 1. If the number were 2,743,879, it would be pointed 
off thus, 2’743’879. As there are three periods, the last period 
is dropped. Since the first figure of the third period exceeds 5, 
the last figure of the second period is increased by 1. The 
altered number is 2744, and is found in the table. 


18. If the cube root of the altered number may be found 
from the table directly it is merely necessary to locate the 
decimal point in accordance with its position in the original 
number; the cube root of the original number has the same 
significant figures as the cube root of the altered number, 

It frequently happens that the altered number cannot be 
found in Table I. In such a case the numbers next greater 
and smaller than the altered number are found, and then, 
by the method to be illustrated in subsequent examples, the 
root is determined., 
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19. If the number whose root is to be found contains a 
fraction, reduce the fraction to an equivalent decimal, and 
then proceed as already explained. For example, if the cube 
root of 14 is to be found, the fraction is reduced to a decimal ; 
thus, 44=11+16=.6875. This decimal, when pointed off, 
becomes .687’500, showing that the root is wholly a decimal, 
with a digit immediately following the decimal point. The 
significant figures of the root are exactly the same as those of 
the cube root of 687,500, which becomes the altered number. 
If the cube root of 374 is to be found, the fraction $ is reduced 
to a decimal, becoming .125, and the number thus becomes 
37.125. The altered number is 37,125, which has the same 
significant figures for its cube root as has 37.125. 


Exampte 1.—Find the value of ~/12,817 by the use of Table I. 


SoLutrion.—The given number, 12,817, contains two periods and is a 
whole number, so that it need not be altered. The number 12,817 does 
not appear in the table, but the numbers 12,167 and 13,824 appear, and 
12,817 lies somewhere between them. The cube root of 12,167 is 23 and 
the cube root of 13,824 is 24; therefore, the cube root of 12,817 must lie 
between 23 and 24. It may be assumed that the desired root is at the 
same point between 23 and 24 as 12,817 is between 12,167 and 13,824. 
To determine just what this intermediate value of the root may be, 
the following simple calculation is made: The difference between the 
two numbers in the table is found, and is called the first difference; 
thus, 13,824—12,107=1,657, which is the first difference. Next the 
difference between the given number and the smaller number in the table 
is found, and is called the second difference; thus, 12,817—12,167=650, 
which is the second difference. The second difference is then divided 
by the first difference; thus, 650+1,657=.39, or .4, nearly. This figure 
then becomes the third figure of the root. As the first two figures were 
already found to be 2 and 3, because the root is greater than 23 but 
less than 24, the required root is 23.4. Ans. 


Proor.—The accuracy of any result found in extracting 
cube root may be tested very readily by simply cubing the value 
found for the root. The product should be approximately 
equal to the given number. In the preceding example, for 
instance, the root was found to be 23.4. By the foregoing test, 
23.4 =2Z34 A239 44234= 12,813, very nearly: As this 1s very 
close to 12,817, the given number, it is concluded that 23.4 is 
the cube root, correct to three significant figures. 
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Exampve 2.—Find by the table method the cube root of .0732 to three 
decimal places. 


Sotution.—When pointed off, the given number becomes .073’200. 
The significant figures of this number are the same as if the number 
were 73,200; also, the significant figures of the cube root of .073200 
are the same as those of the cube root of 73,200, because each con- 
tains two periods composed of like figures. The only difference is that 
the cube root of .073200 is wholly a decimal, whereas the cube root of 
73,200 is a mixed number in which the decimal point occurs after the 
second figure. All that is necessary, therefore, is to find the cube root 
of 73,200 from Table I and then to shift the decimal point in that root 
until the root is wholly a decimal. The result will then be the cube 
root of .0732. In the table, 73,200 lies between 68,921 and 74,088, the 
cube roots of which are 41 and 42, respectively. Therefore, the cube 
root of 73,200 is greater than 41 and less than 42. The third significant 
figure of the root is found as follows: 


74,088 73,200 
68,921 68921 
all 67 first difference 4,2 79 second difference 


Second difference=first difference=4,279—5,167=.8 
Then, the third significant figure is 8 and the cube root of 73,200 is 41.8. 
The cube root of .0732 has exactly the same significant figures, but as 
.0732 is wholly a decimal, its cube root is wholly a decimal; therefore, 
4/.0732=.418. Ans. 

*ExampLe 3.—What is the cube root of .18526? 

So.tution.—When pointed off, the given number becomes .185’260. 
The cube root of this number has the same significant figures as the 
cube root of 185,260, but is wholly a decimal. In the table, 185,260 lies 
between 185,193 and 195,112, showing that the cube root of 185,260 lies 
between 57 and 58. The first difference is 195,112—185,193=9,919 and 
the second difference is 185,260—185,193=67; then, 67+9,919=.007, 
nearly. Annex this to 57, and the root is 57.007 or 57.01 to four 
significant figures. As the cube root of .18526 has the same significant 
figures, but is wholly a decimal, it must be .5701.° Ans. 


ExampLe 4.—Find from the table the value of (293,475,910. 


Sotution.—When pointed off into periods, the given number becomes 
293'475'910. The third period is dropped; but, as it begins with 9, the 
last figure of the second period is increased by 1, as explained in 
Art. 17. The altered number thus becomes 293’476. This is not 
found in the table, but 287,496 and 300,763 are found there. Therefore 
the required root is greater than 66 and less than 67. The first differ- 
ence is 300,763—287,496=13,267 and the second difference is 293,476 
—287,496=5,980. Then, 5,980+13,267=.45, showing that the third and 
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fourth significant figures are 4 and 5. The cube root of 287,496 is 66, 
according to the table, and so the root of 293,476 is 66.45. The original 
number, however, is a whole number containing three periods; there- 
fore, its root must have three figures ahead of the decimal point. 
Hence, the root is 664.5. Ans. 


Examp_e 5.—What is the cube root of .0007425 ? 


Sotution.—The given number, pointed off into complete periods, is 
.000'742’500. According to Art. 17, this number must be changed to 
one containing the same significant figures and having two periods. The 
first period, consisting of ciphers, is therefore dropped, and the altered 
number is 742,500. It does not appear in the table, but 729,000 and 
753,571, the cubes, respectively, of 90 and 91, are given therein. 
The first difference is 753,571—729,000=24,571, and the second differ- 
ence is 742,500—729,000=13,500. Then, 13,500+24,571=.5, approxi- 
mately. The cube root of 729,000 is 90, and to this must be annexed 
the .5 just found, giving 90.5 as the approximate cube root of 742,500. 
The original number, .0007425, has one complete period of ciphers fol- 
lowing the decimal point, and so the root must be a decimal having one 
cipher following the decimal point and in front of the first significant 
figure. Therefore, the required root is .0905. Ans. 


O77 


Examp Le 6.—Find the value of 7243). 


So.ution.—First reduce the fraction to a decimal; thus, 5248, =273 
+1,054=.259013. The problem therefore is to find the cube root of 
259013. This number, when pointed off, is .259’013, and the altered 
number is 259,013. This altered number is not in Table J, but it lies 
between 250,047 and 262,144, the cube roots of which are 63 and 64, 
respectively. The first difference is 262,144—250,047=12,097, and the 
second difference is 259,013—250,047=8,966. Then, 8,966+12,097=.7, 
and the cube root of 259,013 is 63.7. The cube root of .259013 has the 
same significant figures, but is wholly a decimal; therefore, it must be 
637. Ans. 


ExampLe 7—What is the cube root of 3%? 


SoLution.—When reduced to a decimal, 3 becomes .6666+ or .667, 
and the number whose root is to be found is then 3.667. The altered 
number is 3,667, which lies between 3,375 and 4,096 in the table; and as 
the roots of 3,375 and 4,096 are 15 and 16, respectively, the root of 
3,667 must lie between 15 and 16. The first difference is 4,096—3,375 
=721, and the second difference is 3,667—3,375=292. Then, 292+721 
=4. So the cube root of 3,667 is 15.4. The cube root of 3.667, which 
has one period preceding the decimal point, has the same significant 
figures, with one figure preceding the decimal point; therefore, the 
cube root required is 1.54, Ans. 
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EXAMPLES FOR PRACTICE 


By the use of Table I find the cube roots of the following numbers 
to three significant figures: 


(a) 860,000 (ey Oo 
(b) 27.27 (b) 3.01 
(ey 00125 Rikéste 
(d) 1274 BS Scams 
(e)) 564 (e) 3.85 
Goes (f) .915 


EXACT METHOD 


20. If the cube root of a number is to be found accurately 
to more than three significant figures, neither of the preceding 
methods can be used successfully. In such a case, an exact 
method is required. There are a number of such exact methods, 
but the one about to be described is simple and may be used 
for finding the cube root of any number. It is most easily 
explained by the solution of an example. 


21. Cube Roots of Whole Numbers.—Suppose that 
it is desired to find the cube root of 11,390,625. First separate 
the number into periods of three figures each, commencing at 
the right. This gives 11’390’625. Draw a line at the right of 
the number and find the largest number whose cube is not 
greater than the left-hand period. Place this number as the 
first figure of the answer. 

The left-hand period is 11 and the largest number whose 
cube will not be greater than 11 is 2, since 3°=27. 

Place the 2 as the first figure of the answer and subtract the 
cube of this number from the left-hand period of the number. 
To the remainder thus obtained annex the next period of the 
number. The process thus far is as follows: 

LVSOUG2 5 (2 
8 


See sl) 
It is next necessary to find a trial divisor. This is obtained 
by considering the:number in the answer as tens, squaring 
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it, and multiplying the result by 3. 2 considered as tens is 20, 
which squared gives 400. 400 multiplied by 3 gives 1,200 as 
a trial divisor. 

The trial divisor is contained 2 times in the remainder 3,390. 
Place the 2 as the second figure of the answer. This gives the 
following : 

LV39 C6254 22 
8 


3X20? =1200 | 3390 


In order to obtain a complete divisor, it is necessary to add 
together three products. 

The first product is that obtained for the trial divisor, or, in 
this case, 1,200. 

The second product is obtained by considering the first 
figure of the answer as fens, and multiplying it by the second 
figure of the answer, and by 3. In the example being worked, 
the first figure of the answer considered as tens gives 20, 
which multiplied by the second figure of the answer, or 2, 
gives 40, which result multiplied by 3 gives 120 as the second 
product. 

The third product is obtained by squaring the second figure 
of the answer, which in this case is 2?=4. 

Add these three products together and the complete divisor 
becomes 1,200+1201+4=1,324. The example worked to +his 
point is as follows: 


11’390625(22 
g 
3X20?=1200 | 3390 
3X (20X2) = 120 
De 4 
1324 


Next multiply the complete divisor 1,324 by the second 
figure of the answer and subtract the result from the remainder 
previously obtained. To the result annex the next period for 
a new remainder. The process is as follows: 
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11390625(22 
8 


SX AOS AABNOL I) 3 Se) 
3x (20X2) = 120 
2?= 4 


1324 | 2648 
AIG 25 


The further processes are but repetitions of those previ- 
ously described and will not need much expianation. 

It is next necessary to find a trial divisor for the remainder. 
This is done in the same manner as in the first case, the num- 
ber in the answer being considered as tens, and squared, after 
which it is multiplied by 3. This will be 220°=48,400, which, 
multiplied by 3, gives 145,200 for a trial divisor. 

The trial divisor divided into the remainder gives 5 as the 
next figure of the answer. 

Next, find the complete divisor by adding together the three 
products, taking the trial divisor as the first product, 3 times 
the number already in the answer considered as tens multi- 
plied by the next figure of the answer for the second product, 
and the square of the third figure of the answer for the third 
product. Multiply the complete divisor by the third figure of 
the answer and subtract the result thus obtained from the 
remainder previously obtained. The complete process is: 


DUSOUSCZStZ 25 Ane. 


8 
axgp7= « 1900-| 3390 
3 (202) = 2G 
Pe A ‘ 


1324 | 2648 


3<2207=145200] 742625 

3x (@20X5) = 3300 
5 = 25 

{49595 %92625 


I LT 271B—22 
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Since the product obtained by multiplying the complete 
divisor by the third term of the answer is just equal to the 
remainder, the process is complete, and the answer, or 225, 
is the cube root of the number 11,390,625. 


22. Cube Roots of Decimals.—In extracting the cube 
root of a decimal, proceed as with a whole number, taking care 
that each period contains three figures. Begin the pointing off 
at the decimal point, going toward the right. If the last period 
does not contain three figures, annex ciphers until it does. 

The number of decimal places in the answer will equal the 
number of periods in the decimal whose root is to be extracted. 


Examp_e.—What is the cube root of .009129329 ? 


SoLuTION.— 0091299329 (.209 Ans. 
8 
3x20= 1200 | 1129 
0000 
3X200=120000 | 1129329 
3x (200X9) = 5400 
Psi > S84 
[25481 | 1129329 


In this particular example it will be noticed that in the first 
case the trial divisor 1,200 is greater than the remainder 1,129; 
consequently, the next figure of the answer is 0 and it is neces- 
sary to bring down the next period for a new remainder, after 
which the regular process is followed. 


23. Roots of Mixed Numbers.—One example of 
extracting the cube root of a mixed number will be given here. 


EXxAMPLE.—What is the cube root of 47.832147? 


SoLuTION.— 47832147(3.63 Ans. 
27 
3X30= 2700)/ 20832 
3x (30X6) = 540 
= 36 


AU (hal) TUES OHI CG) 


3X360°=388800] 1176147 

3X (360X3) = 3240 
3= 9 

392049| 1176147 
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24. Rule for Cube Root by Exact Method.—The 
series of operations that must be performed in order to find 
the cube root of a number by the method described in the pre- 
ceding examples may be stated in the form of a rule, as 
follows: 


Rule.—Separate the number into periods of three figures 
each, commencing at the right; if the number contains a 
decimal, begin at the decimal point and work both ways. 

Find the largest number whose cube ts not greater than the 
left-hand period and write this number as the first figure of the 
answer. 

Subtract the cube from the left-hand period and to this 
result annex the next period of the number. 

Square the number in the answer considered as tens, and 
multiply this result by 3. 

Use the result thus obtained for a trial divisor to divide into 
the remainder, and place the number resulting from this 
division as the next figure of the answer. 

To the trial divisor, add the result obtained by multiplying 
the first figure of the answer considered as tens by the second 
figure of the answer and by 3; also add the square of the second 
figure. The sum thus obtained is the complete divisor. 

Multiply the complete divisor by the second figure of the 
answer and subtract the result thus obtained from the remain- 
der. 

To this result annex the next period of the number and 
proceed in the manner described until all the periods have been 
used, 


25. Cube Roots of Fractions.—If the given number is 
in the form of a fraction, and it is required to find the cube 
root of it, the simplest and most exact method is to reduce the 
fraction to a decimal and extract the cube root of the decimal. 
If, however, the numerator and denominator of the fraction 
are perfect powers, extract the cube root of each separately, 
and write the root of the numerator for a new numerator, and 
the root of the denqminator for a new denominator. 
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Rule.—E.xtract the cube root of the numerator and 
denominator separately if cach is a perfect cube; otherwise, 
reduce the fraction to a decimal, and extract the root of the 
decimal. 


ExaAmpLe 1.—What is the cube root of 27? 


SOLUTION.— ‘ tai. Ans. 
64 64 4 
ExamPLe 2.—What is the cube root of 4;° 


SoLuTion.—Since +=.25, 4i= 4.25= 62996, Ans. 


26. Memorizing the Exact Method.—The extraction 
of cube root is an operation with which many students have 
difficulty, particularly when the exact method is used. The 
trouble is not in performing the several calculations, but in 
remembering the order in which they must be done and in 
finding the trial divisor and the complete divisor. Reference 
to the solutions given in Arts. 21 to 23 shows that, after 
cubing the first figure of the root and obtaining the first 
remainder, the same series of operations is repeated until the 
work is completed. This series of operations is made up of 
the following steps: 

1. Finding the trial divisor. 

2. Finding the next figure of the root. 

3. Finding the complete divisor. 

4. Multiplying the complete divisor by the last figure of 
the root thus far found. 

5. Subtracting and forming a new dividend. 


27. The only steps that are likely to cause any trouble 
are the first and the third, or finding the trial divisor and the 
complete divisor; but these may easily be remembered by 
fixing in mind the following expression: 


30? 3ab--b" 


The first term, or 3a’, represents the trial divisor, and the 
whole expression, 3 a*+3 a b+b? represents the complete divi- 
sor. To indicate just how these terms are used to represent 
the trial and complete divisors, consider again the solution of 
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the example in Art. 21, which is repeated here for con- 
venience. 
LS OG Zo 22.5 Ans: 


8 
trial divisor =307= S20 — ZOO) 33:90 
sab=3X (20X2) = W2@) 
v= = 4 
complete divisor =3a*+3abtb’= 1324 | 2648 
74262 
trial divisor =30= — 3X220°=145200 a 
3ab=3X (220K5) = 3300 
= See 29 
complete divisor =3a°+3ab+b°=148525 742625 


28. After the first figure of the root has been cubed and 
its cube has been subtracted from the first period, the next 
period is brought down, giving 3,390 as the first dividend, for 
which a trial divisor must be found. Let a represent 10 times 
the root thus far found, which in this case makes a= 10*2=20. 
Then, the trial divisor can easily be calculated, as it is 3a. 
As a=20, it is readily seen that 3a7=320?=3X20X20 
=1,200. This trial divisor, 1,200, is contained 2 times in the 
dividend 3,390; so 2 1s the next figure of the root, and is 
written down there. Now let b represent the last figure of the 
root thus far found, which in this case is the second 2; then, 
b=2. To obtain the complete divisor, add 3ab and b? to the 
trial divisor 3a”, as shown. As a=20 and b=2, it follows that 
3ab=3X (aXb) =3X (20X2) =3X40=120; and b?=2?=2 
X2=4. Then, 3a?+3ab+b?=1,200712014=1,324, the first 
complete divisor. Multiply 1,324 by 2, subtract the product, 
2,648, from the first dividend, and bring down the next period, 
producing the second dividend, or 742,625. 


29. The next operation is similar in every way to that 
just performed. First, a trial divisor must be found. The 
figures of the root thus far found are 22, and a represents 10 
times this value; that is, a=10*22=220. Then, the trial 
divisor is 3a2?=3X220?=3X220X220= 145,200, as shown. 
This is contained 5 times in the second dividend, and so 5 is 
written as the next, figure of the root. Then, b=5, because b 
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always represents the last figure of the root thus far found. 
Therefore, 3ab=3X (aXb) =3X (220X5) =3X 1,100 =3,300; 
and b?=5?=25. The second complete divisor is then 3a? 
+3ab+b? = 145,200+3,300+25 = 148,525, as shown. This is 
multiplied by the last figure of the root, 5, and the product 1s 
written under the second dividend. As there is no remainder, 
the work is ended and the required cube root is 225. 


30. To assist further in fixing in mind the steps just 
explained, the following restatement of principles is made: 

1. The trial divisor at any stage of the operation of find- 
ing cube root is always equal to 3a*, in which a is 10 times 
the value of the root thus far found. 

2. The complete divisor is the sum of the trial divisor, 
3a?, and the products 3ab and b’, in which b is the value of 
the last figure of the root thus far found; that is, the complete 
divisor is 3a?+3ab+b?. 

If this expression is committed to memory, together with 
an understanding of what a and D stand for, it should be easy 
to find the cube root of any number under any circumstances. 


EXAMPLES FOR PRACTICE 


Find the cube roots of the following numbers by the exact method: 


(a) 1,860,867 (a) 123 
(b) 185193 (b) .57 
(c) 636,056 (c) 86 
(d) 87,528,384 | (d) 44.4 
(e) 74,088 pealeen 42 
(f) 257,259,456 VG) 636 
(9) aves (9) Fe 
(h) pecs (h) $3 
(Oye S (i) 8862 


1 
kg ue Gy). 7214 
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APPLICATIONS OF CUBE ROOT 


31. Diameter of a Sphere.—There are many sorts of 
problems whose solutions require the extraction of cube root. 
One of the most common cases in which cube root must be 
extracted is in finding the diameter of a sphere. The rule for 
finding the diameter is as follows: 


Rule.—To find the diameter of a sphere, extract the cube 
root of the volume and multiply the result by 1.24. 

If the volume is in cubic inches, the diameter will be in 
inches; if the volume is in cubic feet, the diameter will be in 
feet; and so on. 


ExampLe 1.—A spherical ball contains 2,000 cubic inches. What is 
the diameter of the bail? 


SoLution.—According to the rule, the cube root of the volume, or 
2,000 cu. in., must first be found. The cube root of 2,000 may be found 
by any one of the methods previously described. In this case, however, 
the table method will be used. The number 2,000 does not appear in 
Table I, but 1,728 and 2,197 are given, their roots being 12 and 13, 
respectively. Therefore, the cube root of 2,000 is between 12 and 13. 
The first difference is 2,197—1,728=469 and the second difference is 
2,000—1,728=272. Then, 272+469=.6. Consequently, the cube root of 
2,000 is 12.6. To find the diameter, the cube root must be multiplied by 
1.24. Therefore, the diameter of the ball is 


12.6X 1.24=15.624, or 15% in., nearly. Ans. 
EXAMPLE 2.—If a tank in the shape of a sphere must hold 48,000 
cubic feet, what must be its inside diameter? 


SoLtution.—First find the cube root of 48,000, using the table method. 
This value lies between 46,656 and 50,653 in the table. The first differ- 
ence is 50,653—46,656=3,997, and the second difference is 48,000—46,656 
=1,344. Then, 1,344+3,997=.336, or .34, approximately. The cube 
root of 46,656 is 36 and so the cube root of 48,000 is 36.34. The 
diameter of the tank is 1.24 times the root thus found, or 


36.34 1.24=45 ft. very closely. Ans. 


32. Speed and Coal Consumption of a Steamship. 
The speed of a steam-driven ship may be increased by forcing 
the fires, that is, by burning coal more rapidly under the boilers. 
The amount of coal burned per day, called the coal consump- 
tion, is proportional to the cube of the speed. Therefore, if 
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the coal consumption is changed, and it is desired to find what 
the speed will be at the new rate at which the coal is burned, 
the following rule may be used: 


Rule.—To find approximately the new speed for a new 
rate of coal consumption, multiply the new coal consumption 
by the cube of the known speed, divide the product by the coal 
consumption corresponding to the known speed, and extract 
the cube root of the quotient. 


The speeds of vessels are usually expressed in knots, a knot 
being a speed of 1.15156 miles per hour. 


Examp_Le 1.—A steamer consumes 100 tons of coal a day when run- 
ning at a speed of 10 knots. What will be the speed if the coal con- 
sumption is increased to 200 tons a day? 


SoL_ution.—The new rate of coal consumption is 200 tons a day and 
the known speed is 10 knots. According to the rule, then, 200 is to be 
multiplied by the cube of 10; thus, 200 10°=200X 1,000=200,000. This 
product is then to be divided by the coal consumption at the known 
speed, or 100 tons a day. Thus, 200,000+100=2,000. The cube root of 
this quotient, 2,000, is then the new speed; that is, the new speed is 


equal to 72,000, which, by the table method or by either of the other 
methods, is 12.6. Therefore, the new speed will be 12.6 knots. Ans. 


EXxaAmMpLe 2.—If a steamer consumes 60 tons of coal a day to pro- 
duce a speed of 9 knots, how many knots would she make if the coal 
consumption were decreased to 48 tons a day? 


Sotution—The known speed is 9 knots, the coal consumption at 
that speed is 60 tons a day, and the new coal consumption is 48 tons a 
day. According to the rule, therefore, the new speed is 


3 48 & 93 3 |: 8X 729 8ire9 9 
c os Ze a 83.9 = 8.35 
1 60 60 V583. 8.35 


knots. Ans. 
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TRIGONOMETRY 


FUNCTIONS OF ANGLES 


GENERAL REMARKS 


1. Parts of a Triangle.—A triangle may be considered 
as being made up of six parts, namely, three sides and three 
angles. The lengths of the sides are expressed in inches, feet, 
etc., and the angles in degrees and subdivisions of a degree. 
If three of the six parts of a triangle are known, one of them 
being the length of a side, the other three parts may be cal- 
culated. For example, if the lengths of the three sides are 
known, the sizes of the three angles can be found. If two 
angles and the length of one side are known, the other angle 
and the lengths of the two remaining sides can be calculated. 
If two sides and one angle are known, the other side and the 
two remaining angles can be found. The process of calculating 
the values of the unknown sides or angles, having given the 
values of three of the six parts of the triangle, is called the 
solution of the triangle. 


2. Trigonometry.—There is one branch of mathematics 
that relates to the solution of triangles; accordingly, it is called 
trigonometry. This term is derived from two Greek words: 
trigonon, meaning triangle; and metron, meaning measure. 
Thus, trigonometry*is simply the branch of mathematics that 
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deals with the measurement and calculation of the parts of 
triangles. 


3. Functions.—The work of calculating the values of 
the sides and angles of triangles is made fairly easy by the use 
of what are called trigonometric functions of angles. To 
understand this expression it is necessary, first of all, to know 
what is meant by a function. A function of any quantity is 
simply a second quantity, the value of which depends on the 
value of the first quantity. For example, the circumference 
of a circle always has a length equal to 3.1416 times the diam- 
eter; that is, the value of the circumference depends on the 
value of the diameter. Therefore, the circumference of a 
circle is a function of the diameter. On the other hand, the 
diameter of a circle is always equal to the circumference 
divided by 3.1416; hence, the diameter is a function of the 
circumference. The distance an electric car travels depends 
on the speed and the time; therefore, the distance traveled is 
a function of the time and speed. The resistance of an electric 
circuit is a function of the length of the circuit, because the 
resistance depends directly on the length. 


4. Value of a Knowledge of Trigonometry.—A fair 
working knowledge of the principles of trigonometry is valu- 
able to any one engaged in engineering work, but it is extremely 
important to the student of electrical engineering because it 
forms the basis for the solution of many problems in connec- 
tion with alternating currents; in fact, the solution of many of 
these problems would be almost impossible for the average 
student if he were not able to use trigonometry. Besides, there 
are many other classes of problems to which it may be applied. 
For example, the power-plant man may use it to determine the 
height of a chimney. A foreman who is putting up wires may 
use it to find the height of a tree or of a standing pole. A 
workman fitting a piece of timber to act as a slanting brace may 
find by trigonometry the angles to which the ends of the piece 
must be cut. The variety of practical problems that may be 
solved by the principles of trigonometry is almost endless. 
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TRIGONOMETRIC FUNCTIONS 


5. Functions of an Angle.—An angle—by which is 
meant the amount of opening between two straight lines that 
meet at a point—also possesses certain functions. To illustrate, 
take the case of the right triangle 4 BC, Fig. 1, which has a 
right angle atC. The 
sides of this triangle 2 
will be designated by 
a, b, and c, as shown, 
a being the side oppo- 


. € a 
site the angle 4, b that 
opposite the angle B, 
and c that opposite 
the right angle C. lf A e 
the angle A were b 

Fre. 1 


made larger, a would 
have to be longer; therefore, as the length a depends on the 
size of the angle A, it is a function of the angle A. At the same 
time, c would become longer, so that it also 1s a function of the 
angle A. Carrying this idea further, the size of the angle B 
likewise controls the relative lengths of the sides. It is impos- 
sible to change the size of an angle without causing changes in 


B 
B 
ce a , 
c a” 
a ’ A Cc 
A > Cc 


bo’ &@ 
(a) () 
Fic. 2 
the lengths of the sides, so long as C remains a right angle. 
Therefore, the sides of a right triangle are functions of the 
angles. 


6. In Fig. 2 (a), suppose that the sides b and ¢ make an 
angle of 30° with each other, or, in other words, that the 
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angle A measures 30°; also, suppose that C is a right angle. 
Then, the side c opposite the right angle is the hypotenuse. 
Now, with reference to the angle A, the side a is the side 
opposite that angle and the side b is the side adjacent (or lying 
next) to that angle. If the hypotenuse c has a length of 
2 inches, then, on measuring the side a, it will be found to be 
1 inch long. The ratio of a toc will then be 1 : 2; that is, the 
ratio between the side opposite the angle A and the hypotenuse, 


. a 
when the angle A is 30°, has a value of 4, or - =}. 
co) > 2 C Ps 


7. Next, suppose that another right triangle is drawn, as 
in Fig. 2 (b), having an angle A of 30°, as before, but with a 
hypotenuse c’ only 14 inches long. If the length of the side a’ 
is measured, it will be found to be ? in., or just half as long 
as c’. Then, considering the 30° angle A, as before, the ratio 


between the side opposite and the hypotenuse is $: 13, or 

, 3 

de ; was : 

Je ae This value, it will be seen, is exactly the same as 
2 


was obtained for the ratio between the side opposite and the 
hypotenuse in the case of the angle A in (a). Moreover, if 
other right triangles are drawn, of any size whatever, with one 
angle measuring 30°, the ratio between the side opposite that 
angle and the hypotenuse will always be 1 : 2, or have a value 
of 3. This leads to the important conclusion that, so long as 
the angle 4 remains 30°, the side opposite will always be half 


/ 
: Pyle: ; 
as long as the hypotenuse; that is, the ratios — and = will 
G 


always be 4. 


8. Inthe case of the triangles shown in Fig. 2, other ratios 
may be formed, besides the one just mentioned. For example, 
a ratio may be formed between the side a opposite the angle 4 
and the side b adjacent to it. Furthermore, the values of this 


ratio for the two triangles in (a) and (b) are equal; that is, 
oe ; as 

5 in (a) is equal to 7; in (b), even though the lengths of a and b 
are different from the lengths of a’ and b’. This statement may 
easily be proved, as follows: According to the principles of 
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geometry, the sum of the three angles of every triangle is 
equal to 180°. In each of the two cases shown, the angle A 
is 30° and the angle C is a right angle, or 90°, the sum of the 
two, A and C, being 120°; therefore, the angle B in each must 
be 180° —120°=60°. This means that the three angles of one 
are equal to the three angles of the other and so the two 
triangles are similar. Now, it is a law of geometry that if two 
figures are similar, their corresponding sides are proportional ; 
a 


/ 
a ; : 
50,0 :t=a +0, or bb" In this proportion, the first ratio 


refers to the sides of the triangle in (a) and the second ratio 
to the triangle in (D). This is the statement that was to be 
proved and shows that, so long as the angle 4 is unchanged in 
size, the ratio between the side opposite and the side adjacent is 
always the same, no matter how large or how small the right 
triangle may be. 


9. In the preceding articles, only two different ratios have 
been considered—that of the side opposite and the hypotenuse 
and that of the side opposite and the side adjacent. There are 
several other ratios that may be formed. Every triangle has 
three sides, and therefore it is possible to form a ratio between 
one side and each of the other two remaining sides, or six 
ratios in all. In the triangle in Fig. 2 (a), these six ratios are 
ee Pe and ©. So long as the angles of the right triangle 
Deeps ane 1G, b = > . < 
remain unchanged, these various ratios will not alter in value ; 
and as they are formed by using the lengths of the sides 
a, b, and c, they are functions of the angles, because their 
values change when the sizes of the angles are changed. 


10. Trigonometric Functions of Angles.—The six 
ratios stated in the preceding article form what are called the 
trigonometric functions of an angle, and each one is 
given a specific name so that it may be distinguished from the 
others. The ratio between the side opposite and the hypotenuse 
is called the sine. The ratio between the side adjacent and the 
hypotenuse is called the cosine. The ratio between the side 
opposite and the side. adjacent is called the tangent; and the 
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ratio between the side adjacent and the side opposite is called 
the cotangent. These are the functions most commonly 
used and are the only ones that will be referred to in the later 
parts of this Section. The two remaining ratios, or functions, 
are seldom used. They are: the secant, which is the ratio of 
the hypotenuse to the side adjacent ; and the cosecant, which 
is the ratio of the hypotenuse to the side opposite. 


411. When writing the names of the various ratios, it is 
customary to use abbreviations, so as to save time and space; 
thus, the word sine is abbreviated sin, cosine is abbreviated 
cos, tangent is abbreviated tan, and cotangent is abbreviated 
cot. Then, sin 26° is read sine of 26°; cos 15° is read cosine 
oy 25°; tan 3° 2/' 18 tead tangent of 3° 27. It -shotld he 
observed that these abbreviations are not followed by periods. 
It should also be observed that the word of is not used in con- 
nection with the abbreviations. Thus, although sim is the 
abbreviated form of sine, it stands for the two words sine of, 
in expressions like sin 21°, sin 12°, etc. Similarly tan, cos, 
and cot take the place of tangent of, cosine of, and cotangent 
of, although they are the abbreviations of the words tangent, 
cosine, and cotangent, respectively. 

The ratios for the common functions of the angle 4, Fig. 1, 
are as follows: 


RATIO FUNCTION ABBREVIATION 

Side osit ; : 

8 sine of A sin A 
Hypotenuse ¢ 
Side adjacent 6b : 
ple es eee cosine of 4 cos A 
Hypotenuse ¢ 
Side opposite a 

: = tangent of y 
Side adjacent b i : Paha 
Sideadjacent 6 

c = cotangent of A cot A 


Side opposite a 
12. It should be noted carefully that the sine of the 
angle A, Fig. 1, is the ratio A and that this particular ratio is 


correct only for sin A. If the angle B is considered, the side 
opposite the angle is b, the side adjacent is a, and the hypot- 
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enuse is c as before. Therefore, considering the angle B, the 
four main functions are as follows: 


b _ side opposite 


sib = 
¢ hypotenuse 
cos Bat = Side adjacent 
c¢ hypotenuse 
Pe x 
fap side opposite 
a side adjacent 
ide adj t 
che ee 


b side opposite 
The point to be kept in mind is that the sine is always the 
ratio between the side opposite and the hypotenuse ; the cosine 
is always the ratio between the side adjacent and the hypot- 
enuse ; and so on for each of the other functions. 


13. It will be observed that the ratios given in Arts. 11 
and 12 are alike, but that they differ in their order and in their 


: a . 
meanings. For example, Art. 11 shows that -=sin A and 
c 


a oa Gs p 
Art. 12 shows that a cos B. The ratio —is the same in both 
C 


cases and its value must be the same in both, because the sides 
@ and c remain unchanged in length; therefore, it follows that 


mene B. ne 
sin d=cos B. Similarly, —is equal to cos 4, but it 1s also equal 
c 


: : ore: a 
to sin B; therefore cos A=sin B. Again, -=tan A and — 


b b 
5 


= cot B; therefore, tan A=cot B. And finally, aS cot A and 


b ; : 
also z tan B; therefore, cot d=tan B. These relations are 
very important. 


14. Deriving Functions of 30° and 60°.—An equi- 
lateral triangle, or a triangle with equal sides and equal angles, 
is shown in Fig. 3 (a). If a perpendicular line B C is drawn 
from B to the base 4 D, it will make two angles of 90° with 
the base and will divide the base into two equal parts. Sup- 
pose that the side are 2 inches long; then, each part of the base 
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is 1 inch long. The three angles of the triangle must be 60° 
each, because their sum must be 180°. The line B C will divide 
the angle B into two equal parts, each 30°. Now, suppose that 
the left-hand triangle A BC is set off by itself, as in (>), and 


B 


b 
(a) Fic. 3 (b) 


that the functions of the angles A and B are to be found. It is 
first necessary to find the length of the side a. As the triangle 
is a right triangle, 


a=y/c?—b? =\/2— 14 =1/4—1=1/3 = 1.732 inches 


Considering the angle B, which is 30°, the side opposite is b 
and the side adjacent is a. Therefore, 


: l 

sin 30°=sin B= —_ : = .500 
C 2 

cos 30°=coés Pate oe 866 
6 2 

alti 0) == teu pasos == i7i 
(om rhea 

. Hee 2 

cot 30° =cot Baoan 1732 


Considering the angle A, which is 60°, the side opposite is a 
and the side adjacent is b. Therefore, 
sin 60°=sin A Lies 
C 


.866 
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cos 60°=cos A oe u am 
C 2 
Hise 
tan 60°=tan A=—= seb = 1.732 
b il 
cot 60°=cot A rue = i = 
oy IGP? 


15. Deriving Functions of 45°.—The functions of 
30° and 60° are used more frequently than any others, par- 


ticularly by electrical engineers, but the 
functions of 45° are also required very 
often. The triangle shown in Fig. 4 is a 
right triangle with each acute angle 45°. 
Let each side be 1 inch long; then, the 


length of the hypotenuse will be \/17+1? 


=\/2=1.414 inches. The side opposite 
and the side adjacent are the same for 


each angle 4A and B; therefore, the values 
of the functions of 4 are exactly the same as those of B. 
Thus, if the angle A is considered, 


LET ee ee ee 

Sim 45° = sine — aa 707 
il 

ey =e AF aa SOT 
i 

tan 45° =tan A= 1 = 1000 
1 

cot 45°=cot A= 1 = 1.000 


Similarly, if the angle B is considered, 


sin 45°=sin B= ee S0/ 


1.414 
cos 45°=cos B= —— 707 
tan 45°=tan B= : = 1.000 
cot 45°=cot B= 7 = 1.000 


ILT 271B—23 


Fic. 4 
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From the foregoing statements it may be seen that sin 45° 
=cos 45°, and therefore sin d=sin B=cos A=cos B. Simi- 
larly, tan 45°=cot 45° and therefore tan A=tan B=cot A 
=cot B. These relations are true, however, only when the 
angles A and B are equal and each is 45°. 


16. Functions of Complementary Angles.—lIt has 
already been stated that the sum of the three angles of a tri- 
angle is 180°. As the angle C, Fig. 1, is 90°, the sum of the 
two remaining angles 4 and B must be 180°—90°=90° ; that 
is, A4+B=90°. This is true of every right triangle, no matter 
what its size or shape may be. In the particular case shown, 
A is 30° and B is 60°, their sum being 90°. Now, when any 
two angles have such values that, when added together, their 
sum is 90°, they are said to be complementary angles, and each 
is called the complement of the other. Thus, 4 and B are 
complements of each other, because their sum is 90°; so are 
42° and 48°, 16° and 74°, 25° and 65°, and many others. If 
the complement of any angle is to be found, the given angle is 
subtracted from 90° and the remainder is the complement. 
Thus, the complement of 30° is 90° —30°=60° ; the comple- 
ment of 39° 45’ is 90° —39° 45’=50° 15’; and the complement 
OL 72 12°45 00% 272° IZ 4B, 

17. As the angle A, Fig. 3 (b), is the complement of the 
angle B and the angle B is the complement of the angle A, 
the relations between their functions, as given in Art. 14, may 
now be stated as follows: 


sin A=cos B=cos (90°—A) 

cos A=sin B=sin (90°—A) 

tan A=cot B=cot (90°—A) 

cot A=tan B=tan (90°—A) 

sin B=cos A=cos (90°—B) 

cos B=sin A=sin (90°—B) 

tan B=cot A=cot (90°—B) 

cot B=tan A =tan (90°—B) 
These facts may be stated in a general way, as follows: 
1. The sine of any angle is equal to the cosine of its com- 

plement. 
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2. The cosine of any angle is equal to the sine of its com- 
plement. 

3. The tangent of any angle is equal to the cotangent of its 
complement. 

4. The cotangent of any angle is equal to the tangent of its 
complement. 

To illustrate these points clearly, suppose that, in Fig. 1, the 
sides a, b, and c have lengths of 1.25, 2.165, and 2.5 inches, 
respectively. Then, 


; 1.25 125 
sin A=c0s B="= 57 = 55 tan A=cot B=) =5 7¢8=.577 
b 2.165 ob (2.165 


COSA —sini BS 7G 200 cot Aan B= = joe — 732 


18. Functions of Supplementary Angles.—If the 
sum of two angles is 180°, the angles are supplementary and 
each is said to be the supplement of the other; thus, 106° and 
74° are supplementary angles, because 106° +74°=180°. For 
the same reason, 120° and 60° are supplementary, as are 
89° and 91°, 27° and 153°, and many other combinations. To 
find the supplement of an angle, it is simply necessary to sub- 
tract that angle from 180°. Thus, the supplement of 52° 24’ is 
180°—52° 24’=127° 36’. The values of the trigonometric 
functions of two supplementary angles are numerically equal, 
each to each; that is, a function of an angle is numerically 
equal to the same function of its supplement. Therefore, con- 
sidering any angle, as A, the following relations are true, so 
far as the numerical values of the functions are concerned: 

sin A=sin (180°—A) tan A=tan (180°—A) 
cos A=cos (180°—A) cot 4=cot (180°—A) 


Therefore, if the angle given is greater than 90° and less 
than 180°, and some function of it is required, subtract it from 
180° and find the same function of the remaining angle. 


19. Table of Natural Trigonometric Functions. 
From what has already been stated with regard to the trig- 
onometric functions of angles, it is seen that for a given angle 
there is one unchanging value of its sine, a single value for its 
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cosine, and so on for each of the other functions. It is there- 
fore possible to arrange a table in which are given the various 
values of the functions corresponding to the different values 
of angles. Such a table will be found at the end of this Sec- 
tion. It gives the values of the sines, cosines, tangents, and 
cotangents of all angles from 0° to 90°, to five decimal places. 
These trigonometric functions are known as the natural func- 
tions of the angles, and so the values are called the natural 
sines, natural cosines, etc. This table is useful in solving many 
kinds of engineering problems, as will be shown later. 


20. The table at the end of this Section is divided into 
two parts. The first nine pages of the table contain the values 
of the natural sines and cosines and the remaining nine pages 
contain the values of the natural tangents and cotangents. 
For all ordinary problems it will be found sufficiently accurate 
if the value of the angle is taken to the nearest minute. The 
table is therefore arranged so as to show the values of the 
functions for all angles from O° to 90°, inclusive, increasing 
by 1’. All angles expressed in whole numbers of degrees 
from 0° to 44° will be found in the rows at the tops of the 
pages, the minutes being given in the first column of the page, 
reading downwards. The values of the functions are given in 
the columns headed by the names of the functions. For whole 
degrees from 45° to 89° it is necessary to look along the bot- 
toms of the pages, the minutes being given in the right-hand 
column, reading upwards. As 90° is equal to 89° 60’, the 
values of the functions of 90° will be found on the first and 
tenth pages of the table, in the first line and in the second and 
third columns, as will be explained later. 

It will be noticed that the columns headed Sine at the top 
are marked Cosine at the bottom, and those marked Cosine at 
the top are marked Sine at the bottom; similarly, the terms 
Tang and Cotang are interchanged at top and bottom of 
each column, in the latter half of the table. The reason for 
this will be understood from what is said in Art. 17. The 
angle corresponding to any particular value in the table, read- 
ing the value of the angle from the top, is the complement of 
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the angle corresponding to that value, reading the value of 
the angle from the bottom. That is why the table is read down- 
wards from 0° to 45° and upwards from 45° to 90°. 


21. The table gives the values of the functions of angles 
expressed in degrees and minutes only. So, if the value of an 
angle is given in degrees, minutes, and seconds, the angle should 
be taken to the nearest number of minutes and the function cor- 
responding to this latter value should be found. As there are 
60 seconds in 1 minute, the middle point is half of 60, or 30; 
so, if an angle contains less than 30’, ignore the number of 
seconds, but if it contains 30” or more than 30”, drop the num- 
ber of seconds and add I’ to the number of minutes in the 
angle. These points may be illustrated by examples. For 
instance, consider the angle 12° 27’ 45”, As 45” is greater 
than 30”, add I’ to the number of minutes in the angle, which 
will give 12° 28’; that is, 12° 27’ 45” is 12° 28’, approximately. 
Similarly, 65° 48 22” is 65° 48’, approximately, as 22” is less 
than 30” atid is ignored; 7° 18’ 32” becomes 7° 19’, as 32” is 
more than 30”; 47° 52’ 8” is taken as 47° 52’; 29° 6’ 51” is 
taken as 29° 7’; 35’ 40” is taken as 36’; 4° 30’ 30” is taken as 
4° 31" ; and so on. 

‘22. Limits of the Natural Functions.—Between 0° 
and 90° the sine increases from a value of zero to a value of 1, 
while the cosine at the same time decreases from a value of 1 to 
a value of zero. The tangent of an angle of 0° is zero, from 
which value it increases as the angle increases, until its value 
for an angle of 90° is infinity. This word infty simply means 
a value so great that it cannot be measured. The cotangent of 
an angle of ° is infinity, and it decreases as the angle 
increases, until its value for an angle of 90° is zero, 


23. Inverse Functions.—In various books and maga- 
zines will be found expressions like A =sin~1.86603, B=tan~! 
47382, etc. These are trigonometric expressions and are 
called inverse functions. The first one is read A equals the 
angle whose sine is 86603 and the second is read B equals the 
angle whose tangent is .47382. The only reason for using such 
an expression is that it saves writing a long phrase. The —1 
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above and to the right of the abbreviation of the name of the 
function is nof an exponent, although it occupies the position 
of one. It may be used in connection with any one of the 
trigonometric functions. 


APPLICATIONS OF TRIGONOMETRY 


USE OF TRIGONOMETRIC TABLE 


24. Finding Functions of an Angle.—The values of 
the various functions of angles are never calculated directly, 
except for the purpose of making a table of such values. For 
calculations that require the use of trigonometric functions, a 
table such as that given at the end of this Section is employed 
and the values of the functions are taken directly from it. 
The method of finding the natural sine, cosine, tangent and 
cotangent of an angle from the table will be illustrated by a 
number of examples and their solutions. 


EXxAmpLe 1.—Find the sine of an angle of 37° 24. 

Sotution.—The sines and cosines of angles are given in the first 
half of the table. Therefore, as 37° 24’ is less than 45°, look along the 
tops of the pages in the first half of the table until the value 37° is dis- 
covered, on page 8. Under this value are two columns, one headed 
Sine and the other Cosine. As the sine of the angle is to be found, its 
value will be in the column headed Sine. When the whole number of 
degrees in the angle is given at the top of the page, the minutes will be 
found in the first column at the left-hand edge of the page. Therefore, 
run down this column (which is headed ’) until the number 24 is 
located. Then follow horizontally along the row of figures to the 
column headed Sine under the value 37° already located. Here the 
value .60738 appears. Therefore, the sine of 37° 24’ is .60738. Ans. 

ExaMmp_e 2.—What is the cosine of 18° 52’? 

Sotution.—Values of the cosine are found in the first half of the 
table. As the given angle is less than 45°, look along the tops of the 
pages until 18° is found. Run down the left-hand column until 52 is 
located and then proceed to the right, to the column headed Cosine 


under the value 18°, where the number .94627 appears. Then, the 
cosine of 18° 52’ is 94627. Ans. 


ExampLe 3,—What is the value of tan 41° 8’? 


SoL_ution.—The angle whose tangent is to be found is less than 45°. 
Therefore, run along the tops of the pages in the latter half of the 
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table until the value 41° is located. Follow down the left-hand column 
to 8 and then horizontally to the right to the column headed Tang 
under 41°, where .87338 is found. Then, tan 41° 8’=.87338. Ans. 


Examp_Le 4.—Find the value of cot 29° 40’. 


SoLtution.—The values of cotangents are given in the latter half of 
the table. As the angle is less than 45°, run along the tops of the 
pages until 29° is discovered. Then proceed downwards in the left- 
hand column to 40, from which follow horizontally to the right to the 
column headed Cotang under 29°, where the value 1.75556 appears. 
Then, cot 29° 40’=1.75556. Ans. 


Exampe 5.—What is the sine of 77° 43’? 


Soturion.—The values of sines are found in the first half of the 
table. As the given angle is greater than 45°, it is necessary to look 
along the bottoms of the pages until the value 77° is discovered. When 
the whole number of degrees in the angle is found at the bottom, the 
number of minutes must be located in the column at the right-hand edge 
of the page. In this column, therefore, locate 43 and then proceed to 
the /eft to the column marked Sine at the bottom of the page and 
having 77° under it. Here the value .97711 appears. Then, sin 77° 43’ 
=,.97711. Ans. 


EXAMPLE 6—Find the value of cos 82° 3’. 


So_tution.—The first half of the table must be used, and as the given 
angle is greater than 45° it is necessary to follow along the bottoms of 
the pages until 82° is located. Proceed upwards in the column at the 
right-hand edge of the page to the value 3 and then to the left hori- 
zontally to the column marked Cosine at the bottom of the page and 
having 82° under it. Here the value .13831 will be found. Therefore, 
cos 82° 3’=.13831. Ans. 


EXAMPLE 7.—-Find the tangent of 50° 21’. 


SoLtution.—Tangents are found in the latter half of the table. As the 
given angle is greater than 45°, follow along the bottoms of the pages 
until the value 50° is discovered and then upwards along the right- 
hand column until 21 is located. Then, from 21, proceed to the left to 
the column marked Tang at the bottom and having 50° under it. Here 
the value 1.20665 will be found. Hence, tan 50° 21’=1.20665. Ans. 


ExAmp_e 8.—Find the cotangent of 66° 6’. 


Sotuttion.—The latter half of the table must be used. Follow along 
the bottoms of the pages until 66° is discovered. Next, proceed upwards 
along the right-hand column to 6 and then horizontally to the left to 
the column marked Cotang at the bottom and having 66° under it. 
Here the value 44314 is found. Therefore, cot 66° 6’'=.44314. Ans. 
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ExAMPLe 9.—What is the sine of 30°? 


Sotution.—The given angle contains a whole number of degrees and 
no minutes; hence, it may be written 30° 0’. As this is less than 45°, 
look along the tops of the pages in the first half of the table until 30° 
is discovered. Then, in the line having 0 at the left-hand end and in 
the column headed Sine, under 30°, is found the value of the sine, or 
50000. Ans. 


Examp te 10,—Find the sine and cosine of the complement of 21° 38’, 


Sotution.—According to Art. 17, the sine of an angle is equal to 
the cosine of its complement and the cosine is equal to the sine of its 
complement. The complement of 21° 38’ is 90°—21° 38’; therefore, 
sin (90°—21° 38’)=cos 21° 38’=.92956, according to the table; and 
cos (90°—21° 38’)=sin 21° 38’=.36867. Ans. 


Exampie 11.—What are the cosine and tangent of 148° 50’? 


Sotution.—As this angle is greater than 90° and less than 180°, 
proceed according to the last statement in Art. 18. First subtract 
148° 50’ from 180°, and the remainder is 31° 10’. Then, numerically, 
cos 148° 50’=cos 31° 10’'=.85567, and tan 148° 50’=tan 31° 10’ 
=.60483. Ans. 


Examp te 12.—Find the sine of 17° 31’ 56”. 


Sotution.—According to Art. 21, this angle is taken as 17° 32’, 
approximately, as 56” is greater than 30”. Then, the sine of 17° 32’, 
from the table, is .30126. Ans. 


Exampete 13.—What is the tangent of 59° 42’ 11”? 


Sotution.—According to Art. 21, the 11” is ignored, as it is less 
than 30”, and the angle is taken as 59° 42’, approximately. From the 
table, tan 59° 42’=1.71129. Ans. 


Examp.e 14——What is the cosine of 37’ 37”? 


Sotution.—As 37” is more than 30”, the number of minutes is 
increased by 1, giving 38’, according to Art. 24. Then, the value of 
the cosine of 38’ is found, in the column headed Cosine, under 0°, 
opposite 38 in the left-hand column, to be .99994,. Ans. 


Exampte 15—Find the sine and the cosine of 90°. 


Sotution.—The table does not show 90° directly; but, as explained 
in Art. 20, 90°=89° 60’, and the sine and the cosine of 89° 60’ may 
easily be found from the table. As 90°, or 89° 60’, is greater than 45°, 
look along the bottoms of the pages until 89° is found, on page 1. 
Follow upwards in the right-hand column to 60, which is in the top line 
of the table. In the two columns above 89°, marked Sine and Cosine at 
the bottom, and in the top line with 60, will be found the values 1 and 
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00000. Therefore, sin 90°=sin 89° 60’=1, and cos 90°=cos 89° 60’ 
=,00000, Ans. 
EXAMPLE 16.—What are the values of tan 90° and cot 90°? 


SoLution.--As just explained, 90°=89° 60’. To find the tangent and 
cotangent of 89° 60’, first locate 89° at the bottom of page 10 in the 
table. Then follow upwards in the column at the right to 60, which is 
in the top line. In this line, and in the columns marked Tang and 
Cotang at the bottom, above 89°, are the values Infin. and .00000, 
Therefore, tan 90°=tan 89° 60’=infinity, and cot 90°=cot 89° 60’ 
=,00000. Ans. 

The method of using the table, as explained in the foregoing 
solutions, may be stated in the form of rules, as follows: 


Rule I.—I. I/f the given angle is less than 45°, locate the 
figures that represent the number of degrees in the angle, as 
found at the top of the page, and below them find the column 
headed by the name of the function to be found. 


II. Look down the column at the left-hand edge of the 
page until the figures representing the number of minutes in 
the given angle are found. 

Til. In the column headed by the name of the function 
and on the same horizontal line as the number of minutes in 
the angle, note the number given, which is the value of the 
function to be found. 


pao) 


Rule II.—I. /f the given angle is 45° or more, locate the 
figures that represent the number of degrees in the angle, as 
found at the bottom of the page, and above them find the 
column designated by the name of the function to be found. 


It. Look up the column at the right-hand edge of the page 
until the figures representing the number of minutes in the 
given angle are found. 

111. Jn the column designated at the bottom by the name of 
the function, and on the same horizontal line as the number of 
minutes in the angle, note the number given, which is the value 
of the function to be found. 


25. Finding Angles From Given Functions.—In 
many calculations the values of the functions of angles are 
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known and it is necessary to find the angles corresponding to 
those values of the functions. The table is used for this pur- 
pose, but the method of procedure is directly the reverse of 
that just described for finding the values of the functions. 
The table may not, and probably will not, show the exact value 
of the given function in every case; but it will be sufficiently 
accurate to locate the value nearest to that given and then find 
its corresponding angle. 

First note carefully the arrangement of the table, for then 
it will be comparatively easy to find functions in it and the 
angles corresponding to them. At the tops of the columns 
appear numbers of degrees ranging from 0° to 4° on page 1 
and so on up to 44° on page 9. When these values are used, 
the left-hand column is the one in which to find the number of 
minutes. Notice that the values of the sines increase from 
0 for 0° 0 to .01745 for 0° 60’ (or 1°), page 1, and so on up 
to .70711 for 44° 60’ (or 45°), page 9. The values of the 
cosines, on the other hand, decrease from 1 for 0° 0’ to .99985 
for 0° 60’ (or 1°), page 1, and so on down to .70711 for 
4A° OOF (or 45°), page 9. 

The table is so arranged that each number on pages 1 to 9 
represents the sine of an angle and the cosine of the comple- 
ment of that angle. If the angle is larger than 45° the name 
of the function is given at the bottom of the column and the 
number of minutes in the right-hand column. Notice that the 
sines of angles greater than 45° continue to increase, as read 
upwards from .70711 for 45°, page 9, to .71934 for 45° 60’ 
(or 46°), and so on up to 1 for 89° 60’ (or 90°), page 1. 
Similarly read, the cosines decrease from .70711 for 45° to 0 
tor 89° 60" (or 90°). 

The tangents and cotangents are arranged in like manner on 
pages 10 to 18. The values of tangents increase from O for 
0° 0’, page 10, to 1 for 44° 60’ (or 45°), page 18, and further 
increase, reading upwards from the bottoms of columns, to 
infinity for 89° 60’ (or 90°), on page 10. The values of 
cotangents vary in the reverse order from infinity for 0 down 
to 1 for 45° and, reading upwards and backwards from 


page 18, on down to 0 for 0°. ’ 
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EXaMpe Le 1.—Find the angte whose sine is .57691. 


SoLution.—Values of sine: are given in the first half of the table. 
Therefore, search through the columns headed Sine until the value 
97691 is discovered. It will be found in the column bearing 35° at 
the top and in the line having 14 at the ieft-hand end. Therefore, the 
angle whose sine is .57691 is 35° 14’. Ans. 


It will be observed that when the given function is found in 
a column having the name of that function at the top, then the 
number of degrees in the corresponding angle is the number 
above the name of the function, and the number of minutes is 
the number in the /eft-hand column in the same line as the 
function. When the given function is found in a column 
having the name of that function at the bottom, then the num- 
ber of degrees in the corresponding angle is the number below 
the name of the function, and the number of minutes is the 
number in the right-hand column in the same line as the 
function. 


ExaMP_Le 2.—What angle has a sine whose value is .79300? 


SoLtution.—Look through the columns having Sine at the top. The 
greatest value discovered is .70711, which is at the end of the first half 
of the table and corresponds to an angle of 45°. As the given value, or 
.79300, is greater than .70711, it is plain that the angle must be greater 
than 45°, because the sine increases as the angle increases. Therefore, 
it 1s necessary to continue the search in the columns having Sine at th« 
bottom. Following this plan, the value .79300 is discovered in the Sine 
column having 52° under it at the bottom of the page and on the line 
having 28 at the right-hand end. The number of minutes is found in 
the right-hand column because the given function appears in a column 
having the name of the function at the bottom. Therefore, the angle 
having a sine of .79300 is 52° 28’. Ans. 


ExAMpLeE 3.—The cosine of an angle is .36120. What is the angle? 


Sotution—Look through the columns having Cosine at the top. 
The values steadily decrease from 1 io .70711, the latter value being the 
cosine of 45°. As .70711 is still much greater than .36120, it is plain 
that the angle must be greater than 45°, because the value of the cosine 
decreases as the angle grows larger. Therefore, it is necessary to 
search in the columns having Cosine at the bottom of the page. Fol- 
lowing this plan, two values are discovered that are close to .36120. 
These are .36135 and .36108. The first one is .00015 greater than .36120 
and the second one is .00012 smaller than .36120. Thus, the second is 
closer to the given value, .36120, and is the one to be used. It is in the 
column having Cosine at the bottom and 68° below it, and it is on the 
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line having 50 in the right-hand column. Therefore, the required angle 
is 68° 50’, very closely, Ans. 

ExampLe 4.—Find the angle whose tangent is .77777. 

Sotution.—The exact value given does not appear in the table; but 
in one of the columns headed Tang at the top appear the values 
77754 and .77801. The first of these values is the closer to .77777 and 
it is therefore used. It has the value 37° at the top of its column, and 
at the left-hand end of the line in which it occurs the value 52 appears. 
Therefore, the angle whose tangent is .77777 is 37° 52’ approximately. 
Ans, 


EXAMPLE 5.—The cotangent of an angle is .41144. What is the 
angle? 

SoLtuttion.—The cotangent decreases as the angle increases. On 
looking through the columns having Cotang at the top, the smallest 
value found is 1.00000, corresponding to 45°. Therefore, the angle must 
be greater than 45°. Look through the columns having Cotang at the 
bottom, therefore, and eventually the value .41149 will be discovered, 
which is the nearest value to .41144 given in the table. This value 41149 
corresponds to an angle of 67° 38’, Therefore, the required angle is 
67° 38’, very nearly. Ans. 


EXAMPLES FOR PRACTICE 


1. Find the sine of 48° 17’. Ans. ,74644 
2 Hind the cosine an 13. i: Ans. ,97365 
3. What is the sine of 72°? Ans. .95106 
4. Find the value of cog 51° 9’, Ans. .62728 
5. What is the tangent of 30°? Ans. 57735 
6. Find the cotangent of 82° 50’. Ans. .12574 
7. (a) Of what angle is .26489 the sine? (b) Of what angle is it 
the cosine? (a)! 15422" 


Ans. (b) 74° 39° 


8. (a) Of what angle is .68814 the sine? (b) Of what angle is 
it the tangent? (a) 43° 29’ 
Ans.{ (b) 34° 32 
9. The cosine of an angle is .36257. What is the angle? 

Ans. 68° 45’ 
10. The tangent of an angle is 1.43916. Find the angle. 

TNS, Gal 1% 
11, Find the angle whose cotangent is 2.12200. Pxiise Zoe 


2. What is the complement of 39° 42’? Ans, 50° 1& 


ret 
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13. What is the supplement of 117° 22’? Ans. 62° 38’ 
14. Find the sine of 153° 45’, Ans. .44229 
15. What is the cosine of the complement of 61° 30’? ~— Ans, .87882 
16. What is the tangent of 12° 48’ 10”? Ans. .22719 
17. Find the sine of 74° 36’ 58”. Ans. .96417 
18. What is the cosine of 53’ 42” Ans. .99988 
19. What is the sine of 28’ 12”? Ans. .00814 
20. Find the cotangent of 65° 7’ 40”, Ans. .46348 


SCLUTION OF RIGHT TRIANGLES 


26. Cases Involved.—lIt has already been stated that if 
three parts of a triangle are known, one of them being a side, 
the remaining three parts may be cal- 
culated. To illustrate this calcula- 
tion, known as the solution of the 
triangle, problems relating to right 
triangles will first be considered. 
Every right triangle has one angle 
of 90°; consequently, the sum of the 
two remaining acute angles must be 
90°, because the sum of all three 
angles is 180°. Moreover, the sum 2 
of the squares of the two sides is 
equal to the square of the hypotenuse. These two statements 
should be kept in mind, as they assist materially in solving 


B 


43° P 
22 
b Cc 


Bie. 5 


right angles. 

There are four separate cases that may arise in the solution 
of right triangles, and they depend on what parts of the triangle 
are known. ‘These cases are: 

1. An acute angle and one side given. 

2. An acute angle and the hypotenuse given. 

3. The hypotenuse and one side given. 

4. The two sides given. 

In each of these cases it will be noted that only two parts 
are given; but, as every right triangle has one right angle, this 


22 TRIGONOMETRY AND GRAPHS § 10 


right angle forms the third known part and so enables the 
triangle to be solved. 


27. Given an Acute Angle and a Side.—In the right 
triangle shown in Fig. 5, the acute angle A is 43° and the side b 
is 22 feet long. Let it be required to find the other parts. As 
the sum of the two acute angles must be 90°, the angle B must 
equal 90° —A=90°—43°=47°. According to trigonometry, 
5 =tan A=tan 43°. But; 6=22 feet, and tan 43° =.9325z, 
according to the table. Hence, 59 = 93252, or a=22X .93252 


=20.5 feet. The square of the hypotenuse equals the sum of 
the squares of the two sides, or, c2=a?+b?=22?+20.5? = 484 
+420.25=904.25. Then, c= W904.25=30.07 feet, or the 


length of the hypotenuse. 
If the angle A and the side a had been given, the angle B 


: b 
would have been calculated as before. Then, as ae tan B, the 


B value of b could be found 
in precisely the same man- 
w ner as that just described. 


28. Given an Acute 
Angle and the Hypot- 
enuse.—Suppose_ that 
the hypotenuse c, Fig. 6, is 32 inches long and the angle B 
is 75° and that the other parts of the triangle are 
to be found. The angle 4=90°—B=90° —75°=15°. Then, 


=n A=sin 15°. But, c=32 inches and sin 15°=.25882. 


A 6 
Fre. 6 


according to the table. Hence, 35 = 25882, or a=32X.25882 


: or b 
=8.3 inches. Similarly, 2 eit B=sim 75° or; $5 =.96593, 
from which b= 32 .96593 = 30.9 inches. Another way of find- 
ing b is as follows: c?=a?+b?, or b?=c?—a?. Then, 5? 
= 32? — 8.3? = 1,024—68.9=955.1, and b=1/955.1=30.9 inches, 


as before. 
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If the acute angle A had been given instead of B, the angle B 
would have been found by subtracting A from 90°, after which 
the remaining parts would have been 
calculated precisely as shown. 


29. Given the Hypotenuse 
and One Side.—Suppose that the 
triangle in Fig. 7 is to be solved, know- 


bla 


ing that b=12 feet and c=24 feet. ¢ a B 
The side a is readily found as fol- Bre.7 

lows: a?=c?—b?=24°—12?=576—144=432, and a= \/432 
=20.78 feet. Then, sin 4 —— .866. From the table, 


the angle whose sine is .866 is found to be 60°; therefore, 
A=60°. Then, B=90°—A=90° —60° = 30°. 

If the side a and the hypotenuse c had been given, the side b 
would have been found by the formula b=\/c?—a? and the 
A remainder of the solution 

would have been as shown. 


SOs Given! nemo 


Ble oe Sides.—In Fig. 8, a is 200 
2 . feet long and b is 125 feet 
long and the hypotenuse 
and the angles are to 

200° be found. First, c?=a? 

: 4 +b? =200?+125*=4 0,000 


+ 15,625= 55,625, and so 
c= 17 55,625=235.8 feet. As a and b are known, tan A=cot 
pate 16, The table shows that 1.6 is the tangent of 
58° and the cotangent of 32°; therefore, d=58° and B=32°. 
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EXAMPLES FOR PRACTICE 


1. Ina right triangle A BC, having the right angle at C, the hypot- 
enuse c is 24 feet and the angle A is 29° 31’. Find the sides a and 6 


and the angle B. a=11.8 ft. 
Ans. 4 b=2Z0.9 ft. 
B=60° 29’ 


Nore.—When solving an example of this kind, make a rough sketch of a 
right triangle and letter the angles and sides as stated in the example. 

2. The sides a and b of a right triangle have lengths of 15 feet 
and 18 feet, respectively. [ind the length of the hypotenuse c and the 
values of the acute angles A and B. | c=23.4 ft. 

Ans., 4=39° 48’ 
| p=so° Nes 


3. Ina right triangle 4 BC, having the right angle at C, the side a 
is 37 feet 7 inches long and the angle A is 25° 33’. Find the angle B 


and the lengths of the side b and hypotenuse c. B=64° 27’ 
Ans.) b=78.6 ft. 
c=87.1 it. 


4. The hypotenuse c of a right triangle measures 596.76 feet and 
the side b measures 305.45 feet. Find the length of the side a andthe 


angles A and B. ; a=512.7 ft. 
Ans.) A=59° 13’ 
B=30° 47’ 


SOLUTION OF OBLIQUE TRIANGLES 


31. Cases Involved.—Any triangle that is not a right- 
angled triangle is called an oblique triangle. In the solu- 
tion of such a triangle, four cases may 
arise, as follows: 

1. A side and two angles given. 

c a 2. Two sides and an angle opposite 
one of them given. 
3. Two sides and the angle between 
A b C them given. 
Fre. 9 4. The three sides given. 


B 


o2. Law of Sines.—The solution of oblique triangles is 
greatly simplified by using the law of sines. This law states 
that the ratio between any two sides of a triangle equals the 
ratio between the sines of the angles opposite those sides. If 
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aes : a 
the triangle in Fig. 9 is considered, this law means that 5 


si A ob sin 6 ‘sin C. po Se 
==, == = =, ete. But, if -=—_—— 

Sin San roe ecu b sin B’ 
=bXsin A, and eee 
Sima) sia Js. 
which the law may be stated is: The sides of any triangle are 
proportional to the sines of the opposite angles. In other 
words, the ratios obtained by dividing each of the sides by the 
sine of the angle opposite will be equal; 

a bp Ae 4 
sin A sin B sinC 

The sine law is very important and 
useful. 


aXsin B 


Therefore, another way in 


that is, 


33. Given a Side and “wo 
Angies.—Suppose that the angles 
A and Bb, Pie. 10, ace,23° 17 and 74° 
49’, respectively, and the side a has a 
length of 182 feet, and let it be re- 
quired to find the remaining parts of 
the triangle. As the sum of all three 
angles must be 180°, the angle C=180° 
Pra te EO? = (23° e/a fae AOC) 
= 180°—98° 6’=81° 54’. By the law 
of sines, a:sin J=b:sin B; but, a 
= 182 feet, sin d= sin 23° 177 =.39528, 
and sin B=sin 74° 49’=.96509. Then, 


182: .39528=b : .96509, or b” a . 

182 .96509 _ d Fre. 10 

= 39598 =444 3 feet. In the 

Same way, d@ - siuA—c : sin-C, ore: sin 23° 17’=cu sin 81° 
182 .99002 

54’, from which 182 : .39528=c : .99002; then, c= 39528 


= 455.8 feet. 


34. Given Two Sides and an Opposite Angle.—In 
the triangle in Fig. 11, the sides a and b measure 115 feet and 
164 feet, respectively, the angle B is 28° 40’, and the other parts 
are to be found. By the law of sines, a: sin d=b: sin B, or 

Lit 271p—4 
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; 115 Xsin 28° 40’ 

115: sin A = 164: sin 28° 40’, from whichsin A = i. an 
a ee The angle whose sine is .33638 is 
approximately 19° 39’, which is therefore the value of the 
angle A. The angle C is then 

Be  NBOS Sa (RO SE ie A 

ae°40' 131° 41’. By the law of sines, 


é f, bY’ sin B=e 2 sinc. Whe sine 
A of 131° 41” is the same as the 
AS.) sine of (180°—131° 41’=48° 


19’), according to Art. 18, and 
the sine of 48° 19 is .74683. Then, 164 : .47971=c : .74683, 
_ 164X.74683 _ 
7707] 255.3 feet. 


39. In the example stated in the preceding article there is 
but one triangle that can be formed, having the given sides and 
angle. But in some cases two triangles can be made to fit the 
given conditions. For example, suppose that the given sides 
are a= 20 inches and c=24 inches, and that the angle 4 =50° 
30’. In Fig. 12 (a) is shown one triangle that will fulfil the 


OF 


(bv) 


Fre. 12 


conditions and in (0) is shown another. In each of them, the 
angle A is 50° 30’ and the sides @ and c measure 20 and 
24 inches, But in the first case the angle C is an acute angle 
and in the second case it is obtuse; also, the angle B varies in 
the two triangles. Therefore, two sets of values must be 
obtained for the side b and the angles B and C. 
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By the law of sines, a : sin d=c : sin C, or 20: sin 50° 30 
=24 : sin C, from which sin C= ee .92594. There- 
fore, the angle C is 67° 49’ if it is an acute angle, as in (a). 
But, the sine of an angle is also equal to the sine of 180° 
minus that angle, according to Art. 18. Hence, .92594 is also 
the sine of an angle of (180°—67° 49’=112° 11’), which is the 
value of the obtuse angle C in the triangle shown in (b). 

Consider first the triangle in (a), in which the angle C is 
67° 49’. The angle B is equal to 180° minus the sum of the 
angles 4 and C; that is, the angle B=180°— (50° 30’+67° 49’) 
=O rd According to the law of sines, b: sin B=a: sin 
A, or 6 ; sm 61° 41’=20 ; sin 50° 30’, from which 6 
oe ae inches. 

Next consider the triangle in (b), in which C=112° 11’. 
The angle B =180°— (50° 30’+-112° 11’)=17° 19%. Then, by 
the law of sines, b: sin B=a: sin A, or Db: sin 17° 19 


; ; BU A270 
= 70: sin 50° 30%, froanr which oar =/7./ inches, 


36. Given Two Sides and the Included Angle. 
The angle 4, Fig. 13, is 57° 32’ and the sides b and c on each 


PrG. 03: 


side of it measure 12.5 inches and 33.25 inches, respectively. 
It will be seen at once that no side and opposite angle together 
are known and so it is not possible to use the law of sines 
directly, since the required ratio cannot be found. However, 
the triangle may be solved as follows: From C draw C D per- 
pendicular to A B, thus dividing the oblique triangle into two 
right triangles 4d CD and BDC. Denote the distance C D by 
d and the two parts into which the side c is divided by m and n. 


‘ 
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Considering, then, the right triangle 4 C D, the angle e=90° 
—57° 32'=32° 28. Also | =sin e, or ipeasin 32° 28) 
= 53681 and so m=12.5X.53681=6.7 inches. Similarly : 


=sin 57° 32’, or 4 94370, from which d=12.5X.84370 


12:5 
= 10.55 inches. 
Next, consider the right triangle B DC. The side d has just 
been found to be 10.55 inches, and the side n=c—m=33.25 
—6.7=26.55 inches. Consequently, as a is the hypotenuse, 


a=\/d? Fn? =\/10.55? +26.55?=28.6 inches, nearly: 

Now consider the triangle 4 BC. By the law of sines, a 
: sin Jd=b : sin B; but a=28.6 inches, b=12.5 inches, and sin 
A=sin 57° 32’=.84370. Therefore, 28.6 : .84370=12.5 : sin 
B, from which sin ee 36875. As .36875 is the 
sine of an angle of 21° 38’, nearly, B=21° 38’. Finally, then, 
the angle C = 180° = ((57°" 327-21" 387) = 100° 50" 

37. Given the Three Sides.—lf the lengths of the 
three sides of a triangle are given, but no angles are known, it 
is not possible to use the law of sines in the solution, because 
no ratio can be formed between a side and the sine of the angle 
opposite. However, there is a law of cosines that enables 
the triangle to be solved very readily. This law states that the 
cosine of any angle of a triangle is equal to the sum of the 
squares of the sides adjacent to that angle minus the square of 
the side opposite, all divided by twice the product of the sides 
adjacent to the angle. Thus, if A, B, and C are the three 
angles of a triangle and a, b, and c are the sides opposite these 
angles, respectively, the law of cosines may be written for 
each of the three angles, as follows: 


b?+c?—a? 
cos A= ai (4) 
ac? — 6" 
cosB=——4 7 (2) 
Sela a peng 


ene: 
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These formulas are important and are not difficult to remem- 
ber. Their application will be illustrated by an example. 


38. Suppose that the three angles of the triangle in 
Fig. 14 are to be found, if the sides a, b, and c have lengths of 


9, 16, and 21 inches, respectively. First consider the angle 4; 
apply formula 1 of the preceding article and substitute the 


. E ie Spe Sok 
values of a, b, and c in that formula. Then, cos 4= ae 
soto 212 0? 206744 8 <616) -. 

7 2x 16X21 Are = 91667. This value, 


according to the table, is the cosine of an angle of 23° 33’; 

therefore, 4=23° 33’. Next, consider the angle B and apply 

Oe Cae 
Zac 


formula 2 of the preceding article. Then, cos B= 


oe ae = 8 70370, which is the cosine of an angle of 
45° 17’; therefore, B=45° 17’. The angle C can be found by 
applying formula 3 of the preceding article; but as the angles 
A and B are known, it is simpler to find C by subtracting the 
sum of A and 6 irom 180°. Thus, C=180°= (23° 33’/+-45° 


17’) =180°—68° 50° =111° 10’. 


EXAMPLES FOR PRACTICE 


1. Ina triangle 4 BC, the angle A is 46° 14’, the angle B is 88° 24’ 
and the side ¢ is 21 inches. Find the angle C and the sides a and b. 

C=45° 22’ 

Ans.{ a=21.3 in. 

b=29,5 in. 


Nore.—In solving an example of this kind, make a sketch of a triangle and 
mark the sides and angles as indicated by the example. 
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2. Ina triangle A BC, the side c is 18 inches, the angle B is 60°, 
and the angle C is 38° 42’. Find the angle A and the sides a and b. 


A=81° 18 
Ans.§ a=28.5 in. 
b=24.9 in. 


3. In a triangle 4 BC, the angle 4 is 35° 1’, the side a is 57 feet, 
and the side ¢ is 884 feet. Find the side b and the angles B and C. 


b=46.6 ft. 
B=27° 58’ 
C=117° l’ 
Ans. 
; 2 b=98.4 ft. 
Note.—Two triangles may _be found to fulfil the BD 
conditions of this example. In one the angle C is B=82 
acute, and in the other it is obtuse. Follow the G=62° 59’ 


method in Art, 35. 
4. If the three sides of a triangle are a=17.25 feet, b=21 feet, and 
c=32 feet, find the angles 4, B, and C. fee 42’ 
Ans.\ B=37° 6’ 
|c=113° 127 


TRIGONOMETRIC CALCULATIONS 


39. The use of trigonometric functions in making certain 
calculations is most easily shown by illustrative examples such 
as the following: 


Examp.Le 1—In the parallelogram shown in Fig, 15, the four sides 
are of equal lengths and the longer diagonal forms equal angles of 30° 
each with the sides. If a repre- 
sents the length of the longer 
diagonal and 0 the length of one 
side, find the relation between 
a and b. 


SoLuTioN.—Draw the other 
diagonal of the parallelogram, 
as shown dotted. It will cut the 
longer diagonal at its middle 
point and the two diagonals will 
be at right angles. Therefore, 
the triangle 4 BC will be a right triangle, in which the angle 4 C B is 
30°, the hypotenuse is b, and the adjacent side C B is half the total 
length a of the longer diagonal, or 4 a. As the cosine of the angle 
A C B is equal to the ratio between the side adjacent and the hypotenuse, 
and A C B=30°, 


Ere. 15 


cos A C B=cos 30°=ha+b=} = = 


2b 
from which a=2 bX cos 30° 
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But, the cosine of 30° is .86603, according to the table; therefore, 
a=2 bX .86603=1.73206 b 


or, expressed to three decimal places, 
a=1.732 


which is the required relation of a to b 


b 
Ans. 


ExAmpLe 2.—A wooden brace a, Fig. 16, is to be set against a ver- 


tical post b to support a horizontal arm c. 


The distance from the post 


to the upper toe of the brace is to be 30 inches and from the arm to the 


lower toe of the brace is to be 
48 inches. Find the angles m and 1 to 
which the ends of the brace must be 
sawed so as to fit. 


SotuTiIon.—The triangle ABC 
formed by the brace and the arm and 
the post is a right triangle in which 
the lengths of the two sides are known 
and the acute angles m and m are to 
be found. Consider first the angle m; 
its tangent is equal to the side opposite 
divided by the side adjacent; that is, 

30 


tan m ae 6 


In the table of tangents and 
tangents, the angle whose tangent is 
.625 is found to be 32°; therefore, the 
cut to an angle of 32°. 

As the sum of the acute angles of a 


B 


5 


CO- 


A D 


b 
Fic. 17 


Fic, 16 


lower end of the brace must be 


right triangle is always 90°, the 
angle m has a value of 90°—32° 
=58°. Ans. 


Exampte 3.—Two lines 4 B 
and AC, Fig. 17, make an 
angle A of 35° 45’ with each 
other. If a line is drawn from 
B perpendicular to AC at D, 
and A B is 10 inches long, find 
the length of AD. 


Sotution.—The triangle 
ABD is a right triangle, with 


a right angle at D. Let b represent the length of A D and d the length 


of AB, or10in. Then, "cos A, or i0 


b=10X.81157=8.1157, or 8.12 in., appro: 


ae 35° 45’=.81157, from which 


ximately. Ans. 
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ExampLe 4.—A man standing on the bank of a river, as at A, 
Fig. 18, is directly opposite the downstream end B of a pier that is 
being built for a bridge. The line of sight 4A C to the upstream end C 


of the pier makes an angle of 25° with 4B. He moves back in a 
direct line 120 feet to a point D and then the line of sight DC makes 
an angle of 14° with DB. What is the length BC of the pier? 


So.ution.—The angle C A B=25°; but, the angle C A B+the angle 
C A D=180°, or two right angles, because, according to geometry, the 
sum of all the angles at a point on one side of a straight line is 180°, or 
two right angles. Hence, the angle C A D=180°—25°=155°. In the 
oblique triangle D A C, therefore, the length of the side DA is known 
to be 120 ft. and the angles at D and A are known to be 14° and 155°, 


D 


140 ft. 


SS 


Fic. 19 


respectively. As the sum of the three angles of a triangle is 180°, the 
angle DC A must equal 180°—(155°+14°)=11°. According to the law 
of sines, d: sin 14°=c¢: sin 11°, or d: .24192=120: .19081, from 
120 .24192 


which d= 10081 


=152 ft. 
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The triangle 4 BC is a right triangle, in which the angle at A is 25° 
a a 
and the hypotenuse d=152 ft. Now, qo sin 25°, Or 1527-42262, from 


which a=152 .42262=64 ft. That is, the length of the pier is 64 ft. 
Ans. 


EXampLe 5.—When a man stands at a point 4, Fig. 19, on a hillside, 
his eye is at B, on a level with the lower end C of a telephone pole on 
the hill above him, and the line of sight BD to the top of the pole 
makes an angle cf 22° with the horizontal BC. If the point at which 
the man stands is 140 feet from the base of the pole, and his eye is 
5 feet above the same point, what is the height of the pole? 

So. uTion.—The lines indicated in the illustration form two right 
triangles 4 BC and BCD. Consider first the triangle 4 BC. The 
length of the hypotenuse is 140 ft. and of the side c is 5 ft. Therefore, 
the side a=\/140?—5°=\/19,000—25=/19,575=139.9 ft. Now consider 
the triangle BCD, The angle B=22° and the side a=139.9 ft. Con- 


=tan 22°=.40403, from which’ b=139.9 


b ; 0 
sequently, a tan B, (Or 139.9 


X .40403=56.5 ft. Ans. 


EXAMPLES FOR PRACTICE 


1. A man standing near the base of a tree, with his eye on a level 
with its base, has to look up at an angle of 55° to see the top. If his 
eye is 28 feet from the tree, how high is the tree? Ans. 40 ft., nearly 


Notr.—The line from the eye to the base of the tree is the base of a right 
triangle, of which the line of sight to the top of the tree is the hypotenuse. 


2. If the distances CB and CA, Fig. 16, had been 28 inches and 
40 inches, respectively, what would have been the values of the angles 
mand n? na nee 

~ | n=59" 

3. Two of the sides of a triangle have lengths of 38 feet and 
52 feet, respectively, and the angle opposite the latter side is 74° 19’. 
What is the length of the third side? Ans. 47 ft., approximately 


4. A pole leans at an angle of 78° to the horizontal and a line 
hanging vertically from its top strikes the ground 94 feet from the base. 
What is the length of the pole from the base to the top? Ans. 45.7 ft. 


5. The shadow cast by a chimney is 168 feet long, measured from 
the base of the chimney, on level ground, and the height of the 
chimney is known to be 280 feet. Find the angle between the ground 


and a line from the top of the chimney to the tip of the shadow. 
Ans. 59° 2’ 
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GRAPHS 


METHOD OF CONSTRUCTION 


INTRODUCTION 


40. Definition—A graph is a line that shows in 
diagrammatic, or graphic, form the relation between two quan- 
tities. It may be a straight line, a smooth curve, a broken line, 
or an irregular curved line, as will be illustrated later. Because 
of the fact that the greater number of graphs take the form of 
curved lines, they are commonly called curves. 


41. Usefulness of Graphs.—Graphs are very useful in 
connection with engineering work; by means of them data can 


{it cP al dT“ 


7 


Voltage 


Eat oie 
EERE 


| ees (ae I 
5:30 6:40 5:50 00 
Time, PM. 
Fra, 20 


be recorded in the form of diagrams that are not only easily 
and quickly understood but that oftentimes occupy much less 
space than would otherwise be required. 


42. Simple Example of Graph.—A graph is shown in 
Fig. 20, in which the zigzag line extending from the left-hand 
edge of the diagram to the right-hand edge indicates the varia- 
tions in the voltage in an electric line at succeeding periods of 
time. It will be observed that the line, or graph, rises and 
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falls. A rise in the line indicates an increase in the voltage and 
a drop indicates a decrease. The exact value of the voltage at 
any point along the graph may readily be found by means of 
the scale at the left-hand edge. Another scale along the bot- 
tom of the diagram indicates the time, the period indicated by 
the entire graph, or curve, being one hour, from 5 to 6 p. M. 
To show the value of the graph, suppose that it is desired to 
know when the voltage was greatest. A glance shows that the 
highest point of the graph is at a, which is on the vertical line 
that passes through 5:50; hence, the voltage was greatest at 
5:50. Again, suppose that the least value of the voltage is 
required, as well as the time at which it occurred. The lowest 
point of the graph is at once seen to be at b, which is on the 
horizontal line passing through 325 and on the vertical line 
passing through 5:ro. Therefore, the least value of the voltage 
was 325, which occurred at 5:10. 


43. The usefulness of a graph of this kind may readily be 
explained. Suppose that, instead of a curve, the values of the 
voltage had been arranged in the form of a table, for every 
minute between 5:00 and 6:00. There would then have been 
61 separate numbers, corresponding to the minute intervals of 
time. In order to discover the greatest voltage from the table, 
it would have been necessary to go over the entire list of 
61 numbers, to discover which was the largest; whereas, by 
having a curve, or graph, the maximum value is quickly dis- 
covered by observing the highest point. The same saving of 
time is made in finding the least value of the voltage, by noting 
the lowest point of the curve. 


44, Essentials of a Graphic Chart or Diagram. 
From a study of the features of the graph shown in the dia- 
gram, Fig. 20, several points are observed. In the first place, 
the meaning or value of any one point on the graph or curve 
depends on its position. The higher the point, the greater is 
the value of the voltage indicated by it; and the farther to the 
right it occurs, the later is the time indicated. In other words, 
the position and value of the point are fixed by its distance 
from each of two lines, one being the lowest horizontal line or 
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base of the diagram and the other being the left-hand vertical 
line at the edge of the diagram. These lines are drawn at 
right angles and other lines are then drawn parallel to them, 
dividing the diagram into a large number of small squares, to 
enable the positions of points on the curve to be determined 
quickly. These two lines, to which the position of each point 
must be referred, are called reference lines, or axes of 
reference. 


45. <A second point to be observed in connection with 
Fig. 20 is that the axes of reference are marked with certain 
values by which the position of any point is definitely deter- 
mined. Along the horizontal axis of reference the several 
numbers indicate time, the numbers increasing in regular order 
by intervals of 10 minutes. Along the vertical axis of ref- 
erence the numbers indicate voltage and these also are arranged 
in regularly increasing order. These two sets of numbers are 
the scales to which the curve or graph is drawn. The first 
one mentioned is the time scale and the other is the voltage 
scale. It will be seen that they are not alike. For example, 
the numbers on the voltage scale increase by 25, reading 
upwards; that is, each square indicates 25 volts. Along the 
time scale the difference between successive numbers is 
10 minutes and the distance corresponds to five smal! squares; 
therefore, each small square indicates a value of 10+5 
=2 minutes. 


PLOTTING OF POINTS 


46. Coérdinate Axes.—Before going into a study of 
various forms of graphs, it is necessary to have some under- 
standing of how a graph is made. The first essential is a pair 
of axes of reference. If they are two straight lines of indefi- 
nite lengths, crossing at right angles, as X O X’ and YOY’, 
Fig. 21, they are called co6rdinate axes and each of the two 
lines is an axis. In order to make it easy to refer to each, 
X O X’ is known as the X axis, axis of X, or horizontal axis, 
and YOY’ is called the Y axis, axis of Y, or vertical axis. 
The point O at which they cross is called the origin. 
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47. Quadrants.—The crossing of two coordinate axes, 
as in Fig. 21, produces four right-angled openings, and these 
are known as quadrants. To enable them to be distinguished 
from one another they are 
numbered in the direction indi- 
cated by the arrow, beginning 


Y 


Second Quadrant First Quadrant 


with the upper right-hand angle. 
Thus, X O Y is called the first 
quadrant, Y O X’ the second 
quadrant, Xx” O VY the third 
quadrant, and Y’ O X the fourth 
quadrant. 


> 


Third Quadrant | Fourth Quadrant 


, 


48. Abscissas and Ordi- aoe 
nates.—Suppose that a point, ess 
as P, Fig. 22, is placed at random in the first quadrant. If 
lines are drawn from P parallel to the two axes, a rectangle 
PaO b will be formed, in which P a will equal O b and P b will 
equal O a. The distance O b (=P a) that represents the dis- 
tance of P from the Y axis is called the abscissa of the point ; 
and the distance P b that represents its distance from the X 
axis is called the ordinate of that point. The position of any 
point with respect to the 
coordinate axes can 
therefore be found at 
once, if its abscissa and 
ordinate are known. 
These distances are com- 
monly designated by + 
and y, respectively. Sup- 
pose, for example, that 
for a certain point 
4=1 inch and y= # inch, 
and that the position of 
Fic. 22 the point is to be fixed. 
As « is the abscissa, measure off a distance O b equal to 1 inch, 
and above the point b thus located measure off b P equal to 
3 inch, in a direction at right angles to O 8, or parallel to the 


A 
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Y axis. Then, the correct location of the point P is determined. 
Any point may be located in the same way, if the values of its 
wv and y are given—that is, its abscissa and ordinate. The two 
values of the abscissa and ordinate are frequently referred to 
as the cobrdinates of the point. Thus, the codrdinates of 
P are | inch and # inch. 


49. Signs in the Quadrants.—In the particular case 
indicated in Fig. 22, the point lies in the first quadrant, so 
that its abscissa is measured to the right of the Y axis and its 
ordinate above the X axis. But, as there are three other 
quadrants, in any one of which points may be located, it is 
necessary to have some way of marking the abscissas and 
ordinates so that the proper quadrant may be known at once. 
The commonly accepted way of doing this is to prefix a plus 
sign, +, or a minus sign, —, to the value of the abscissa, the 
ordinate, or both. The rule that has been established by custom 
is to consider as positive, or +, all measurements to the right 
of the Y axis or above the X axis, and to consider as negative, 
or —, all measurements to the /eft of the Y axis or below the 
X axis. Following this plan, the abscissas and ordinates in the 
several quadrants will have values either positive or negative, 
as follows: 


QUADRANT ABSCISSA ORDINATE 
| | Se eign 7a Ne Se ae bea ene O87 Positive Positive 
ECOG: Serintauttia het ph has, RGR ILE os Negative Positive 
FIDE hho Erte ire, caer aan Ay als sea greater Negative Negative 
BOWEL Say oh eng ees t a ere: Positive Negative 


30. Designation of a Point.—The customary way of 
designating a point with reference to codrdinate axes is to 
write down the values of the abscissa and ordinate, separated 
by a comma, the abscissa always being written first, and the 
proper signs being used to indicate whether the values are 
positive or negative. For example, the values +4, +6 indi- 
cate a point whose abscissa is +4 and whose ordinate is +6, 
and as both of these values are +, or positive, the point lies 
in the first quadrant, at a distance of 4 from the Y axis and 
at a distance of 6 from the X axis, To save time and space, the 
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plus sign is dropped when the value of the ordinate or the 
abscissa is positive; thus, 5, 1 indicates a point whose abscissa 
is +5 and whose ordinate is +1; —4, 3 indicates a point whose 
abscissa is —4 and whose ordinate is +3; and so on. In other 
words, if no sign is given before a number, the distance indi- 
cated is measured either above the Y axis or to the right of the 
Y axis; and if a minus sign appears, the value is measured 
below the X axis or to the left of the Y axis. 


51. Squared Paper.—The process of locating a point 
with reference to its codrdinate axes is called plotting. 


RiGa2d 


Thus, the point 3, 7 may be plotted by measuring off 3 spaces 
or units to the right of the Y axis and 7 spaces or units above 
the X axis. The work of doing this, however, is made much 
more rapid and easy by the use of squared paper, known also 
as cross-section paper and sectional paper. It consists of sheets 
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of paper on which are ruled or printed lines at right angles, 
there being a variety of rulings to suit different purposes. One 
style commonly employed contains lines spaced +5 inch apart, 
as shown in Fig. 23, the sheet being thus divided into squares 
measuring =; inch on a side. Usually every tenth line and 
sometimes every fifth line is made a trifle heavier than its 
neighbors, so that the number of divisions may easily be 
counted when points are being plotted. Squared paper ruled 
in inches and eighths of an inch is useful for making sketches 
of machine parts to scale, but it is confusing when used for 
plotting points whose coordinates have decimal values. 


52. Use of Squared Paper.—In using squared paper 
when plotting points, the first thing to do is to locate the posi- 
tions of the codrdinate axes. Any two lines crossing at right 
angles may be taken as the axes of reference; but usually two 
of the heavy lines are selected. If the values of the coordinates 
of the points to be plotted are all positive, so that the points 
all lie in the first quadrant, the origin, or point at which the 
axes cross, should be taken near the lower left-hand corner of 
the sheet. Most of the graphs used in engineering work deal 
with positive values and so the majority of diagrams have the 
origin at the lower left-hand corner. The left-hand vertical 
line is then the Y axis and the bottom horizontal line is the 
X axis. If the coordinates of the points are both positive and 
negative, the axes of reference should cross near the middle of 
the sheet, so that the abscissas and ordinates may be laid off 
above, below, to the right, and to the left. 


53. To illustrate the use of squared paper, let it be 
required to plot the following points: 5,9: —6, —3;,—2, S: 
and 4, —7. As the coordinates have both positive and negative 
values, two of the heavy intersecting lines at the middle of the 
sheet of squared paper are chosen as axes, as shown in Fig. 24, 
and each square is assumed to have a value of 1. 

The first point, 5, 9, lies in the first quadrant, because its 
coordinates are both positive. So, 5 squares are counted off to 
the right from O and then 9 squares upwards from the X axis, 
locating the point a, which is the position of the first point. 
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The coordinates of the second point are both negative, indi- 
cating a position in the third quadrant. Hence, six squares are 
counted off to the left from O and then 3 downwards from 
the X axis, locating the second point, b. 

The abscissa of the third point is negative and the ordinate 
is positive; therefore, the point —2, 8 lies in the second quad- 
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Fic, 24 
rant. From O count off two squares to the left and then 
8 squares upwards from the X axis, locating the point c. 

The last point lies in the fourth quadrant, because the 
abscissa is positive and the ordinate is negative. From O are 
counted off 4 spaces to the right and 7 downwards from the 
X axis, locating the point d. 
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EXAMPLES OF GRAPHS 


IRREGULAR GRAPHS 


54. Constants and Variables.—lf a quantity always 
has the same value, it is called a constant. Thus, the num- 
ber of inches in a foot is a constant, as its value is always 12; 
the number of cubic inc! +s in a liquid gallon is a constant, as 
it is 231; the number of pounds in a short ton, or 2,000, is a 
constant ; and there are many others. But if a quantity has no 
fixed value, so that it varies according to conditions, it is called 
a variable. Thus, the temperature of the air is a variable, 
because it changes from hour to hour or from day to day; the 
speed of an electric car is a variable; and there are many other 
examples that might be given. 

If two variable quantities are so related that when the value 
of one changes, the value of the other also changes, then one is 
said to be a function of the other. Thus, the sine of an angle 
is a function of the angle, because, for every value the angle 
may have, there is a corresponding, yet different, value of the 
sine; that is, the sine changes when the size of the angle 
changes. 

The relation between two variable quantities can always be 
indicated by a graph. If the value of one depends on the 
value of the other, that is, if one is a function of the other, 
the graph will be regular in its outline; but if the value of one 
may vary without regard to the value of the other, the curve or 
graph will be irregular. 


55. Example of Irregular Graph.—The graph shown 
in Fig. 20 is an excellent example of an irregular graph. The 
voltage and the time are absolutely independent of each other. 
The voltage may have any value at any time; consequently, the 
curve is a succession of peaks and valleys, or ridges and hol- 
lows, with no order or regularity of arrangement. Asa further 
example, take the case of a train starting from a station and 
running for 40 minutes, the speed at various intervals being 
noted. Suppose that the time, in minutes, elapsed from the 
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moment of starting, and the corresponding speeds in miles per 
hour, are as follows: 


TIME SPEED TIME SPEED TIME SPEED 
ELapsep IN Mixes ELAPSED IN MILEs ELapsep IN MILEs 
Minutes PER Hour MINUTES PER Hour Minutes per Hour 

1 Zi 15 29 29 30 
2 30 16 27 31 a 
4 30% 18 25 OZ 30 
6 28 20 18 34 Jo 
y 24 Zt 18 35 34 
8 V2 22 20 YA 32 

10 Vag 23 26 38 el 

11 pai Zo Pad 39 30 

13 30 26 26 40 28 


The speed of the train is independent of the time; therefore, 
a graph showing the relation between these two variables will 
be an irregular graph. 
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56. The graph showing the s.. on of the values in the 
preceding article is given in Fig. 25. Each pair of values, as, 
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for example, 1 and 21, 2 and 30, 4 and 303, etc., are the 
coérdinates of a point on the curve. For convenience in 
plotting, each small square is assumed to represent one minute 
of time and one mile per hour of speed. The values of time 
elapsed are taken as abscissas and are laid off horizontally to 
the right from the origin, and the speeds are taken as ordinates 
and are laid off upwards from the X axis. The positions of 
the successive points are indicated by dots, and these dots, 
when joined by straight lines, give the graph. As predicted in 
the last sentence of the preceding article, the graph is irregular. 

Irregular graphs will also be obtained by plotting the vari- 
ous pressures existing in a steam boiler at intervals throughout 
a given time, the quantity of water flowing past a certain point 
in a stream during a period covering half a year, the values of 
stocks and bonds from day to day in a changing market, the 
output of a factory at successive periods of time during the 
year, and many other similar cases. 


REGULAR GRAPHS 


57. Dependent Variables.—In the case of the graph 
just described, the time and the speed had no definite relation ; 
that is, these two variables were independent of each other, 
and the graph was irregular as a result. If two variables are 
dependent, that is, if they are so related that a change in the 
value of one produces a corresponding change in the value of 
the other, the graph showing their relation will be regular. In 
other words, there will be no haphazard changes of direction 
of the curve; instead, the graph will be smooth and con- 
tinuous. It may take the form of a straight line; but if it is a 
curve, the change of direction of the curve will be regular and 


there will be no abrupt peaks and valleys like those in 
Figs. 20 and 25. 


58. Stiraight Graphs.—If two variable quantities are 
so related that a change in the value of one produces a change 
of the same proportion in the value of the other, the graph 
showing this relation will be a straight line. This may be very 
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easily illustrated by the example of an ordinary spring scales 
like that shown in Fig. 26. It consists of a coiled spring, one 
end of which is fastened to the upper end of the case a and the 
other end of which is connected to the bar that carries the 
hook b. A pointer ¢ projects through the slot d in the front of 
the case and moves down over a graduated scale e when a 
weight is hung on the hook. The position of the 
pointer on the scale indicates the weight that is sus- 
pended from the hook. The amount that the spring 
stretches under the pull of the weight on the hook 
is directly proportional to the weight. That is, a 
weight of 2 pounds will stretch it twice as far as a 
weight of 1 pound, and a weight of 10 pounds will 
stretch it 10 times as far as a weight of 1 pound. In 
other words, the stretch varies in the same ratio as 
the weight. Therefore, a graph showing the relation 
will be a straight line. 


59. Suppose, for example, that a test is made of 
the scales shown in Fig. 26 and that the weight on 
the hook is gradually increased by the addition of 
1 pound at a time, and that the stretch of the spring 
is abserved after each increase of weight. Further, 1-26 
suppose that the spring is of such strength that it stretches 
4 inch for every pound of load. Then the results of the test 
will show the following: 


WEIGHT STRETCH WEIGHT STRETCH WEIGHT STRETCH 
POUNDS INCH Pounps INCHES Pounps INCHES 
1 4 9 14 Ws 2t 
2 4 10 ie 18 , 

3 3 il 12 19 23 
4 i 12 14 20 21 
5 5 13 ie 21 23 
6 a 14 13 22 23 
7 i 15 1g 23 px 
8 1 16 Ys 24 3 


If, now, the weights are taken as abscissas and the amounts 
of stretch as ordinates, and a graph is drawn, as shown in 


‘ 
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Fig. 27, it will be a straight line. The reason is that the 
stretch increases at the same rate as the weight on the spring. 
In plotting the points through which the line of the graph is 
drawn, each square was assumed to represent 1 pound in a 
horizontal direction and } inch in a vertical direction; so, to 
mark off ¢ inch, it is necessary to estimate, by eye, half the 
height of a square. 


60. Selection of Scales.—In constructing a graph it is 
important to select suitable scales for the values that are to be 
plotted. In Fig. 27, for example, the values are small, and it 
is convenient to let each small square represent + inch of stretch 
of spring and 1 pound of weight. But if the spring had been 
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large and heavy, so that perhaps 1,000 pounds would have been 
required to produce 4 inch of stretch, the same scale of weights 
could not have been used, as it would have made a graph so 
long that it could not have been shown on a sheet of any prac- 
ticable size. Therefore, if the graph is to show the relation 
between values that are large, it is necessary to choose scales 
such that the resulting diagram will be of convenient size. It 
it is impossible to give a specific rule for finding the scales to 
be used in all cases. The main point to be observed is to choose 
scales such that the plotted points will be far enough apart to 
avoid confusion. The number of points to be plotted, the 
accuracy with which the graph is to be read, and the size of the 
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sheet of squared paper on which the graph is to be drawn are 
factors that affect the scales to be used. 


Gi. Locating Axes and Marking Points.—In mark- 
ing the values that represent the vertical and horizontal scales 
to which the graph is drawn, it is not necessary to take the 
origin, or crossing point of the axes, as zero, unless the values 
to be plotted begin at zero, Take Fig. 20, for example. Here 
the voltage values lie within the extremes of 325 and 500; 
hence, one of the horizontal lines near the bottom of the 
diagram is marked 300 and the other values are set dowr 


above it, to a scale of 25 volts to each small square. If the 
scale of voltages had been begun at zero, there would have 
been a large amount of blank, waste space on the diagram. 
Therefore, if the values to be plotted do not begin at zero, any 
convenient vertical and horizontal lines may be taken as the 
axes of reference in place of those that intersect at zero. 

In the work of plotting, the positions of the points may be 
indicated by dots on the squared paper. If the paper is ruled 
closely and dots are hard to see, a circle may be drawn around 
each, thus, ©; or, if desired, a small cross, x, may be drawn 
so that its arms intersect at the point to be located. 
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62. Curved Graphs.—The crank a, Fig. 28, is supposed 
to rotate around the shaft b, so that the center of the pin c 
swings in a circle, as shown. If the crank makes one complete 
turn, in the direction shown by the arrow, and comes back to 
its original position, it will swing through an angle of 360°, or 
four right angles, because one complete circle contains 360°. 
Now, suppose that the positions of the crank for every 30° of 
turning are drawn, as shown by the dotted lines running out 
from the center b. When the crank has moved 30°, the center 
of the pin c will be at d. Assume that the distance from 0 to c 
is exactly 1 foot. Then, when the center of the pin is at d, 
it will be .5 foot above the line A B; that is, d e will measure 
.5 foot. 

This must be true, because the crank has moved through 30”, 
and the sine of 30° is .5; that is, de divided by bd is equal to 
5, and as bd=bc=1 foot, it follows that de=.5X1 foot 
=.5 foot. When the crank has swung through another 30°, 
or 60° in all, the distance f g from the center of the pin to the 
horizontal line A B will be .866 foot. Here again the distance 
is found by multiplying the length of the crank by the sine of 
the angle, which is .866 for an angle of 60°. When the crank 
swings to the position bh, it is at right angles to 4 B and the 
distance h b is 1 foot, which is equal to the length of the crank 
multiplied by the sine of 90°, or 1. 


63. As the crank continues to swing beyond the posi- 
tion bh, Fig. 28, the pin approaches the line 4 B again, and 
when the pin reaches the point 7, it is on the line A B, as at the 
start, and the distance from its center to this line is zero. 
When it swings below the line 4 B, the distances are the same 
as before, and in the same order; but, as they are measured 
downwards from the line 4 B, they are marked with a minus 
sign, to indicate that they are negative, or below the reference 
axis. This distance from the center of the pin to the line 4 B, 
measured in a vertical direction, is called the displacement 
of the pin. If the displacements are marked down in order. 
with the corresponding angles through which the crank has 
swung, the following list will result : 
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ANGLE DrsPpLACEMENT ANGLE DisPLACEMENT 
DEGREES Foor DEGREES Foor 

O 0 210 ee! 

30 5 240 SG) 

60 866 270 =1:0 

90 1-0 300 = “806 

120 866 330 = 

150 a) 360 0 

180 0) 


64. Now, let the relation between the angles and the dis- 
placements in the preceding list be shown by means of a graph, 
as in Fig. 29. As the displacements above and below the hori- 
zontal are positive and negative, the horizontal axis of ref- 
erence for the graph is drawn at the middle of the diagram, 
and at the left-hand end is drawn the vertical axis of reference, 
the point of intersection being marked zero. The scale of 
displacements, which are marked on the vertical axis, is such 
that each square represents .1 foot, and the values are laid off 
both above and below the horizontal axis. The scale of angles 
is laid off to the right on the horizontal axis, each square rep- 
resenting 12°. In other words, angles are akscissas and dis- 
placements are ordinates. At 0° the displacement is zero, and 
so the first point a lies at the intersection of the axes. At 30° 
the displacement is .5 foot; so, as one square represents 12°, it 
is necessary to count off . =24 squares along the horizontal 
axis, and then upward 5 squares to indicate .5 foot, thus locat- 


ing the point b. An angle of 60° is represented by = 


=5 squares and .866.foot is laid off above this. As each 
square vertically represents .1 foot, a distance of .866 foot is 


.866 
equal to 7 = 8.66, or a little more than 83 squares, and thus 


the point c is located. Ina similar manner the other points are 
located, the negative displacements being laid off below the 
horizontal axis. 

65. After the various points have been plotted, as indicated 
by the dots in Fig. 29, a smooth curve is drawn so as to pass 
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through the points a, b, c, ete., in regular order. This curve is 
the graph that shows the relation between the angular move- 
ment of the crank and the distance of the center of the crank- 
pin from the horizontal line A B, Fig. 28. It is known as the 
sine curve, or curve of sines, so called because, as 
explained in Art. 62, the vertical distance from the center of 
the pin to the line 4B is the sine of the angle made by the 
crank with that line, assuming the length of the crank to be 1. 
It is a regular graph, as its changes of curvature are never 
abrupt, but gradual. 

If the crank were longer or shorter than 1 foot, the displace- 
iment for any position of the crank would equal the product of 


1.0 


Displacement, in Feet 


\—t 
Values of Angle, in Degrees 


Fic. 29 


the length of the crank and the sine. of the angle through 
which the crank has turned from the horizontal position. 


66. Polar Graphs.—The graphs thus far considered are 
made up of curves or lines drawn through a series of points 
whose locations are determined by reference to two axes of 
reference at right angles to each other. In the graph shown in 
Fig. 30, however, the points are located by polar coérdi- 
nates, which are (a) the distance of the point from a center 
called the pole, and (b) the angle made by a horizontal line 


§ 10 TRIGONOMETRY AND GRAPHS DL 


through the pole and a line joining the point and the pole. In 
the illustration, O is the pole. It is surrounded by a series of 
concentric circles spaced at equal distances. These are num- 
bered from the pole outwards in regular order, beginning with 
1; thus, a point anywhere on the circle 7 is at unit distance 
from the pole; a point on the circle 6 is at a distance of 6 units 
from the pole; and so on. The unit distance may represent an 
inch, a foot, or any other unit of measurement. Similarly, a 


30% 


o° 


330° 


series of radial lines are drawn through the pole, making a 
number of equal angles of 30°, as shown. The right-hand end 
of the horizontal line is taken as zero, and the angles are 
marked with their values in order around the circle, in a direc- 
tion counter-clockwise, or opposite to the direction of motion 
of the hands of a clock. 


67. The position of any point on the diagram, Fig. 30, is 
determined by stating its distance from the pole and the angle 
made between the horizontal through O and the radial line on 


‘ 
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which it lies. For example, suppose that the numbers on the 
circles represent feet. Then, let it be required to locate a point 
whose polar coordinates are 5 feet and 30°. As the distance 
from the pole is 5 feet, the point must lie on the circle 5; and 
as the angle is 30°, it must lie on the radial line marked 30° ; 
therefore, the point must be at the point a, where the circle 5 
crosses the radial line marked 30°. The coordinates of the 
point b are 9 feet and 60°; of c, 7 feet and 90°; of d, 6 feet 
and 120°; of e, 10 feet and 180°, of f, 4 feet and 270° ; and so 
on for other points. 

Many recording instruments used in power plants to record 
steam pressures, flow of water, voltage of electric current, etc., 
employ circular charts that rotate at uniform speed and are 
divided into angles representing the hours and minutes during a 
day of 24 hours. A pen, whose distance frota the center ot 
the chart depends automatically on the steam pressure, flow of 
water, or voltage, as the case may be, marks a line as the chart 
rotates and so gives a graph that shows the value of the pres- 
sure, flow, voltage, or whatever it may be, at all times during 
the day. The principle is exactly that of the polar graph just 
described. 


APPLICATIONS OF GRAPHS 


68. Temperature Conversion Diagram.—tThe rela- 
tion between the readings of the Fahrenheit thermometer and 
the centigrade thermometer may be shown conveniently by a 
graph, as in Fig. 31. On the Fahrenheit scale the freezing point 
is 32° and on the centigrade scale it is 0°; therefore, the first 
point a is located at the point representing 32 on the horizontal 
scale and 0 on the vertical scale. The boiling point on the 
Fahrenheit scale is 212 and on the centigrade scale is 100; 
hence the point b represents the relation of these values. A 
straight line is then drawn through a and 6. The graph thus 
formed may be used to convert Fahrenheit temperatures to 
centigrade, or centigrade temperatures to Fahrenheit. Sup- 
pose, for example, that a temperature of 80° C. is to be con- 
verted into Fahrenheit temperature. Locate 80 on the vertical 
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scale, follow horizontally to the graph at c, then vertically to 
the bottom line at d, which point indicates 176 on this scale; 
therefore, 80° C.=176° F. The reverse order is followed in 
converting Fahrenheit temperature to centigrade. 


69. Efficiency-Speed Diagrams.—Sometimes it is 
convenient to plot two or more graphs on the same sheet. In 
Fig. 32, for example, is shown a diagram with two graphs, one 
indicating the efficiency and the other the speed of an electric 
motor of a certain type in relation to the current supplied to it. 
As there are two curves, or graphs, there must be two vertical 
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scales. So, to prevent confusion, one scale is placed at the left- 
hand edge and the other at the right-hand edge, and each is 
clearly marked so that it can be used in connection with its 
proper graph; that is, the efficiency-curve values are read on 
the right-hand scale and the speed-curve values on the left- 
hand scale. 

It will be observed that the speed curve drops steadily from 
the left toward the right. This indicates that the speed of the 
motor decreases rapidly at first and then less rapidly, as the 
current is increased. The efficiency graph first curves upwards 
slightly and then downwards. This indicates that the efficiency 
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rises, or increases, slightly as the current is increased, up to 
about 75 amperes, when the highest value is reached. Beyond 
that point it decreases gradually, as indicated by the slow 
falling of the curve. 


70. The diagram in Fig. 33 contains three curves, showing 
the relation of speed, efficiency, and current to horsepower in 
the case of an electric motor. Each curve is marked clearly, 
so as to indicate to what it refers. Instead of writing the 
vertical scales at opposite sides of the diagram, they are both 
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placed at the left-hand edge, with lines of explanation to indi- 
cate what they mean. The first scale at the left is used for 
reading the values of points on both the speed curve and the 
efficiency curve, and the other one is used in connection with 
the current curve. The directions in which the curves slope 
indicate that, as the horsepower increases, the speed steadily 
decreases, the efficiency rises rapidly at first and then falls off, 
and the current increases at a rate that gradually grows more 
rapid. 
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If one of the two variables changes at a different rate from 
the other, the graph will curve upwards or downwards, depend- 
ing on whether the rate of change of the first is greater or less 
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than that of the other. If the rate of change in both is the 
same, the graph will not curve at all; that is, it will become a 
straight line. 
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TRIGONOMETRIC CALCULATIONS 


FUNCTIONS OF ANGLES 


INTRODUCTION 


1. Laying Off an Angle.—There are many times when 
the man in the shop is called on to lay off or to measure angles. 
One way of doing such work is to use a protractor. But, as 
the ordinary protractor is not graduated into divisions smaller 
than half a degree, or 30 minutes, it cannot be used to measure 
or to lay off accurately an angle containing a fraction of a 
dezree that is more or less than 30 minutes. For example, 
suppose that an angle of 26° 34’ is to be laid off. An ordinary 
protractor graduated to half-degrees could be used to lay off 
26° 30’, or 26$°, but it cannot measure 26° 34 with accuracy. 
Therefore, some other method must be employed whereby 
angles containing any number of minutes may be measured or 
laid out accurately. 


2. One method of laying off an angle of 26° 34’ with 
accuracy is shown in Fig. 1 (a). A straight line A B is drawn 
to represent one side of the angle. This line may be of any 
convenient length, but in this case it is made 2 inches long. 
Let the side 4 B be indicated by c. At the end B of the line 
a perpendicular is drawn, and the distance B C, which is indi- 
cated by a, is made 1 inch; that 1s,a=3c. The points 4 and C 


are then joined by a straight line A C, indicated by b, and the 
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angle 4 between the two lines b and c is then 26° 34’. In other 
words the angle 26° 34’ is accurately laid out by drawing two 
lines at right angles to each other, making one line half as 
long as the other, and drawing a third line to join the ends 
of the first two. It will be seen that A B C is a right-angled 
triangle with a right angle at B. As a=1 inch and c=2Z inches, 


=41= 5; also, a=¢cec=.5Xc. In this illustration, as 


well as in many of those that follow, the angles of a triangle 
will be denoted by the capital letters 4, B, and C, and the sides 
opposite these angles by the corresponding small letters 
it, 0, aad €, 


3. From what has been shown in the preceding article, it may 
be stated that if any right triangle is drawn, having one side 


C 
b 
a 
A B 
(a) 
Fie. 1 


.5 times the length of the other side, or half as long, the angle 
opposite the shorter side will be 26° 34’. This is true, no 
matter what length is chosen for the first side drawn. Sup- 
pose, for example, that the side c, or 4 B, in Fig. 1(b) is made 

+ inches long, or 1.25 inches, and that the side a, or BC, is 
drawn at right angles to A B and is made .5X1.25=.625 inch, 
or 3 inch, long. Then, when 4 C is drawn to complete the 
triangle, the angle 4 between b and c will be 26° 34’, as before. 
If the side c were made 30 inches and the side a 15 inches, the 
result would be the same; that is, the angle 4 would be 26° 34’. 
Here, then, is a method that can be used in laying out accu- 
rately an angle of 26° 34. 


4. Tangent of an Angle.—It should be observed that 
the quotient obtained by dividing the length of the side a by 
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the length of the side c is the same in the case of both triangles 
eee eae 1 625 
shown in Fig. 1; that is,-=.5, because .=.5 and <> = 
P c ee 1.25 
side a is the side opposite the angle A of 26° 34 and the side c 
is the side adjacent, or next, to the angle A. Therefore, con- 
sidering the angle 4, 


5. The 


a_ side opposite _ . 
c side adjacent 


The ratio thus expressed is given the specific name of 
tangent; that is, the tangent of an angle is the ratio between 
the side opposite the angle and the side adjacent to the angle. 
For any one angle this tangent has a certain value that does 
not change. Thus, for an angle of 26° 34’, the value of the 


; a 
tangent is .5, because that is the value of — or the value of 
c 


the ratio of the side opposite to the side adjacent. This would 
be expressed in the following manner: tangent of 26° 34=.5. 


5. Every angle has a tangent, the value of which is always 
the same for the same angle, but which changes when the size 
of the angle is changed. Thus, an angle of 6° 18 has a 
tangent whose value is .1104; that is, if a right triangle is 
formed with one acute angle equal to 6° 18’, the ratio between 
the side opposite this angle and the side adjacent to it will 
equal .1104. Similarly, the tangent of 73° 25’ is 3.358; that 
is, if a right triangle is formed with one acute angle equal to 
73° 25’, the side opposite the angle will be 3.358 times as long 
as the side adjacent to the angle, or, in other words, the ratio 
between the side opposite and the side adjacent will be 3.358. 
In any of the cases mentioned, the size of the triangle makes 
no difference. The ratio, or the value of the tangent, will be 
the same for a given angle, whether the triangle is large 
or small. 

The values of the tangents of different angles have been 
found accurately to five decimal places and have been arranged 
in the form of a table, given at the end of this Section, so that, 
if the size of an angle is known, its tangent can quickly be 
found by referring to the table. 


‘ 
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Exampire.—Find the tangent of an angle if the side adjacent is 
5 inches and the side opposite is 1§ inches. 

Sotution,—The tangent is the ratio of the side opposite to the side 
adjacent; hence, it is 

1$+5=1.875+5=.375. Ans. 

§% Cotangent of an Angle.—<A ratio can be formed 
between the side adjacent to an angle and the side opposite. 
Such a ratio is called the cotangent of the angle. In 
Fig. 1 (a), for example, the ratio of the side adjacent to the 
side opposite the angle 4 is the ratio of c to a, or 2: 1, the value 
of which is 2+1=2; therefore, the cotangent of the angle 4, 
or the cotangent of 26° 34’, is 2. But, the ratio of ¢ to a, or the 
cotangent, is the reciprocal of the ratio of a to c, or the tangent ; 
in other words, the cotangent is the reciprocal of the tangent, 
or 1 divided by the tangent. In the same way, the tangent 1s 
the reciprocal of the cotangent. For every angle there is a 
corresponding value of the cotangent, also, and the values of 
the cotangents have likewise been found and put in the form 
of a table. 

ExamepLe.—Find the cotangent of an angle if the side adjacent is 
3.45 inches and the side opposite is 1.625 inches. 


Sotution.—The cotangent is the ratio of the side adjacent to the side 
opposite, or the ratio of 3.45 to 1.625; hence, it is 


3.45+1.625=2.12308. Ans. 

7. Sine of an Angle.—The two ratios known as the 
tangent and cotangent are not the only ones that can be used. 
The ratio of the side opposite the angle to the hypotenuse may 
also be used. This ratio is called the sine of the angle. In 
the right triangle 4 BC, Fig. 1 (a), the hypotenuse is b and 
the side opposite the angle 4 is a. The ratio of the length of 
the side « to the length of the hypotenuse |, ore is the sine of 
the angle A. For every angle there is a corresponding value 
of the sine, and the values of the sines, also, have been cal- 
culated and arranged in the form of a table. For example, 
if b were made 5 inches long, and a were made 1.8 inches long, 
the angle 4 would be 21° 6’. For, if b=5 inches and a=i.8 
inches, then the ratio of a to b, or the sine of the angle A, is 
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1.8: 5, the value of which is 1.8+5=.36, which is the sine of 
the angle of 21° 6. Therefore, the angle A would be 21° 6° 
ExampLe.—tIn a certain right triangle, the hypotenuse measures 


3 inches and the side opposite the angle measures 1.875 inches. Find 
the sine of the angle. 


SoLuTIon.—The sine is equal to the ratio of the side opposite to the 
hypotenuse; hence, it is 


1.875+3=.625. Ans. 


8S. Cosine of an Angle.—Still another ratio that is useful 
in measuring or laying off angles accurately is that called the 
cosine, which is the ratio between the side adjacent to the angle 
and the hypotenuse. In Fig. 1 (a), for example, the cosine 
of the angle 4 is equal to the ratio of c to b, or the length of c 


divided by the length of }, or : For every angle there is a 


definite value of the cosine, so that, by arranging the values of 
the cosine in a table, the value for any angle can quickly be 
found; or, the size of the angle corresponding to a certain 
cosine can easily be determined from the table. 

Examepce—lIf the hypotenuse of a right triangle is 5 inches long and 


the side adjacent to the angle is 2.4375 inches long, find the cosine of the 
angle. 


SoLtutTIon.—The cosine is equal to the ratio of the side adjacent to 
the hypotenuse; hence, it is 
2.4375+5=.4875. Ans. 


9. Definition of Function.—When any two quantities 
are so related that a change in the value of one produces a 
change in the value of the other, they may be said to be 
functions of each other. In other words, a function of any 
quantity is a second quantity, the value of which depends on 
the value of the first quantity. As an illustration, consider 
the circumference of a circle in relation to the diameter. The 
circumference is equal to 3.1416 times the diameter. If the 
diameter is doubled, the circumference is made twice as great; 
and if the diameter is made half as large, the circumference 
becomes half as large. Therefore, the circumference is a 
function of the diameter, because its value depends on the value 
of the diameter. The area of a square is equal to the square 
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of one of the sides: therefore, the area is a function of the 
length of a side, because it depends on the length of a side. 


10. Trigonometric Functions.—In preceding articles, 
four ratios were found by using the three sides of a right 
triangle. The sine, cosine, tangent, and cotangent of an angle 
are called trigonometric functions of an angle. Each is 
a function of the angle because the value of the ratio depends 
on the size of the angle. If the angle is altered in size, the 
value of the ratio is altered; ‘therefore, according to the 
definition of a function, the ratio is a function of the angle. 
The four ratios mentioned by name are called trigonometric 
functions because they are used in making calculations by 
trigonometry, which is a branch of mathematics that deals 
with the solving of problems that involve triangles. The word 
trigonometry comes from two Greek words: trigonon, mean- 
ing a triangle, and metron, meaning measure. 


41. The trigonometric functions in most frequent use are 
the sine, cosine, tangent, and cotangent. When writing the 
names of these functions, however, it is customary to use 
abbreviations, to save time and space. For example, sine 1s 
abbreviated sin; cosine 1s abbreviated cos; tangent is abbre- 
viated tan; and cotangent is abbreviated cot. Any one of 
these functions of an angle is expressed by writing the 
abbreviation and following that by the angle. Thus, the sine 
on HS! is) wiitten sim 18? the cosine ot 4°36 as. waiter 
cos 41° 3; the tangent of 12> 38° is written tam 12° 38%; the 
cotangent of 59° 24 is written cot 59°°24'; and soon It 
should be noted that the abbreviations are not followed by 
periods, nor do they begin with capital letters. Also, the word 
of is not used in connection with the abbreviation. Thus, 
although sin is the abbreviation for sine, it stands for the two 
words sine of, because, for example, sin 27° is read sine of 27°. 
Sunilarly, cos, tan, and cot take the place of cosine of, tan- 
gent of, and cotangent of. For example, cos 19° is read 
cosine of 19°; tan 82° 17’ is read tangent of 82° 17’; and 
cot 43° is read cotangent of 43°. 
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12. The ratios that express the most commonly used func- 
tions may be grouped as follows, the angle to which they refer 
being the angle 4, Fig. 1 (a): 

Ratio FUNCTION ABBREVIATLON 
Side opposite a 


S =: Si f A Ss] A 
Hypotenuse = b tb Bey a4 
Side adjacent c : 
pe led cosine of 4 cos A 
Hypotenuse 6 
Side opposite a 
ee ee a tangent of A tan A 
Side adjacent c s 
Side adjacent 
d : cotangent of A cot 4 


Side opposite a 

The point to be kept in mind is that the sine of an angle is 
the ratio between the side opposite that angle and the 
hypotenuse; the cosine is the ratio between the side adjacent 
to the angle and the hypotenuse ; and so on for the other func- 
tions. Suppose, for example, that the angle to be considered 
is the angle C, Fig. 1 (a). In this case the side c is the side 
opposite the angle, b is the hypotenuse, and a is the side adja- 
cent. Then, the ratios for the angle C are: 


Ratio FUNCTION ABBREVIATION 

Si it é : 
eee. 7 sine of .C sin C 

yi 5 

i jacent : 

ace = cosine of C cos C 

y 
nie pEpssis See tangent of C rane: 
Side adjacent a 
Sie ec inca =o cotangent of C cot C 


Side opposite c 


8 USE OF TRIGONOMETRIC TABLE § 11 


TABLE OF TRIGONOMETRIC FUNCTIONS 


EXPLANATION OF TABLE 


13. Natural Functions.—From what has already been 
stated with regard to the trigonomteric functions of angles, it is 
plain that for a given angle there is only one value for its sine ; 
also, there is only one value for its cosine; and so on for each 
of the other functions. Thus, it is possible to arrange a table 
giving the values of all the angles that are likely to be used in 
practical work and showing the values of the sine, cosine, 
tangent, and cotangent of each angle. Such a table will be 
found at the end of this Section. It gives the values of func- 
tions, to five decimal places, for all angles from 0° to 90°. 
These functions are called the natural functions of the 
angles, and comprise the natural sines, natural cosines, natural 
tangents, and natural cotangents. They are called natural 
functions in order to distinguish them from other classes of 
functions used in other kinds of calculations. The table is 
useful in working out many kinds of problems, as will be 
explained later. 


14. Arrangement of Trigonometric Table.—The 
table at the end of this Section is divided into two parts. The 
first nine pages of the table contain the values of the natural 
sines and cosines, and the remaining nine pages contain the 
values of the natural tangents and cotangents. The columns 
containing the values of sines and cosines are marked ‘Sine 
and Cosine, respectively, and those giving the values of tangents 
and cotangents are marked Tang and Cotang, respectively. For 
all ordinary calculations it is sufficiently accurate to take the 
value of an angle to the nearest minute. The table is there- 
fore arranged so as to show the values of the functions for all 
angles between 0° and 90°, increasing 1’ at a time. All angles 
expressed in whole numbers of degrees from 0° to 44° will be 
found in the rows at the tops of the pages, the minutes being 
found in the first column at the left-hand edge of the page, 
reading downwards. The values of the functions are given in 
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the columns headed by the names of the functions. for angles 
from 45° to 89° it is necessary to look along the bottoms of 
the pages, the minutes being given in the right-hand column, 
reading upwards. As 90° is equal to 89° 60’, the values of 
the functions of 90° will be found on the first and tenth pages 
of the table, at the top of the second and third columns. 


15. The table gives the values of the functions of angles 
expressed in degrees and minutes only; that is, seconds are not 
here taken into consideration, because sufficient accuracy can 
be obtained, in solving the examples that follow, without using 
seconds in dealing with angles. In many other classes of work, 
however, it is necessary to consider seconds, to insure the 
desired degree of accuracy. In this Section, therefore, if an 
angle is given in degrees, minutes, and seconds, it should be 
taken to the nearest minute. As there are 60 seconds in 
1 minute, the half-way point is 30 seconds. So, if an angle 
contains less than 30”, ignore the number of seconds; but if it 
contains 30’ or more, add 1 to the number of minutes and 
drop the seconds. These points may be made clear by 
examples. For instance, consider the angle 12° 27’ 45”. As 
45” is more than 30”, and therefore more than half a minute, 
add 1 to the number of minutes, making it 27-+1= 28, and drop 
the 45”. Then the angle will be taken as 12° 28’; that is, 
12°27 45 is wearer tosl2° 28" than. to 12°27"... Similarly, 
65° 48’ 22” is taken as 65° 48’, because 22” is less than 30” 
and issignored; 7° 18 32” becomes 7° 19’, as 32” is. greater 
than 00” < 47° 52° 8” 1s taken as 4/° 52’; 29°60" 51” is taken as 
20° 7 = 3530" is taken as.30 > and so-on. 


16. Limits of Natural Functions.—Between 0° and 
90° the sine increases from zero to 1, while the cosine at the 
same time decreases from 1 to zero, as may be seen by re- 
ferring to the table. The tangent of an angle of 0° is zero, 
from which value it increases as the angle increases until, for 
an angle of 90°, its value is infinity. This word simply means 
a value so great that it cannot be measured. The cotangent 
of 0° is infinity and its value decreases as the angle increases, 
until it becomes zero for an angle of 90°. 
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APPLICATION OF TABLE 


17. Finding Functions of Angles.—The values of 
the various functions of angles are never calculated directly, 
except for the purpose of making a table of such values. In 
making calculations that involve the use of sines, cosines, etc., 
a table such as that given at the end of this Section is employed, 
and the values of the functions are taken directly from it. The 
method of finding the values of the functions of an angle may 
be stated in the form of rules, as follows: 


Rule I.—I. Jf the given angle is less than 45°, locate in 
the table the figures that represent the number of degrees in 
the angle, as found at the top of the page, and below them find 
the column headed by the name of the function to be found. 


Il. Look down the column at the left-hand edge of the 
page until the figures representing the number of minutes in 
the given angle ave found. 

WII. Jn the column headed by the name of the function, 
and on the same horizontal line as the number of minutes in 
the angle, note the number given, which is the value of the 
function to be found. 


Rule U1.—I. Jf the given angle is 45° or more, locate in 
the table the figures that represent the number of degrees in 
the angle, as found at the bottom of the page, and above them 
find the column marked with the name of the function to be 
found. 


II. Look up the column at the right-hand edge of the page 
until the figures representing the number of minutes in the 
given angle are found. 


TI. Jn the column marked with the name of the function 
(at the bottom) and on the same horizontal line as the number 
of minutes in the angle, note the number given, which is the 
value of the function to be found. 


The way in which the foregoing rules are applied will now 
be illustrated by the solution of a number of examples. 
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EXAMPLE 1.—Find the sine of an angle of 37° 24’. 


Sotution.—The sines and cosines of angles are given in the first half 
of the table. As the angle 37° 24’ is less than 45°, look along the tops 
of the pages in the first half of the table until the value 37° is dis- 
covered. Under this value are two columns, one headed Sine and the 
other Cosine. As the sine of the angle is to be found, its value will be 
in the column headed Sine. When the number of degrees in the angle 
is given at the top of the page, as in this case, the minutes in the angle 
must be located in the first column at the left-hand edge of the page. 
Therefore, look down this column (which is headed ’) until the num- 
ber 24 is discovered; this is the number of minutes in the given angle. 
Then follow horizontally along the row of figures to the column headed 
Sine, under the value 37° already located. Here the number .60738 
appears, and this is the value to be found; that is, sin 37° 24’=.60738. 

Ans. 


EXxAMpLe 2—What is the cosine of 18° 52’? 


SoLtution.—The values of the cosine are given in the first half of 
the table. As the angle 18° 52’ is less than 45°, look along the tops of 
the pages until 18° is discovered. As the cosine is to be found, its 
value will be in the column headed Cosine, under 18°. Run down the 
left-hand column until 52, the number of minutes in the angle, is found, 
Then preceed horizontally to the right, to the column headed Cosine, 
under 18°, where the number .94627 appears. This is the value to be 
found; that is, cos 18° 52’=.94627. Ans. 


EXAMPLE 3.—What is the value of tan 41° 8’? 

So_tution.—The angle whose tangent is to be found is less than 45°, 
Therefore, run along the tops of the pages in the latter half of the 
table, which gives tangents and cotangents, until the value 41° is located. 
Follow down the left-hand column to 8, the number of minutes in the 
angle, and then proceed to the right along a horizontal line to the column 
headed Tang, under the value 41° already located. Here will be found 
the number .87338, which is the tangent of 41° 8’. Ans. 


Exampte 4.—Find the value of cot 29° 40’. 

SoLutrion.—The values of cotangents are given in the latter half of 
the table. As the angle is less than 45°, run along the tops of the pages 
in the latter half of the table until 29° is discovered. Then run down 
the left-hand column to 40, the number of minutes in the angle. From 
40 proceed to the right to the column headed Cotang under 29°, where 
the number 1.75556 appears. Then, cot 29° 40’=1.75556. Ans. 


EXAMPLE 5.—What is the sine of 77° 43’? 
So.ution——The values of sines are given in the first half of the 


table. But as the angle 77° 43’ is greater than 45°, it is necessary to 
look along the bottoms of the pages until the value 77° is discovered. 
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When the whole number-of degrees is found at the bottom of the page, 
the number of minutes must be located in the column at the right-hand 
edge of the page. In this column, therefore, locate 43, the number of 
minutes in the angle, and then proceed horizontally to the left to the 
column marked Sine at the bottom and having 77° beneath it. Here the 
value .97711 appears; that is, sin 77° 43’=.97711. Ans. 


EXxampLe 6.—Find the value of cos 82° 3’. 


Sotution.—The first half of the table must be used; but, as 82° 3” is 
greater than 45°, it is necessary to follow along the bottoms of the pages 
until 82° is discovered. Run up along the right-hand column until 3, 
the number of minutes, is located, and then proceed horizontally to the 
left to the column marked Cosine at the bottom and having 82° under 
it. Here will be found .13831, which is the cosine of 82° 3’. Ans. 


Exampie 7,—Find the tangent of 50° 21’. 


SoLution.—Tangents are found in the latter half of the table. As 
50° 21’ is greater than 45°, look along the bottoms of the pages in the 
latter half of the table until 50° is discovered. In the right-hand column 
locate 21, the number of minutes, and then proceed to the left horizon- 
tally to the column marked Tang at the bottom and having 50° under 
it. Here the value 1.20665 is found; that is, tan 50° 21’=1.20665. Ans. 


EXAMPLE 8.—F ind the cotangent of 66° 6’. 


SoLtution.—The latter half of the table must be used to find the cotan- 
gent of an angle. As 66° 6’ is greater than 45°, follow along the bot- 
toms of the pages until 66° is discovered. Next, run up along the 
right-hand column until 6 is found, and then proceed horizontally to the 
left to the column marked Cotang at the bottom and having 66° beneath 
it. Here the value .44314 is found. Therefore, cot 66° 6’=.44314. Ans. 


Example 9.—What is the sine of 30°? 


So_tution.—The given angle contains 30° and no minutes; hence, it 
may be written 30° 0’. As this is less than 45°, look along the tops of 
the pages in the first half of the table until 30° is discovered. Next, 
locate 0 in the left-hand column. It will be found in the first line. 
Follow along this line to the right, to the column headed Sine under 30°, 
where the value .50000 will be found. Then, sin 30°=.50000. Ans. 


Examp ie 10,—Find the sine of 17° 31’ 56”. 


Sotution.—According to Art. 15, this angle is taken as 17° 32’, 
because 56” is greater than half a minute, or 30”. Then, on looking in the 
first half of the table, in the column headed Sine, under 17°, and in the 
line having 32 at its left-hand end, the value .30126 is found. Hence, 
sin 17° 31’ 56”=.30126, approximately, Ans. 


EXAMPLE 11.—What is the cosine of 37’ 37”? 
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Sotution.—There are no degrees in this angle; so it may be written 
0° 37° 37”. As 37” is more than 30”, or half a minute, the number of 
minutes in the angle is increased by I, and the given angle then becomes 
0° 38’, approximately. The cosine of 0° 38’ is found in the first half 
of the table, in the column headed Cosine, under 0°, and in the line 
having 38 at its left-hand end. The value there found is .99994, which 
is the cosine of 37’ 37”, approximately. Ans. 

ExampLe 12.—What is the tangent of 59° 42’ 11”? 


SoLtution.—According to Art. 15, the 11” is ignored, because it is 
less than 30”. The angle then becomes 59° 42’, This is greater than 
45°, and so the value 59° is located at the bottom of the page in the 
latter half of the table. In the column above it, marked Tang, and on 
the same line as 42 in the right-hand column, will be found the value 
1.71129, which is therefore the approximate value of the tangent of 
59° 42" ir. Ams. 


18. Finding Angles From Given Functions.—lIn 
some cases the value of a function of an angle is known and it 
is necessary to find the angle corresponding to that value. The 
table of trigonometric functions may be used for this purpose, 
but the method of procedure is the reverse of that used in find- 
ing the functions of angles. The table may not, and probably 
will not, contain the exact value of the given function in every 
case; but it will be accurate enough here to locate in the table 
the value nearest the given value of the function and then 
find the angle that corresponds to it. The following rule 
should be observed: 


Rule.—I. /f the given function is the sine or the cosine, use 
the first half of the table; but if it 1s the tangent or the 
cotangent, use the latter half of the table. 

1X. In the proper half of the table search until the given 
value is discovered, or the nearest value to tt. 

Tit. If the name of the given function is at the top of the 
column in which this value is found, note the number of degrees 
at the top of the column, and to it annex the number of nunutes 
given in the left-hand column, on the same horizontal line as 
the value of the function. 


Iv. If the name of the function is at the bottom of the 
column in which this value is found, note the number of degrees 


14 USE OF TRIGONOMETRIC TABLE ora E 


directly beneath that column and to it annex the number of 
minutes given in the column at the right-hand edge of the page 
and on the same horizontal line as the value of the function. 


v. The combined number of degrees and minutes thus 
found will be the angle required. 
The following examples will illustrate how the rule may 


be applied: 

EXAMPLE 1.—Find the angle whose sine is .57691. 

Sotution.—The values of sines are given in the first half of the 
table. Search through the columns headed Sine until the value .57691 
is discovered. It will be found in the column bearing 35° at the top 
and in the line having 14 at the left-hand end. Therefore, the angle 
whose sine is .57691 is 35° 14’. Ans. 

EXAMPLE 2.—What angle has a sine whose value is .79300? 

Sotution.—The values of sines are given in the first half of the 
table. Search through the columns headed Sine. The greatest value 
discovered will be .70711, which is at the end of the first half of 
the table and is the sine of an angle of 45°. As the given value, or 
.79300, is greater than .70711, the angle must be greater than 45°, because 
the sine increases as the angle increases. Therefore, it is necessary to 
continue the search through the columns having Sine at the bottom. 
Following this plan, the value .79300 is discovered in the Sine column 
having 52° under it at the bottom of the page and on a line with 28 in 
the right-hand column. Then, the required angle, having a sine of 
79300, is 52° 28’. Ans. 


ExampecLe 3,.—The cosine of an angle is 36120. What is the angle? 


SoLutTion.—Cosines are given in the first half of the table. Search 
through the columns headed Cosine, and the least value found will be 
70711, which is still much greater than .36120. This indicates that the 
search must be continued through the columns having Cosine at the 
bottom. Following this plan, it will be discovered that the exact value 
36120 does not appear in the table; but two values are found that are 
close to it. These are .36135 and .36108. The first of these is .00015 
greater than .36120 (because .36135—.36120=.00015) and the second is 
.00012 less than .36120 (because .36120—.36108=.00012). Thus, the 
second value is closer to .36120 than is the first one, and so the angle 
corresponding to .36108 is taken. As .36108 is in the Cosine column 
having 68° below it, and on the horizontal line having 50 at the right- 
hand end, the angle is 68° 50’. Ans. 


EXAMPLE 4.—Find the angle whose tangent is .77777. 


SoLtution.—Tangents are given in the latter half of the table. Search 
through the columns headed Tang fails to show the exact value .77777, 
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but the values .77754 and .77801 are discovered. The first of these 
differs from .77777 by .00023 and the latter differs from .77777 by .00024. 
Therefore, the first is the closer and is the value to be used. It is found 
in the Tang column having 37° at the top and in the line having 52 at 


the left-hand end. Therefore, the required angle is 37° 52’. 


Example 5.—The cotangent of an angle is .41144. Find the angle. 


SoLution.—Cotangents are given in the latter half of the table. 
Search through the columns headed Cotang fails to show any value 
less than 1.00000, which is much greater than 41144. Therefore, it is 
necessary to continue the search through the column having Cotang at 
the bottom. Even then the exact value does not appear; but .41149 is 
discovered as the nearest value to 41144. The value .41149 is in the 
Cotang column having 67° at the bottom and in line with 38 in the 
right-hand column. Therefore, the required angle is 67° 38’. Ans. 


EXAMPLES FOR PRACTICE 


1. Find the sine of 48° 17’. Ans. .74644 
2. Hind) the cosine of 13° 117 ‘Ans. .97365 
3. What is the sine of 72°? Ans. .95106 
4. Find the value of cos 51° 9, Ans. .62728 
5. What is the tangent of 30°? Ans. .57735 
6. Find the cotangent of 82° 50’. Ans. .12574 
7.’ (a) Of what angle is .26489 the sine? (b) Of what angle ee 
the cosine? Ans.{ 6} ae oa 
8. (a) Of what angle is .68814 the sine? (b) Of what is it ‘the 
tangent ? Ans.| 6) “ a 


9. The cosine of an angle is .36257. What is the angle? 
Ans. 68° 45’ 


10. The tangent of an angle is 1.43916. What is the angle? 
ATiseos 12) 


11. Find the angle whose cotangent is 2.12200. Ans. 25° 14’ 
12. Find the sine of 74° 36’ 58”. Ans. .96417 
13. What is the cosine of 53’ 42”? Ans. .99988 
14. What is the sine of 28’ 12”? Ans. .00814 


15, Find the cotangent of 65° 7’ 40”. Ans. .46348 


\ 
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PRACTICAL TRIGONOMETRIC CALCULATIONS 
19. The use of trigonometric functions in making various 


calculations may be most easily shown by illustrative examples 
c such as the following: 


EXxAmpLe 1.—Lay off two 
lines AB and AC so that 
the angle A between them 
will be 34° 31’. 


o SoLtutron.—The two lines 
AB and AC are shown in 
Fig. 2, together with a third 
line B C that is perpendicular 
to A B, thus forming a right 

A c id triangle ABC. In order 

Fre.2 that the angle A shall be 


34° 31’, it is necessary that the sides 4 B and BC, denoted by c¢ and a, 


b 


d a 
bear a certain ratio to each other. According to Art. 4, 7 tan A. But, 


the angle 4 is to be 34° 31’, and, according to the trigonometric table, the 
tangent of 34° 31’ is .68771. Therefore, to have an angle A of 34° 31’ 
% must equal .68771. Make the side c exactly 2 in. long, as shown. Then, 
= 

i : x 
* =5=.68771, or a=2X .68771=1.37542=1% in. Consequently, make BC, 


or the side a, exactly 1 in. high and draw it at right angles to AB. 


ue 


ae Fie. 3 


Then the line 4 C connecting 4 and C will make an angle of 34° 31’ 
with A B, as required. Ans. 


Exampie 2.—In Fig. 3, J N and PO are two parallel lines that 
slope at an angle of 30° to the horizontal line X Y. The distance 
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between them, measured on the line 4B, at right angles to X Y, is 
1.248 inches. Find the distance between them along a line 4 C that is 
at right angles to both of them. 


Sotution.—As the line A € is perpendicular to both parallel lines, it 
forms a right angle 4 C B with the line If N; therefore, the triangle 
ACB is a right triangle with a right angle at C. The angle between 
A Band A C is 30°, because it is equal to the angle Q 4 Y, which is 30°. 
This is proved as follows: The angles BAY and CAO are both 
right angles, because AB is perpendicular to X Y and AC is per- 
pendicular to PQ. The angle BA Y=90°=BAQ+QAY=BAQ 
+30°. If BAQ+30°=90°, then BA Q=90°—30°=60°. But, BAQ 
+C A B=C A O=90°, or 60°+C A B=90°, from which CA B=90° 
—60°=30°. Now, as the angle 4 in the right triangle 4 BC is 30°, 
b-side adjacent 
c hypotenuse 
of trigonometric functions, cos 30°=.86603, Therefore, 


=cos A=cos 30°. But, c=1.248 in.; and from the table 


b 
1.248 86003 
from which b=1.248X.86603=1.081 in. Ans. 


EXAMPLE 3.—A wooden brace a, Fig. 4, is to be set against a vertical 
post b to support a horizontal arm c, The distance from the post to the 
outer toe of the brace is to be 
30 inches and from the arm to the 
lower toe of the brace is to be 48 
inches. Find the angles # and n to 
which the ends of the brace must be 
cut so as to fit. 


SotuTion.—The triangle ABC 
formed by the brace, the arm, and the 
post is a right triangle in which the 
lengths of the two sides are known. 
Considering the angle m, it follows 
side opposite 
side adjacent 


from Art. # that tan m= 


= = 628. From the table of nat- 


ural functions, the angle whose tan- 

gent is .625 is found to be 32°. ea 4 

Therefore, the lower end of the brace 

must be cut to an angle m of 32°. Similarly, considering-the angle 1 at 
4 : 

.the top, tan n=s=16. From the table, the angle whose tangent is 1.6 


is found to be 58°. Therefore, the angle 1 must be made 58°. Ans. 
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Exampie 4.—If one end of a board is raised 2 feet, as shown in 
Fig. 5, and the board then makes an angle of 15° with the ground, find 
its length. 


T Sotution.—The length 
H of the board is AC, or 


b a the hypotenuse of a right 

15° | triangle whose acute 

angle at A is 15° and 

A Fic. § B whose side a is 2 ft. Let 


Gi ie 
b represent the length of the hypotenuse. Then, 5 sin A, or po sin Sigs 


2 
The sine of 15°, according to the table, is .25882. Therefore, pa 29882, 
or .25882 b=2, from which 
Q 
b=FeQqn=/ 73 ft. Ans. 

ExAMPLE 5.—A ladder 30 feet long, leaning against a vertical wall, 
as shown in Fig. 6, makes an angle of 72° with the ground. (a) How 
far from the wall is the foot of the ladder? 

(b) To what height on the wall does the ladder Cc 
reach ? : 


SoLtution.—(a) Let c represent the distance 
from the foot of the ladder to the wall, A the 
angle between the ladder and the ground, and b the 
length of the ladder. Then, 4=72°, b=30 ft., and 
c is to be found. By the principles in Art. 8, 


p= COS A, or c=bxXcos A. Then; v./b a 
5 /, 
c=30Xcos 72°=30X .30902=9.27 ft., ah 


or 9 ft. 34 in. Ans. 


(b) Let a represent the height to which the 9 
ladder reaches. Then, according to Art. %, f} 798 
a f 
po sin A, or a=bXsin A. Then, Cc 
— : Ch > A B 
a=30Xsin 72°=30X .95106=28.53 ft., 
or 28 ft. 68 in. Ans. i 


EXAMPLE 6.—A building, as in Fig. 7, is 16 feet wide, and the rafters 
join at a point 6 feet above the top of the upper story. What is the 
angle of slope of the rafters? 


So_tution.—The angle of slope is the angle at 4, between the rafter 
and the horizontal, The rafter forms the hypotenuse of a right triangle 
whose base c is half the width of the building, or 8 ft., and whose 


“ : = as 
height a is 6 ft. Then, tan A= Soo, According to the table, the 
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angle whose tangent is .75 
is 36° 52’. Therefore, 
the angle of slope of the 
raitersiis 66° 52. Ams. 

Examrpre 7—Ten 
holes are to be spaced at 
equal distances around a 
circle whose diameter is 
12 inches. Find the dis- 
tance, from center to 
center of adjacent holes, to which the points of dividers must be set so 
as to step off the required number of divisions. 


SoLution.—A part of the circle, together with two adjacent holes, is 
illustrated in Fig. 8. The 
center of the circle is at 4A 
. and the centers of the two 
Ge adjacent holes are at C 
and D. Draw the lines 
AC AL and: (Caso: 
eee ee Ey epee eee 4B! draw AB from A to the 
middle point B of CD, and 
AB will then be at right 
angles to CD. The triangle 
ABC will then be a right 
triangle. As there are to be 
10 holes equally spaced, the 
circle will be divided into 10 equal parts; therefore the angle between 
AC and A D will be 54, of 360°=36°. The angle 4 of the right triangle 
ABC is half of this, or 18°. The hypotenuse b is the radius of the 
circle, or half the diameter, and is 


Fre. & 


therefore 6 in. Hence, posi A, or 
a=bXsin A. Then, 
a=6Xsin 18°=6X .30902=1.854 in. 

But, a=B C, which is half of the dis- i . 
tance CD between the centers of 7? 
the holes C and D. Hence, the dis- \ 
tance between centers is 2X1.854 \ 
=3.708 in. Ans. \ 


iQ 


or eee? 


2) 
S 
++ 
o 

O. 


i] 
Examp.e 8.—A hexagonal bolt-head, ! 
as shown in Fig. 9, measures 41% inches 5 is ae 
across corners. Find its width across cuore 
flats. 


Sotution.—The width across corners is /*G, or 4%s in., and C is the 
center of the bolt-head., The width across flats is BD, which 1s to be 
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found. As C is the center, CB=CD; that is, CB=4}BD. The 
problem therefore is to find CB and multiply it by 2, and the result 
will be the width required. If lines C A and C E are drawn to adjacent 
corners from the center C, the angle between them will be 60°; for, 
the hexagon has six equal sides, as there is 360° in a complete 
circle, one-sixth of a circle must contain 4+X360=60°. The line BC 
divides this angle into two equal parts of 30° each, as shown. Consider 
the right triangle 4A BC indicated by heavy lines. The hypotenuse 6 1s 
23% in., because AC is equal to half of FG, or 4X4x4e=2s2 in. The 


a 
angle C is 30°. Therefore, pa oos C=cos 30°, or a=bXcos 30°=222 


X .86603=2.03125 X .86603=1.76 in. As the distance across flats is twice 
the distance 6G, at must be 2176 
eS ees m6 52 am, Ams: 


aie lap Examepite 9.—A part of the outline of a 

4 sharp V screw thread is shown in Fig. 10. 
5 lati the pitch of the thread, or the distance 
Yj irom A to D, is 7 inch, what is the depth B C? 


SoLtution.—The depth of the thread is 
BiGy or the fength of a line dirom “C 
perpendicular to 4D. This line divides the angle between the sides 
of the thread, or 60°, into two equal parts, as shown. Therefore, 


. . . . . a 
considering the right triangle 4 BC, it follows that eek 30°, or a=c 


Xcot 30°=cX 1.73205. Now, c=A B and A B=BD; that is, c=} AD 
=3xXi=§ in. Therefore, a=?X1.73205=.65 in., which is the depth BC 
of the thread. Ans. 

Note.—A sharp V screw has a 60° angle. 

Examep te 10.—Three holes are to be located in a jig, as shown in 
Fig. 11. The distance between the centers of the holes B and C is to be 
4 inches, and the lines drawn from the center of the hole A to the 


Fre, 11 


centers of the holes B and C are to make an angle of 81° 30’. Find 
the distance A B, assuming that the lines 4 B and BC form a right 
angle. 
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Sotution.—The triangle ABC is a right triangle. Therefore, 


a 
- tan A=tan 81° 30’. But, a=4 in. and tan 81° 30’=6.69116. Hence, 


4 
co 0.09116, or 4=6.69116Xc, from which c=4+6.69116=.598 in., or .6 in., 
very nearly. Ans, 


Examp te 11.—The outline of a flat-headed machine screw is shown 
in Fig. 12, The diameter of the head is .736 inch, that of the screw is 
.372 inch and the sides of the 
conical head make an angle of eo a 


92° Find the depth of the Labi ees S70 In, tle 198 hal 


head. el 1| pa Ba le 


SoLtution.—Draw the cen- 
ter line G H of the screw, and 
continue the sides of the screw 
as indicated by the dotted lines 
ABand DI. The depth 4B 
is to be found. FF C=.736 in. 
and J B=.372 in. The differ- 
ence between them is .736 
— .372=.364, which is equally 
divided between FJ and BC; 
that is, PIJ=BC=}X.364 
=.182 in. The lines GH and 
AB are parallel, because they 
are both perpendicular to FC. The line GC cuts both of them at the 
same angle. As the angle H GC is 41°, or half of 82°, the angle BAC 
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Press 


must also be 41°. The triangle 4 BC is then a right triangle in which 
the angle 4 is 41°, the side a is .182 in., and the side c is to be found. By 


€ ° 
the principles of trigonometry, ;=cot A, or c=aXcot A=.182Xcot 41 
= 182 10508721 in, Ans. 
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EXAMPLE 12—The sketch in Fig. 13 shows parts of two cones that 
roll together like a pair of bevel gears. The dimensions of the bases 
of the cones are as shown and it is required to find the size of the 
angle abc of the small cone. 


Sotution.—By drawing the center lines bd and be, each cone is 
divided into two parts that are just alike. In the smaller cone, there- 
fore, the line b d divides the angle abc into two equal angles a bd and 
d bc, each of which is exactly half of abc. The triangle dc is a right 
triangle with the right angle at d. The side dc is half the dimension ac, 
or 4X44=24 in. The side bd is equal to ec, which is half of fc, or 
1X83=48 in. Considering the angle d b c, the side c d is the side oppo- 
site and the side b d is the side adjacent. Therefore, 

side opposite dc 28 


tan db C side adjacent bd 48 = 48571 


On referring to the table of natural tangents and cotangents, the 
value .48571 is found to be the tangent, very closely, of the angle 
25° 54’. Therefore the angle dbc is 25° 54’. As the angle abc is 
twice as large as d bc, its value is 2X25° 54’=51° 48’. Ans. 


Exampce 13.—A flat is to be cut on a metal ball so that it will exactly 
match the end of a round metal bar, as shown in Fig. 14 (a). If the 
ball is a sphere 3 inches in 
diameter and the bar is 
14 inches in diameter, find the 
depth to which the cut must 
extend. 


So_ution.—Imagine the 
ball to be cut in two along 
the center line shown. The 
flat surface thus exposed 
would have the form shown 
in Fig. 14 (b), in which a 
represents the center of the 
ball and bce the line along 
which the ball and the bar 
are joined. Locate the point 
d midway between b and c 
and draw the line ad, extending it below d. If the ball had not been cut 
away so as to form a flat surface for the end of the bar, it would be as 
indicated by the dotted curve 6 ec, which is part of the circumference of 
the circle. Thus, it will be seen that, in order to form the flat spot, the 
ball is cut away to the depth ed, which is the distance to be found. 

The triangle abd is a right triangle with the right angle at d. The 
lengths of the sides ba and bd are known; for, ba is the radius of the 
ball, or half its diameter, and is therefore }X3=14 in., while bd is half 


Mil, 
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of bc, or half of 14 in., and is therefore 4X14=§ in. Now, considering 
the angle abd, the line ba is the hypotenuse and the side bd is the 


; : bd 
side adjacent to the angle. Therefore, 58 abd. But, bd=2 in. 


and b a=1% in.; hence, 
_obd Sl alk 5 
cosabd a salle P 41667 


On referring to the table of sines and cosines, it is found that the 
angle whose cosine is .41667 is approximately 65° 23’; thus, the angle 
ab d=65° 23’. 

Now, a c=14 in., because it is the radius of the ball; and e d=a e—a d 
=1i—a ¢. Therefore, if a d can be calculated, it can be subtracted 
from ae and thus give ed, the distance to be found. Considering the 


angle abd, as before, 


Or 


ad_ side opposite 
ba hypotenuse 
But, b a=14 in.; and ab d=65° 23’, as just found. So, from the table 
of sines and cosines, the value of sin abd or sin 65° 23’ is found to be 
90911. Substituting these values of ba and sin abd, 
d 
“Tymsin 65° 23’=,90911 
or a d=14X.90911=1.36 in. 


Then, e d=14—a d=13—1.36=1.50—1.36=.14 in. Ans. 


=sin abd 


Examp te 14—A steel straightedge a, Fig. 15, has two plugs b and c 
of equal diameters screwed into it at the same distance from its edges. 
One plug Db rests on a 
horizontal plate d and 
the straightedge is 
inclined until the vertical 
distance ef between the 
plug c and the plate d is 
6 inches. The distance 
eg is exactly equal to the 
distance between the cen- 
ters of the plugs, or 10 
inches. Find the angle 4 
at which the straightedge 
is inclined to the surface 
of the plate d. 


Notre.—The device mentioned, consisting of a straight bar having parallel 
edges and fitted with two plugs whose center-to-center distance is accurately known, 
is called a sine bar in machine-shop and toolmaking practice. 


Sotution.—As ef is perpendicular to the surface of the plate d, the 
triangle ef g is a right triangle with a right angle at f. The hypotenuse 
e g of this triangle is parallel to the lower edge of the straightedge, 
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because the pins are of the same size, and therefore the angle egf is 
equal to the angle 4. In the triangle eg f, ef is the side opposite the 
angle eg f; therefore, 


But, e f=6 in. and eg=10 in., and the angle eg f=angle A; hence, 
6 
sin ey f=sin las Ts ia 
or sin A=.60000 


On referring to the table of sines and cosines, it is found that .60000 
is the sine of an angle of 36° 52’, very closely. Therefore, the straight- 
edge makes an angle of 36° 52’ with 
the plate d. Ans. 


ExaMPLe 15.—A groove is to be 
cut in a circular piece of work with 
a rotating cutter F, Fig. 16. One side 
of the cut is to be on a radial line 
A D making an angle of 30° with the 
center line GH, and the depth DC 
of the cut, measured along this radial 
line A D, is to be 4 inch. If the diam- 
eter of the piece of work is 1? inches, 
find the distance BC that the cutter 
must be set to one side of the center 
line GH, to produce the desired 
result. 


Sotution.—As the diameter of the 
work is 1? in., the radius is 4X12=4 
in.; that is, d D=§ in. But, the depth 

ae CD of the cut is 4 in. Hence, AC 

=A D—C D=§—4=3 in. The line 

BC is at right angles to the center line GH. Therefore, in the right 
triangle A B C, A=30°, b=? in., and a is to be found. By the principles 


a 
of trigonometry po sin A=sin 30°, or a=bXsin 30°. But, sin 30°=.5. 
Hence, a=2?X.5=§ in. Ans. 


EXAMPLES FOR PRACTICE 
1. If the side a of the triangle in Fig. 2 were 34 inches long and the 
side c were 54 inches long, what would be the size of the angle 4? 
Ans, 33° 41’ 


2. In Fig. 2, suppose that b measures 12 inches and c measures 
§ inches. Find the angle C. Ans. 53° 20’ 


$11 USE OF TRIGONOMETRIC TABLE 2b 


3. Suppose that the side a, Fig. 2, is 42 inches long and the 
hypotenuse b is 73 inches long. What is the size of the angle C? 
Ans. 50° 42’ 


4. In Fig. 4, if A C measured 42 inches and 4 B measured 36 inches, 
what would be the sizes of the angles m and n? m=40° 36’ 
IATA Ea ee aie 
[p42 24 


5. If the ball in Fig. 14 (a) is 4 inches in diameter and the bar is 
14 inches in diameter, find the depth to which the cut must extend so 
that the flat will just match the end of the bar. Ans. .146 in. 


6. If the ladder in Fig. 6 is 22 feet long, and it makes an angle of 80° 
with the ground, find (a) how far its foot is from the wall and (b) how 
far its top is from the ground. a) 3762 tt 

| (bys 267 it. 


7. Twelve holes are to be equally spaced around a circle 9 inches in 
diameter. What is the distance from center to center of adjacent 
holes? Anis: 2.50 10, 


8. A hexagonal bolt-head measures 1.30 inches across corners. 
Find the width across flats. Ans. 1 in. 


9. A sharp V screw thread has a pitch of § in. What is the depth of 
the thread? Ans. .76in. 


10. A plank 12 feet long has one end raised 13 feet from the ground. 
What angle does it make with the ground? Ans 7 Wir 


11. A board is raised 14 feet at one end and then makes an angle of 
12° 45’ with the horizontal. How long is the board? Ans. 6 ft. 94 in. 


COMMERCIAL CALCULATIONS 


(PART 1) 


SPECIAL METHODS IN APPLICATION OF 
FUNDAMENTAL RULES 


1. At this point the student should be able to apply with 
ease the fundamental rules of arithmetic and to perform all the 
operations with fractions, both common and decimal. The 
first essential of an accountant is accuracy. A result obtained 
in any calculation is worthless if it is not correct. In business 
life a clerk or accountant whose work shows incompetency in 
this respect will not be tolerated. Speed ranks in importance 
next to accuracy. A man’s services are valued according to 
what he can accomplish. <A rapid and accurate accountant is, 
of course, preferred to the man who makes calculations slowly. 

We shall now take up some principles which are supplemental 
to those treated in the preceding Sections, and which, if fol- 
lowed, will be a great aid to one wishing to attain accuracy and 
rapidity. 


RAPID ADDITION 


2. There is scarcely anything more useful to the book- 
keeper and business man than the ability to add rapidly and 
correctly; but this can be acquired only by persevering prac- 
tice. Any time employed in practicing addition will be well: 
spent. If the student will practice addition ten or fifteen min- 
utes daily for a month or so, he will be greatly benefited. 

In order to become expert in adding, it is absolutely essen- 
tial that when two figures are seen or heard pronounced, the 
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student can instantly give their sum. Thus, 15 should suggest 
itself as soon as 6 and 9, or 8 and 7, are seen or heard pronounced. 
It should not be necessary to say mentally, 6 and 9 is 15, but 
6, 15, the 9 not being pronounced either mentally or orally. 
(In no case should the student contract the habit of adding 
aloud; it is.not necessary, and it is a very difficult habit to 
break.) 

In adding 5, 6, 1, 9, 7, 5, 2, 4, 8, 9, do not say 5 and 6 is 11, 
and 1 is 12, and 9 is 21, etc., but think 5, 11, 12, 21, 28, 33, 35, 
39, 47, 56, repeating the sums about as fast as they can be 
pronounced. 


3. To add rapidly, it is necessary for the student to become 
accustomed to group the figures of a column and add the sums 
of the groups. It is most convenient to choose the groups, 
as far as possible, so that the sum of each group shall be either 
10 or 20. An example will show how this is accomplished: 
Commencing at the bottom of the column, we see at 


: once that 1 and 9 form a group whose sum is 10; hence 
of we mentally say 2, 12 instead of 2, 3, 12. Now 
5 the next two digits, 5 and 3, we group together, and 


P instead of adding 5 and 3 separately, we add the sum, 8. 
‘| The next two figures, 4 and 6, form a group whose 

6 sum is 10, and so do the next two figures, 2 and 8. 
\ Looking now at the four figures at the top of the col- 
umn, we readily see that 5, 2, and 3 form a last group 


3 : 
5 whose suum is 10, leaving only the 9 outside of a group. 
0 In adding the column, we would repeat mentally 2, 


12, 20, 30, 40, 50, 59. Another grouping would read- 
Oe = o 
{ 1 ily appear to the skilful accountant; the 2 at the bot- 
tom and the 5 and 3 above the 0 form a group whose 
59 sum is 10. Recognizing this group, the mental addi- 
tion would be: 10, 20, 30, 40, 50, 59. 

This process of forming groups may be extended to include 
those whose sums are 15 or 20. By a judicious selection of 
the figures composing a group, its sum may usually be made 
either 10, 15, or 20, and these sums should always be sought in 
preference to others, since two 15’s make 30, and the numbers 


bo 
oO 


— 
Or 


IOFPONNH DOW SO Or 
Nn et oe ee 
Le me 

Or = 


“J 
NWP ODOW OK OO bo 
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10, 20, and 30 are added with little mental labor. 
Thus, in the following example, the grouping is shown 
by the braces. The mental addition is 15, 30, 37, 47, 
67, 72. After some practice, the student will be able 
to recognize a group whose sum is 10 or 20 almost 
instantly; he should persevere in the solution of 
examples until he is able to form the groups rapidly 
and with ease. It is not always possible to get con- 
secutive numbers which will form groups whose sums 
are 10, 15, or 20. Such groups, however, can often be 
found by skipping one or more figures in the column. 
For instance, in the following example, the first two 
figures, 7 and 3, make a 10, and skipping the fourth 
figure, 9, the third and fifth figures, 4 and 6, make 
another 10. Skipping the 8, the 3, 4, and 3 at the top 
of the colurnn make another 10, thus making three 
groups of 10 and the figures 9 and 8. In adding, how- 
ever, we should not leave the figures skipped to be 
added at the end of the operation, but should add them 
as they occur. In this example, we would say 10, 20, 
29, 39, 47. The order of adding may be shown by the 
following arrangement: 


10 10 10 
—_— eo 
4+34+6--44-9-+-34-4+3-38. 


The columns can be added from the top downwards 


if this order is preferred. 
The following examples may be used for practice: 


(1) 


IP WHOORWON AW 


(2) (3) (4) (5) 
13 ll if P27 13103 
27 226 2632 61706 
92 232 1946 43285 
39 518 3217 389134 
64 396 1184 96286 
2 435 1936 45173 
30 (Ut 2003 fetes dois) 
Ors 992 5114 26232 
18 oA 976 19375 
33 417 5634 8428 


The answers are: (1) 36; (2) 431; (8) 4,551; (4) 25,769; (5) 430,857. 
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4. It is frequently advantageous to be able to add hor- 
zontally, as it is termed; by this is meant the adding of several 
numbers as they stand in a horizontal row, without arranging 
the numbers in vertical columns. Thus, 

123 +567 + 792+ 221+546=2,249. Ans. 

When adding in this manner, straight addition must be 
employed; i. e., the method of Art. 3 cannot be used. The 
process would be 6, 7, 9, 16, 19; 5, 7, 16, 22, 24; 7, 9, 16, Palle Pe 
As an example of this method, consider the accompanying 
table, which is supposed to give, by days, the grain export, in 
bushels, of a certain city for one week. It is required to find 
the amount of grain exported each day, the total amount of 
each kind of grain exported during the week, and, finally, the 
total amount of grain exported during the week. 


Mon. Tues. Wed. Thurs. Fri. Sat. Totals 
Corn.........| 28,325 | 15,236 | 35,715 | 29,128 | 75,183 | 46,217 | ***** 
Wilte@aiti cree cern: 35,719 | 41,719) | 50,108 | 32,546 | 59,275 | 81,126 | ***** 
Oifen: Gey. 12,136 | 9,237 | 18,265 | 7,268] 6,950 17,230| ***** 
Barleya cen. ees 18,230 | 15,738 | 21,375 | 15,928 | 19,263 | 18,637 | ***** 
River eee i OFZOL PO O29Ne eee 2ONN MAS 2bel aie S Zo nimliss 20ers 
Totals........| ***** sok KK KK yoko KK KKK 

| 


The student should find the totals, and prove that the results 
are correct by adding the totals in the right-hand column and 
then adding the totals in the bottom row; the two results should 
be the same, namely, 757,270 bushels. The other results are: 
corn, 229,804; wheat, 300,493; oats, 71,086; barley, 104,171; 
rye, 51,716; Mon., 99,685; Tues., 88,759; Wed., 132,664; 
Thurs., 96,195; Fri., 168,496; Sat., 171,471. 


SPECIAL METHOD OF SUBTRACTION 
5. A method of subtraction which is called the making 
change method is frequently used. Suppose a customer hands 
the clerk a five-dollar bill in payment of a purchase amounting 
to $3.76. The clerk does not subtract $3.76 from $5 by the 
ordinary rules of subtraction but he adds enough to $3.76 to 
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make $5. He would count out 4 cents, two 10-cent pieces, 
and a dollar, since $3.76 and 4 cents is $3.80, $3.80 and 20 cents 
is $4, and an additional dollar makes $5. To verify his reckon- 
ing he counts as he hands the customer the change—three 
seventy-six, three eighty, four, five—omitting to say dollars 
and cents, as these words are, of course, understood. A similar 
method may be used in written work. 

Thus, if the minuend is 8,453 and the subtrahend 844, the 
remainder is found as follows: 


minuend 8453 
subtrahend 844 


remainder 7609 Ans. 


Instead of subtracting 4 from 18, we add to 4 a number that 
will make 18; this number is 9, since 4 and 9 is 13. Write the 
9 and carry the 1, asin addition; then4+1=5. Since 5+0=5, 
for the next figure in the subtrahend we write 0, as shown. 
There is nothing to carry; hence, since 8 is greater than 4, we 
consider 4 to be 14, and find what number added to 8 will make 
14; this is 6, which we write below the line, as shown. We have 
1 to carry, but, as we have no figure in the subtrahend to add it 
to, we say 1 and 7 is 8, and write the 7 below the line, as shown. 

Again, consider the following example: 


minuend 10000 


subtrahend _8763 
remainder 1237 Ans. 


Here we say 3 and 7 is 10, and write the 7; then, 7 and 3 
is 10 (carrying the 1 and adding it to the 6), and write the 3; 
next, 8 and 2 is 10, and write the 2; finally, 9 and 1 is 10, and 
write the 1. The student may use whatever method of sub- 
traction he prefers, but it may be stated that the making-change 
method is becoming more and more popular. 


6. The method just described is particularly useful when it 
is desired to subtract from some number the sum of several 
numbers, the entire process being performed at one operation. 
For example, suppose it were desired to subtract the sum of 
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1,538, 512, 987, 645, 884, and 763 from 7,061. The work 
might be arranged as follows: 
1538 7061 minuend 


512 1732 Ans. 
987 
645 
884 
763 


We add the right-hand column, 3, 7, 12, 19, 29. We cannot 
subtract 29 from 1 in the minuend, but if 2 is added to 29 the 
sum will be 31, a number ending in 1. Hence, write 2 under 1 
and carry 3. Adding the second column, 3, 9, 17, 21, 30, 38; 
3 added to 33 makes 36; hence, write 3 under 6 and carry 3. 
Adding the third column, 3, 10, 18, 24, 33, 43; 7 added to 43 
makes 50; hence, write 7 under 0 and carry 5. Adding 5 to 
the 1 in the fourth column makes 6, and 6 and 1 is 7; hence, 
write 1 under 7. The difference between the sum of the num- 
bers and 7,061 is 1,732, the answer. 


EXAMPLES FOR PRACTICE 
In the following examples use the method just described. The work 
may be checked by adding the remainder in each case to the numbers 
added; the sum should be equal to the minuend. 


(1) (2) (3) 
23604 “L7 Seed 86220 ShOCTS Bisee “Sedans 
9775 2140S TV737 
11628 37526 24445 
Sto 41284 94336 
5109 rae pens 8973 


Ans.—(1) 34,047; (2) 97,739; (3) 39,818. 


SPECIAL METHODS OF MULTIPLICATION 

7. A quantity may be multiplied by finding the continued 
product of the quantity and the factors of the multiplier. For 
example, a number can be multiplied by 12 by multiplying the 
number by 3 and the product thus obtained by 4. Multiplying 
a number and its products in succession by 4, 6, and 8 will 
produce the same product as multiplying the number by 192, 
the continued product of 4, 6, and 8. 
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8. To multiply by factors. 


EXAMPLE.—Multiply 2,972 by 192, taking the factors 4, 6, and 8, and 
test the result by multiplying directly. 


SOLUTION.— 
2972 2972 
4 192 
11888 5944 
6 26748 
71328 2972 
8 570624 Ans 


570624 Ans. 


In this particular problem no time would be saved by using 
the factors in multiplication. The principle can often be used, 
however, to shorten the operation and may be employed to test 
the accuracy of the product obtained by another method. 


EXAMPLES FOR PRACTICE 


(a) Multiply 536 by 56. 
(6) Multiply 763 by 24. 
(c) What will 54 horses cost at $185 each? 


Ans.—(a) 30,016; (6) 18,312; (c) $9,990. 


9. To multiply when one part of the multiplier is a 
factor of another part. 
EXAmpLeE. 1.—Multiply 1,728 by 93. 
SOLUTION.— 1728 
93 
5184 
3X5,184=15552 
160704 Ans. 
Instead of multiplying 1,728 by 9 in order to obtain the sec- 
ond partial product, multiply 5,184 by 3, as 3xX3X1,728 
=9 1,728. We do so since it is easier for most people to 


multiply by 3 than by 9. 
IL T 271B—28 
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EXAMPLE 2.—Find the cost of 324 acres of land at $28.75 per acre. 


SOLUTION.— $28.75 
324 


11500 
8xX11,500= 92000 
$9315.00 Ans. 


Observe that 32 equals 8 times 4. The work is shortened by 
multiplying 11,500 by 8 instead of multiplying 2,875 by 2 and 3 
according to the usual way. The example may be solved also 
by considering 324 as made up of the parts 3 and 24 or 3 and 


3x8. $28.75 


324 
8625 
8X8,625= 69000 
$9315.00 Ans. 


In using this method, it is necessary to place the first figure 
in any partial product directly under the right-hand figure 
of the corresponding multiplier. 


EXAMPLE 3.—-Multiply 5,682 by 2,408. 


SOLUTION.— 5682 
2408 
ea eS Pere 

or 245,682 J” 


13682256 Ans. 


In multiplying, notice that 24=3X8, and that the right- 
hand figure of the second partial product is written directly 
under the 4 of the multiplier. 


EXAMPLES FOR PRACTICE 


Multiply: 
(a) 3,859 by 567. (c) 3,741 by 824. 
(b) 6,492 by 364. (d) 9,753 by 864. 


Ans.—(q@) 2,188,053; (6) 2,363,088; (c) 8,082,584; (d) 8,426,592. 


1. An agent sells 273 vacuum cleaners for $23.75 apiece. What was 
the amount of the sales? Ans. $6,483.75 


2. What is the cost of 123 textbooks at $1.18 apiece? Ans. $145.14 
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10. To multiply by a number ending with the 
figure 1. 


EXAmPLe.—Multiply 2,386 by 81. 


SOLUTION.— 2)3°3'6 
19088 


193266 Ans. 


The first partial product equals 1X2,386=2,386; hence, it 
can be set down directly. The next partial product, which is 
8X 2,386= 19,088, can be set down under the first according 
to the rules of multiplication. It is not even necessary to draw 
the line below the partial products, but such abbreviated 
methods should not be used when one expects to have his 
work reviewed by some one else. In such cases the operations 
employed should be clearly indicated. 


11. To multiply by a number that is nearly a hun- 
dred or a thousand. 


EXAMPLE 1.—Multiply 2,872 by 499. 
SOLUTION. — 500 X 2,872=1436000 
1X2,872= 2872 
1433128 Ans. 


We notice that 499 is 1 less than 500, which is a number easy 
to use as a multiplier. 500 times a number less 1 times that 
number is evidently 499 times that number. 


EXAMPLE 2.—Find the cost of 7974 yards of cloth at $2.623 a yard. 
SoLUTION.—We observe that 7973 is 23 less than 800. 
800 X $2.625 = $2100.00 
23 X2.625=4X10X2.625= 6.5 6 
$2093.44 Ans. 


To multiply by 24, multiply by 10 and divide by 4, since 
23 equals 42. 


EXAMPLES FOR PRACTICE 


Multiply: 
(a) 1,234 by 999. (c) 5,246 by 91. 
(b) 5,937 by 798. (d) 1,234 by 9,995. 


Ans.—(a) 1,232,766; (0) 4,737,726; (c) 477,386; (d) 12,333,830. 
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1. A man bought 97 yards of cloth at $1.25 a yard. How much dia 


1¢ 
the cloth cost him? Ans. $121.25 


2. How much does a farmer pay for 195 bags of corn at $1.35 a bag? 
Ans. $263.25 


SPECIAL METHODS IN DIVISION 


12. In the study of fractions it has been shown that both 
terms of a fraction may be multiplied by or divided by any 
number and the value of the fraction will remain the same. 
Similarly in division we may multiply or divide the dividend 
and divisor by the same number without changing the value 
of the quotient. This principle can sometimes be applied with 
profit, as when the divisor is a mixed number or when the 
divisor may be factored. 

EXAMPLE 1.—A real-estate agent bought 18% acres of land for $4,000. 
What was the price paid per acre? 


SoLuTION.— 184)4000 
3 3 


55 )12000.000($218181 or $21818 Ans. 


We multiply the divisor and dividend each by 3 in order 
to clear the divisor of the fraction; 3X184=55, and 34,000 
= 12,000; 12,000 +55= 218.18. 


EXAMPLE 2.—Divide 1,000 by 32. 
SOLUTION.— 4)32 4)1000 


8 20 
314% Ans, 
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32 is divisible by 4; hence, we divide the divisor and dividend 
each by 4, and obtain 8 and 250. 250+8=314. We could as 
well divide by 8 and then by 4; thus, 

8)32 8)1000 


4 ee Di 


The advantage of this method is that we can reduce the 
divisor to a smaller number and then possibly use short division. 
In some cases the division can be performed mentally. 


EXAMPLE 3.—Divide 32,784 by 4,000. 


SOLUTION.— 4.000 ) 32.78 G 
8.196 Ans. 


We divide the divisor and dividend each by 1,000 by point- 
ing off three decimal places from the right. The divisor becomes 
4.000, or 4, and the dividend 32.784. By short division we find 
that 32.784+4=8.196. 

We observe that when dividing by a number ending in ciphers, 
the ciphers may be dropped and as many decimal places pointed 
off in the dividend as there are ciphers dropped. 


13. We will give another example to illustrate the use of 
this principle. 

EXAMPLE.—In a city of 30,000 inhabitants the assessed value of the 
property is $125,685,000. What is the average value of the property 
assessed to each person? 

SoLuTIon.—The divisor ends in four ciphers, which may be dropped 
if four decimal places are pointed off in the dividend. 

3)125685000 
$4189.50 Ans. 


EXAMPLES FOR PRACTICE 
Divide: 
(a) 2,256 by 53. 
(b) 34,678 by 2,000. — 
(c) 3,300 by 37. 
Ans.—(a) 4103%;; (0) 17.339; (c) 1,050. 
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14. Short Method of Subtracting a Product.—lIt is 
frequently necessary to multiply a number by a single digit 
and then to subtract the product from another number. This 
is most conveniently done as in the following example, in which 
314,159 is multiplied by 7 and the product is subtracted from 
7,208,451. 

314159 7208451 minuend 
l 5009338 Ans. 


EXPLANATION.— %7X9=638; 63 cannot be subtracted from 1 
in the minuend, so we add the smallest number to 63 that will 
make the sum end with 1. This number is evidently 8, since 
63+8=71; hence, write 8 under 1 and carry 7. Then, 7X5 
= 35, and 7 is 42; 42 and 3 is 45; write 3 under 5 in the minuend, 
and carry 4. Then, 7X1=7, and 4is 11; 1land3is14. Write 
3 under 4 and carry 1. 7X4=28, and 1 is 29; 29 and 9 is 38. 
Write 9 under 8 and carry 3. 7X17. and 3 is 10; 10 and 0 is 
10. Write 0 under 0 and carry 1. 7X3=21, and 1 is 22; 22 
and 0is 22. Write Ounder2andcarry 2. 2and5is7. Write 
5 under 7. The result, 5,009,338, is the answer. 


SHORT METHOD OF DIVISION 


15. The following method saves about half the figures 
over the usual method, and we think that there will be fewer 
mistakes made when using it. 


ExampLe.—Divide 39,913,910 by 5,494. 


dividend divisor 
SOLUTION.— 39913910) 5494 
14559 7265 quotient 
35711 
2870 
0000 


EXPLANATION.—The method of multiplication and subtrac- 
tion described in the last article is used in this case; the divisor 
is written on the right of the dividend, and the quotient under- 
neath the divisor. The different figures of the quotient are 
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obtained in exactly the same manner as by the preceding 
method. Thus, the divisor is contained in the first five figures 
of the dividend 7 times, and 7 is written for the first figure of 
the quotient... Now, instead of multiplying the divisor by 7, 
writing the product under the first five figures of the divi- 
“dend, and then subtracting, we multiply each figure of the 
divisor by 7 and subtract from the dividend, writing only the 
remainder. Thus, 7 times 4 is 28, and 5 is 33; write the 5 
under the 3 in the dividend, and carry 3. Then, 7 times 9 is 
63 and 3 is 66, and 66 and 5 is 71; write the 5 and carry 7. 
7 times 4 is 28 and 7 is 35, 35 and 4 is 39; write the 4 and carry 3. 
7 times 5 is 35 and 3 is 38, and 38 and 1 is 39; write the 1. Now 
bring down the next figure of the dividend, 9, and annex it to 
the remainder. 14,559+5,494=2; write 2 as the second figure 
of the quotient. Then, as above, 2X4=8, and 8+1=9; 
write the 1 under the 9, as shown. 2*9=18, and 18+7=25; 
write the 7 and carry the 2. 24=8, 8+2=10, and 10+5 
=15; write the 5 and carry the 1. 2*5=10, 104-1=1], and 
11+3=14; write the 3. Bringing down 1, the next figure of the 
dividend, 35,711+5,494=6, the third figure of the quotient. 
Proceed in the same way with the remaining figures. 

A fast computer would work as follows: In multiplying 
by’ 6, he would repeat to himself 6, 24, and 7 is 31 (writing 
the 7 and carrying the 3). 6, 54, 57, and 4 is 61 (writing the 
4 and carrying the 6). 6, 24, 30, and 7 is 37 (writing the 7 
and carrying the 3). 6, 30, 33, and 2 is 35 (writing the 2). 

The object of writing the divisor on the right is to make 
it easier to multiply by the figures of the quotient; it also 
saves space, as may readily be seen. The student is strongly 
advised to learn this method thoroughly, and always to use it. 
The process may seem slow and confusing at first, but rapidity 
can soon be acquired. The best way to attain facility in 
division is first to practice dividing by small numbers, from 
2 to 12, and using the method of short division. After he has 
become proficient in this, he should practice long division by 
the method just described. 
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ALIQUOT PARTS 


16. Numbers that form simple fractions of another num- 


ber are called aliquot parts of the latter number. Thus, 


123 cents is an aliquot part of a dollar, since it equals § of 


a dollar. 
17. To multiply by a fraction of 100. 


EXAMPLE 1.—Find the cost of 2,876 cattle at $25 a head. 


sya 
SOLUTION.— 100X 2,876 = 287,600; 25 X2,876=—— = $71,900. 


Since 25 is + of 100, we multiply by 100 and divide the 
product by 4. 

EXAMPLE 2.—What is the cost of 250 dozen pencils at 25 cents a dozen? 

SOLUTION.— 4)250.00 

$62.50 Ans. 

Since the price of each dozen is 25 cents, or } dollar, we mul- 
tiply by 7, or what amounts to the same thing, we divide by 4. 

EXAMPLE 3.—What is the cost of 84 penknives at 333 cents each? 


SOLUTION.— 3) 84 
$28 Ans. 


335 cents is 3 of a dollar, hence we multiply 84 by 4 by 
dividing 84 by 3. 


‘18. The fractions of 100 given in the following table are 
often met with in business transactions and should be 
memorized. 


23 = zo of 100 10 = 5 of 100 374 = 2 of 100 
33 = wo of 100 123 = + of 100 50 = of 100 
4 =>'5 of 100 162 = 4 of 100 623 = % of 100 
5 =7'5 of 100 20 = ¢ of 100 663 = } of 100 
64 = 7s of 100 25 = + of 100 75 = #2 of 100 
85 = 455 of 100 334 = 4 of 100 873 = = of 100 
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EXampLe 1.—Find the cost of 3 dozen textbooks at 874 cents each. 


SOLUTION.— 3 dozen=36; 874 cents =4 dollar. 
yt 68 
BBX .= > = $31.50. Ans 
y) 


EXAMPLE 2.—Find the cost of 2,875 pounds of sugar at 64 cents a 
pound. 


SoLUTION.— 6} cents=7g dollar, and since 16 is 4X4, we may divide 
by 4 twice. 
4)2875 
a Kl OS 
179.6875 or $179.69. Ans. 


EXAMPLE 3.—What is the cost of 360 baskets of peaches at $1.124 a 
basket? 
SoLuTIon.— $1.123=$14. 
8)360 
45 
$405 Ans. 


At $1 a basket, the cost would be $360; but, since the cost 
is $1+$2, the entire cost is $360+4 of $360. 


EXAMPLE 4.—A merchant bought 225 yards of cloth at 663 cents a yard. 
What was the amount of the bill? 
SoLUTION.— 66% cents is 3 of a dollar. 


3)225 
75 
$150 Ans. 


At $1 a yard the cloth would cost $225; but, since the cost 
is 2 of a dollar=$1—$}, the entire cost is $225— 3 of $225. 


EXAMPLES FOR PRACTICE 
1. What is the cost of 455 yards of cloth at 20 cents a yard? Ans. $01 


2. Find the amount received for 32 dozen eggs at 37% cents a dozen. 
Ans. $12 


3. A man earning $1.874 a day works 24 days in one month. How 
much did he receive for the month? Ans. $45 


‘ 
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4. What is the cost of 12 dozen pairs of gloves at $1.25 a pair? 


Ans. $180 
5. Ifa boy earns 874 cents a day, how much will he earn in 96 days? 
Ans. $84 
6. At $1.334 each, what will 60 chairs cost? Ans. $80 


19. Use of Aliquot Parts in Division.—The aliquot 
parts of 100 can often be used to shorten the work of division. 


EXAMPLE 1.—A boy earned $4.75 in a week. His wages are 125 cents 
an hour; how many hours did he work? 


SoLution.— 124 cents=+ dollar; 4.75+}$=4.75X8=38 hours. Ans. 
EXAMPLE 2.—Divide 487,634 by 25. 


SoLuTion.—Since 487,634 +25 =487,634+19° we may divide by 25 
by multiplying by 4 and then dividing by 100, or by dividing by 100 and 
multiplying the quotient by 4. The work would actually be performed 
as follows: 

4876.34 
eee 
1950536 Ans. 


487,634 is divided by 100 by pointing off two decimal places. 


EXAMPLES FOR PRACTICE 


1. How many penknives at 333 cents each may be purchased for $60? 
Ans. 180 penknives 


2. The bill for a lot of cotton goods amounted to $6.75. If the goods 
cost 124 cents a yard, how many yards were there in the lot? 
Ans. 54 yards 


3. Ata cost of $1.12 a dozen, how many dozen handkerchiefs can be 
bought with $90? Ans. 80 dozen 


4, How many books costing $1.623 a piece can be purchased for 
$71.50? Ans. 44 books 
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USEFUL APPLICATIONS 


20. Methods of Multiplying by a Mixed Number.—In 
business transactions the multiplication of a mixed number by 
an integer, an integer by a mixed number, or a mixed number 
by a mixed number, is of very frequent occurrence. Unless the 
numbers are very small, which is not usually the case, it is very 
inconvenient to reduce the mixed numbers to improper frac- 
tions, multiply, and then reduce the product to a mixed number. 
A better way is to use one of the methods given below: 


EXAMPLE 1.—Multiply 825 by 293. 


SOLUTION.— First Method Second Method 
825 825 
292 292 
4)2475_ 2064 
6182 4124 
7425 7425 
1650 1650 
245432 Ans, 245437 Ans. 


EXPLANATION.—First Method: Since ? of 825 is the same 
as ¢ of 3 times 825, we first find 3 times 825 and take { of the 
product. We then multiply by 29 in the usual way, taking 
care to put the units place of 7,425 under the units place of 618. 

In the second method we divide 825 by 4, obtaining 2063. 
We then multiply 2061 by 2 and write the product, 4123, 
directly below. The sum of 206} and 412} is evidently equal 
to 2? of 825. 

EXAMPLE 2.—Multiply 863 by 173. 


SoLuTION.— 863 
172 
8x86 = 644 
Ply = 10% 
3Xi 32 
, [602 
17X86= 1. 4 


153745 Ans. 
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In this case there are four multiplications made; 86 is mul- 
tiplied by 2; 17 by 3; % by 7; and 86 by 17. 


21. In actual practice a result is usually given to the near- 
est cent; hence, an accountant would make it a point to neglect 
fractions that would not affect the result. Again, calculations 
must be made rapidly and often mentally without recourse 
to paper and pencil. The following illustrates a method that 
would be used in mental reckoning: 


EXAMPLE 1.—Find, to the nearest cent, the cost of 172 pounds of meat 
at 133 cents a pound. 


SOLUTION,— 17 Vb @isc=$ 202 1 
2 1b. @ 138¢= .10 nearly 
172 lb. @ a= 09 nearly 
$2.40 Ans. 


Norte.-—The characters lb., @, and ¢are, respectively, thesymbols for pounds, at, and cents. 


We first find the cost of 17 pounds at 13 cents a pound, then 
of 2 of a pound at the same price. The sum of the two products 
will equal the cost of 17% pounds at 13 cents. We next find the 
cost of 172 pounds at 4 cent. The entire sum is the cost of 
172 pounds at 13} cents a pound. A clerk in making the cal- 
culations would merely set down the numbers 221, 10, and 9 
as he computed them. 


EXAMPLE 2.—Find, to the nearcst cent, the cost of 12 pounds 7 ounces 
of chicken at 23 cents a pound. 


SOLUTION.— 23 — neo 
75 X.23= 10 
$2.86 Ans. 


The cost of 12 pounds has been found first. An ounce is 
ze of apound. The cost of 7 ounces at 23 cents could be found 


easily as follows: 8 ounces, or } pound, will cost 114 cents, 


and 1 ounce will cost about 14 cents; hence, the cost of 7 ounces 
will be 13 cents less than 114 cents, or 10 cents. 


22. <A bookkeeper will find that in actual service he will 
need to use certain prices and quantities more than others. 
By the familiarity obtained from practice, he will soon learn 
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“by heart” the products of the principal combinations used. 
He will, also, by a little ingenuity devise means of handling the 
less frequent cases presenting more than the average difficulty. 


EXAMPLES FOR PRACTICE 


1. Find the cost of 893 yards of silk velvet at $42 per yard. 
Ans. $42573 


2. How much must be paid for 83} tons of hay at $163 a ton? 
Ans. $1,388°5 


3. How far can a man ride on a bicycle in 14% hours at the rate of 


9% miles per hour? Ans. 1442 miles 
4, Find the products of: 
G@)- 26, 17... (d@) 8625X<78E. 
(b) 447x163. (ec) 532x273. 


@. 1272 % 697. 
Ans.—(a) 5102; (b) 74424; (c) 8,854%; (d) 6,80932; (e) 1,478¢. 


23. To find the cost of articles sold by the hundred 
or the thousand. 


EXxaMPLE.—Find the cost of 1,635 pounds of sugar at $5.35 a 
hundred. 


SoLuTiIon.— 1,635 equals 163%;25 hundreds or 16.35 hundreds. Since 


each hundred costs $5.35, the entire cost is equal to the product of 16.35 
and $5.35. The operation is performed as follows: 


IN6iSi0 
hans 
yl 7) 
4905 
Sulit 


8 7.4725 or $87.47. Ans. 


24. Rule.—I. To find the cost of articles sold by the hun- 
dred, point off two decimal places in the quantity and multiply 
by the price per hundred. 


WI. To find the cost of articles sold by the thousand, point off 
three decimal places in the quantity and multiply by the price 
per thousand. 
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EXxAmpLe 1.—A builder bought 28,960 feet of cypress lumber at $65.50 a 
thousand feet. What was the amount of the bill? 
SoLuTIon.—Point off three decimal places in 28,960 and multiply by 


the price. 
28.960 
6 5.50 


1448000 
14480 
17376 


1896.88000 or $1,896.88. Ans. 


To check the result mentally we may find the cost of 
30 thousand feet at $65. 8065=$1,950. This result would 
indicate that there was no great error in the original solution 
such as that due to a misplaced decimal point. 

The work may be checked, also, as follows: 


29 thousand feet at $65.50 =$1899.50 
40 feet at $6.55 per hundred = 2.62 


$1896.88 


EXAMPLE 2.—The tax in a certain city is $18.95 on each $1,000 of the 
valuation of property. What is the tax on a property valued at $11,200? 


SOLUTION.— 11.2 $18.95=$212.24. Ans. 


25. <A bookkeeper is, of course, not expected to use several 
methods in the same class of problems, yet he should be able 
to select the best method for his particular class of work. 


26. To find the cost of material sold by the ton of 
2,000 pounds. 


EXAMPLE 1.—What is the amount of the bill for 48,760 pounds of coal 
sold at $6.75 a ton? 


48.760 


SOLUTION.— 48,760 pounds= = 24.38 tons. 


24.38 X 6.75 = 164.565, or $164.57. Ans. 


The student will observe that pounds can be changed to tons 
of 2,000 pounds by pointing off three decimal places in the 
pounds and then dividing by 2. 
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EXAMPLE 2.—Potatoes are sold in some localities by the ton. What 
should a farmer receive for 1,760 pounds of potatoes when the price is 
$14.75 a ton? 


SOLUTION.—The work may be set down as follows: 


PAN BFAGAO) 14.75 
88 88 
11800 

11800 

12.9800 


The required amount is $12.98. Ans. 


27. When prices are quoted by the ton of 2,000 pounds, it 
is sometimes most convenient to reckon the cost on the hundred 
pounds. 


ExampPLe.—What is the cost of 740 pounds of poultry feed at $34.40 
per ton? 
SoLuTion.—The price per hundred is $34.40+20= $1.72. 


7X$1.72=$ 1 2.0 4, the cost of 700 lb. 
40><S i172 .6.9, the cost of 40 lb. 


$1 2.73 Ans. 


The result may also be obtained as follows by the method given 
in Art. 26. 


2).740 34.40 
a 37 
24080 

10320 

20230 


Therefore, the cost of the feed will be $12.73. Ans. 


EXAMPLES FOR PRACTICE 


1. At $3.25 per hundred, what must be paid for 3,485 feet of Georgia 
pine? Ans. $113.26 


2. What will be the cost of 1,400,345 bricks at $7.75 a thousand? 
Ans. $10,852.67 


3. Find the retail price of 7,384 pounds of coal at $6.75 a ton. 
Ans. $24.92 


‘ 
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CONSTRUCTION OF TABLES 


28. <A bookkeeper who is required to multiply by the same 
number frequently should make a table, giving the products 
of this number and each figure to 10 or more. For example, 
a coal dealer selling coal at $6, $6.50, and $6.75 per ton would 
arrange a table as shown below and thus save himself much 
labor. 


Price per Ton | Price per Ton 
Pounds)|= Pounds 
$6.00 | $6.50 | $6.75 $6.00 | $6.50 | $6.75 
100 .30 33 Bee 1,100 BrgO. 93-50) i) Seg 
200 .00 05 .68 1,200 3.60 | 3.90 | 4.05 
300 .gO .98 Or 1,300 BA90) ||| "A.2 4.39 


400 1.20: || M30, eas 1,400 AAO V ACS S oll hogs 
500 1250) |) 1263) | 1.60 1,500 4.50 | 4.88 | 5.06 
600 1.300 | f-05. | 2.038 1,600 4.80 | 5.20 | 5.40 
700 2 LOM 2.200 22730 1,700 SLO SegGe Nh Sand 
800 2 AON 52.60) 2570 1,800 5.40 | 5.85 | 6.08 
goo 270) 2.93. | 204 1,900 yO) (ovsiesy |) fay 


1,000 3-00 | 3.25 | 3-38 || 2,000 6.60 7|/ 6250) 6575 


ExamPLe.—Find by the table the cost of 1,565 pounds of coal at 
$6.75 a ton. 


SoLutTion.— 1500 pounds cost $5.06 
6 0 pounds (;’5 of 600) cost 20 
5 pounds (3a of 500) cost = .02 

1565 pounds cost $5.28 Ans. 


29. By use of the table, a bill may be in excess of the exact 
amount by a cent, as one-half cent or more is called a whole 
cent. In case greater precision is required, the tables can be 
computed to tenths of a cent. 
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COMPLEX EXPRESSIONS 


SYMBOLS OF AGGREGATION 


30. The vinculum , parenthesis (), brackets [ |, 
and brace { } are called symbols of aggregation, and are 
used to include numbers that are to be considered together; 


thus, 13x 8—38, or 18x (8—38) shows that 13 is to be multiplied 
by the difference between 8 and 3. 


13 X(8—3)=13 X5=65 
13 X8—3=135=65 


When the vinculum or parenthesis is not used, we have 
138 X8—3=104—3=101 


31. When several numbers are connected by the signs +, 
—, X, and +, the operations indicated by the multiplication 
and the division signs are performed first, and the operations 
indicated by the addition and the subtraction signs are per- 
formed in order from left to right. 


EXAMPLE 1.—What is the value of 3+8—2+6? 
SOLUTION.— 3+8=11; 11—2=9;9+6=15. Ans. 
EXAMPLE 2.—Simplify 26—5+8 x2. 


SoLtuTion.—Here 8 is to be multiplied by 2, and the expression then 
becomes 26—5-+ 16. 
26—5=21; 21+16=37. Ans. 


EXAMPLE 3.—What is the value of 8X35—24+1}? 


SoLUTION.—We observe that 8 is to be multiplied by 35 and that 24 is 
to be divided by 14. 8X34=28; 24+14=24x%=16. The expression 
may then be written 28—16, and 28—16=12. Ans. 

The student in explaining a problem may need to use expressions such 
as are given here and he should follow the rules. 

IL T 271B—29 ; 
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EXAMPLES FOR PRACTICE 


Find the values of the following expressions: 


(2) ei Setaor— il) aa, (d) 144-524. 
(6) 5X24—32. (e) (1,691—540+559) +3 X57. 
(c) 5X24+15. (f) 2,080+120—80 x 4—1,670. 


Ans.—(a) 3; (b) 88; (c) 8; (d) 24; (e) 10; (f) 210. 


REDUCTION OF COMPLEX FRACTIONS 


32. We have learned that a line placed between two num- 
bers indicates that the number above the line is to be divided 
by the number below it. Thus, 73* denotes that 18 is to be 
divided by 3. This is also true if a fraction or a fractional 
expression be placed above or below a line. 

z means that 9 is to be divided by 2; aa 

3 8+4 


means that 3><7 


aCe 
g+4 


is to be divided by the value of re 


1 
= is the same as }+2. 


8 


33. It will be noticed that there is a heavy line between the 
9 and the 3. This is necessary, since otherwise there would be 
nothing to show whether 9 is to be divided by ?, or $ is to be 
divided by 8. Whenever a heavy line is used, as shown here, 
it indicates that all above the line is to be divided by all below it. 


34. A fraction whose numerator or denominator is not a 
simple number is called a complex fraction. A complex 
fraction is reduced to its simplest form by reducing the numer- 
ator and the denominator to their simplest forms and then 
dividing the former by the latter. 

1512 

EXxampPLeE 1.—What is the value of a ? 

SoLuTION.—The numerator is 26X75X12=23,400; the denominator 
is 1—.10=.90. 23,400 
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bo 
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EXAMPLE 2.—Simplify 
135 X54 X 123 
33 x44 


SOLUTION.—The numerator becomes 
(‘i 
AQ AL 99 3,465 
2° 4a° 3. 4 
Zi On 243 


The denominator becomes — X-=—. 
ee AAS 


The original expression now reduces to 


385 4 
3,465 243 3,403 16 1,540 
Ae 6 9 OR “07 
27 


=5754. Ans. 


35. In solutions like the preceding, the work may be short- 
ened by inverting each factor of the denominator instead of the 
product of the factors. Thus, inverting 2 and $ and arranging 
the factors for continued multiplication 


Ly GP ao 


4021 8 eae io as before 


- «€ 6 27 9 2 
In solving problems of this kind a person must use his own 
judgment as to the best method. In some cases it is advisable 
to reduce common fractions to decimals, and in other cases 
common fractions can be profitably used throughout the 
operation. 


EXAMPLES FOR PRACTICE 


Simplify the following: 


(a) 43 X 105 X 264 © 205X343 X83 
* “2x4 x22’ 142 x3325 x 182" 

10212415? 1543; X 323 252 
(b) BALLT 4 (d) ita 8 d6 


“Aya x 34x82 | 284382175 ° 
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CHECKING RESULTS 


FINDING A RESULT APPROXIMATELY 


36. The student in making calculations should be able to 
determine in some simple way whether or not his work is approx- 
imately correct. If he should find the amount of a bill of goods 
to be $500 when he knew from practical experience that such 
a bill would not be over $50, he would certainly realize that he 
had made a gross error. A bookkeeper, for example, who 
figures that 650 pounds of beef amounts to $600 will see that 
he is reckoning at a price of nearly $1 a pound, and that he 
has probably misplaced a decimal point. Many problems that 
involve considerable calculation to obtain the correct result 
can be checked up more or less roughly by the use of simple 
figures that are approximately correct. Thus, 263 pounds of 
metal at 18} cents a pound would amount to about $5, for 
at 20 cents the amount would be $5.30, and at 2 cents less per 
pound, that is at 18 cents, the amount would be 2264 
=53 cents less than $5.30, or $4.77. With a little further 
mental calculation the true result could be found. At +} cent, 
26% pounds will cost 7 cents, to the nearest cent. The entire 
amount should be 4.77+.07=$4.84. Many an error on the 
part of an accountant can be discovered by a little reasoning, 
which will show that the result is impossible. 


Exampce 1.—Find approximately by mental calculation the value of 


SoLuTIon.— 12432 is nearly equal to 12X4=48; 48+ 27 equals 
approximately 48+3=16. Ans. 


If the result obtained by pencil and paper should differ widely 
trom 16, the fact would indicate a serious error. 
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EXampLe 2.—What will be the approximate cost to lay a sidewalk 239 
feet long at 73 cents a foot? 


SOLUTION.—Say, for easy figuring, that the length is 240 feet and that 
the price is 75 cents or $$ a foot. Mentally, one would find that 2 of 240 
is 180; hence, the approximate cost is $180. Ans. 


PROOFS BY CASTING OUT NINES 


37. The remainder obtained by dividing a number by 9 
may be found by adding the digits; if the sum contains more 
than one figure, add the figures of the sum; so continue until a 
sum is obtained that has but one figure. If this figure is 9, the 
remainder is 0; otherwise, it is the figure itself. Thus, take the 
number 6,877; this divided by 9 gives 764 for the quotient and 
1 for the remainder. Applying the principle just stated, 
6+8+7+7 = 28; 2+8=10; 1+0=1, the remainder when 6,877 
is divided by 9. For 26,478, we have 2+6+4+7+8=27; 
2+7=9. This result means that the number 26,478 is a mul- 
tiple of 9; hence, when it is divided by 9, the remainder is 0. 
This process is called casting out nines; it is so called because 
all the nines are rejected from the number, only the remainder 
being considered. Thus, in the first case above, 764 nines were 
rejected (cast out) from 6,877, and the remainder was 1. 

If in adding the digits a 9 occurs, it need not be considered; 
or if two or more figures added together make 9, they may be 
neglected. For example, consider 364,982; here, since 3 and 6 
is 9, we need consider only the figures 4, 8, and 2. For, 3+6+4 
+918+2=32; 3+2=5; also, 4+8+2=14, and 1+4=5, the 
same result. 


38. The student will find the following test useful in deter- 
mining whether the answer in multiplication is correct: 


Find the sum of the digits in the multtplicand. If the sum 
consists of more than one figure, add the digits of the sum, and 
so continue until the sum ts one figure. Do the same with the 
multiplier. Multiply together the final sums thus obtained, 
and if the result consists of more than one figure, add tts digits 
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until one figure is obtained. Lf this result is the same as ts obtained 
by adding the digits of the product until one figure is obtained, 
the work 1s probably correct. 


To illustrate, multiply 837,295 by 4,631. 


SOLUTION.— multiplicand 837295 
multiplier 4631 
product 3877513145 
PROOF.— 8+3+7+249+5=384;34+4= 7 
4+6+3+1=14;14+4=_5 


3+8+7+7+5+143+1+4+4+5=44; 44+4=8 


The proof given is not absolute, because two or more errors 
might cause the product to fulfil the conditions of the test. 
But if, on trial, the final sum of the digits of the product does 
not agree with that of the product of the final sums of the mul- 
tiplicand and the multiplier, it is certain that the work is 
incorrect. 


39. The principle of casting out nines may be applied to 
addition. The number remaining after all the nines are cast 
out of all of the figures in the terms to be added should be the 
same as the remainder in the sum. Take the following for an 
illustration: 

5368 
1397 
9243 
2878 


24886 


The remainder found by casting out the nines in the figures 
of the four terms to be added is 1. The same remainder is found 
in the sum; hence, the result is probably correct. 

To prove subtraction, cast out the nines in the remainder 
and subtrahend and see whether the sum of the remainders in 
these terms equals the remainder in the minuend. 

To prove division, cast out the nines in the divisor and the 
quotient; multiply together the remainders so obtained and add 
to the remainder in this product the figure left in the remainder 
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after casting out the nines. The result should equal the 
remainder in the dividend. Observe the following proof. 


Ze07 ) 854000 (290 

5734 

26060 

ZS S015 

2570 remainder 
The remainder in 2,867 is 5; the remainder in 290 is 2; 

2X5=10; the remainder is 1; the remainder in 2,570 is 5; 
1+5=6. The remainder in 834,000 is also 6. Hence, the 
division is probably correct. 


PERCENTAGE 

40. One of the most commonly used arithmetical terms is 
per cent. For illustration, the profits of a business, the changes 
in prices, the proportionate parts of a number, are usually 
expressed as so many per cent. One per cent. of a number is 
one hundredth of that number; two per cent. is two hun- 
dredtiis; ete. One per cent. of 1001s 1, one per cent. of 200 
is 2. ‘Two per cent. of 100 is 2, of 200 is 4. The symbol for 
per cent. 1s °%.; 5% is réad 5 per cent. 


41. That part of arithmetic which treats of the compu- 
tation by hundredths is called percentage. 


EXAMPLE—Wages in a mill are to be increased 10%. How much 
increase will a person receive who is earning $2 a day? 


Sotution.— 1% or one hundredth part of $2 is 2 ct., and 10% is 
10X2=20 ct. The increase is, therefore, 20 ct. a day. Ans. 


42. When the symbol % is written after a number and it is 
desired to drop the symbol, the number should be changed to 
a fraction whose denominator is 100. For example, 5% may 
be written either as a common or a decimal fraction, 735 or .05. 

As just illustrated, a number of per cent. may be written 
in any of these ways, and the student is cautioned against 
making the error of using two methods at the same time; thus, 
5% should not be written .05%, as the latter means 7p of 1%. 


‘ 
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EXAMPLES FOR PRACTICE 
The following examples are to be solved mentally. Write down your 
answers and when the work is completed compare your answers with 
those given at the end of the exercise. 


Find: (a) 1% of 300. (7) 100% of 600. 
(b) 5% of 300. (k) 34% of 800. 
(c) 10% of 300. (1) 3 Yo of 1,200. 
(d) 25% of 300. (m) 10% of 350. 
(e) 10% of 700. (n) ae) of 400. 
(f) 15% of 400. (0) 89% of 100. 
(g) 1% of 250. (p) 1% of 1,800. 
(h) 49% of 250. (q) 1% of 1,850. 
(i) 50% of 1,000. (r) 1% of 70,000. 


Ags —(a)-3¢ 0b) 15. Xe), 30¢ Cay 752 Ce) 70: Gy OOF (oy 25; 
(h) 10; (i) 500; (j) 600; (b) 28; (1) 45; (m) 35; (n) 600; (0) 89; 
(p) 18; (q) 18.5; Cr) 700. 


43. The number of which the hundredth is taken is called 
the base. The number denoting the hundredths considered 
is called the rate. The result obtained by taking the portion 
of the number denoted by the rate is called the percentage. 
Thus, in finding 5% of 200, we get 10 as the result. In this 
particular example, 200 is the base, 5% is the rate, and 10 is 

the percentage. The base is always considered 
S to be 100%. One hundredth part of the base 


is 1% of it, two hundredths of the base is 2% 


{9% ) of it, etc. 
44. The circle shown in Fig. 1 is aura e into 


Fre. 4 three parts. In the large portion there is =5,°5 of 
the circle, in the next smaller portion 3335, and in the ated 
portion 740 of the circle. The figure shows to the eye what 
relation 50%, 35%, and 15% bear, respectively, to the whole, 


or 100%. 


Exampie.—A manufacturer bought 3,830 pounds of wool, in which 
there was a loss of 28% due to waste. How many pounds of waste 
were there in the lot? 

SoL_uTIon.— 1% of 3,830 RES ee 38.3 Ib. 

28% of 3,830=28 X38. 072.4 lb. Ans. 
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Instead of finding 1% first, then 28%, the result can be obtained directly 
by multiplying 3,830 by .28. Thus: 
3830 
28 
30640 
7660 
1072.40 lb. Ans. 


45. Rule.—To find the percentage when the base and rate 


are given, write the rate as a decimal and then multiply the base 
by the rate. 


EXAMPLES FOR PRACTICE 
What is: 
(a) 79% of 1,860? 
(by) WS9orot 13267 
(c) 33% of 1,850? 
Ans.—(a) 130.2; (b) 198.9; (c) 69.375. 


1. Ten years ago a city had a population of 125,000. The population 
has increased 12% since that time. How many inhabitants has it now? 


Ans. 140,000 


Norre.—Find the increase and add it to the given population. 


2. A railroad’s receipts in a month were $567,800, of which 72% was 
for freight. What were the receipts for freight? Ans. $408,816 


~~ 
bo 
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ALIQUOT PARTS IN PERCENTAGE 


4G. When the rate per cent. is an aliquot part of 100 per 
cent., it is usually more convenient to use the equivalent frac- 
tion in computations. The principal aliquot parts are shown 
in the following table: 


Per Cent. | Decimal Fraction | Per Cent. Geeean| Fraction 
2% 02 139 or So 83% Bake com 083 | ae or T2 
5% 05 re or so 125% PA EAR 125 — or z 

Oe een en 1G, Seonorre | 162%.24.:5 163 | 782 or 

Di gee ae 25 ves or + || 332%...... | 488% | sh org 

POS ees yi 50 tou or || 878%...-.- 37% | 35 or Z 
i} 

CEM Granbewen 75 | aoe or Z (623% 625 | 22% or $ 

65% Aan oe 064 ea or 78 873% 875 a oe ry 
| 


Examp_e 1—What is 163% of 684? 
SoLuTIoN.— - 162%=1. 4 of 684=114. Ans. 
Exampce 2.—A furniture dealer paid $48 for a dozen chairs which he 


sold at a profit of 25% on the purchase price. What was his profit and 
what price did he receive? 


SotuTion— 25%=4. 
4 of $48=$12, the profit. Ans. 
Selling price was $48+$12=$60. Ans. 
The student should become familiar with the most com- 
mon aliquot parts of 100, and use the fractions wherever pos- 
sible in percentage computations. 


EXAMPLES FOR PRACTICE 


Solve the following by aliquot parts: 
(a) What is 50% of 1,964? 

(b) What is 334% of $630? 

(c) What is 64% of 1,760? 
Ans.—(a) 982; (6) $210; (c) 110. 
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AMOUNT AND DIFFERENCE 


47. The amount is the sum of the base and the percentage. 


48. The difference is the remainder obtained when the 
percentage is subtracted from the base. 

49. The terms amount and difference are ordinarily used 
when there is an increase or a decrease in the base. For exam- 
ple, suppose the population of a village is 1,500 and it increases 
25 per cent. This means that for every 100 of the original 
{900 there is an increase of 25, or a total increase of 15X25 
=375. This increase added to the original population gives 
the amount, or the population after the increase. If, on the 
other hand, the population decreases 375, the final population 
is 1,500—375= 1,125, and this is the difference. The original 
population, 1,500, is the base on which the percentage is com- 
puted ;*the 25% is the rate, and the imcrease or decrease, 375, 
is the percentage. If the base increases, the final value is the 
amount, and if it decreases, the final value is the difference. 


30. To find the relations existing between the amount or 
the difference and the base and the rate, let us consider an 
example. 

ExAmpLe.—in a factory where 2,100 men are employed, the force is 


increased 8%. How many new men are employed, and how many men 
are at work after the increase? 


Sotution.— 8% of 2,100=2,100.08=168 men=number of new 
men employed. Ans. The total number of men after the force is 
increased is 2,100+168=2,268 men. Ans. 

In this example, the original number, 2,100, is the base, and 
the final number, 2,268, is the amount. For every 100 men 
originally in the shop, there are 8 more men, or 108 men, after 
the force is increased. 

We may consider the original force as 100%, and, as the 
increase is 8% of the original, the total force is 100% +8% 
=108%. 108% =1.08. 

Total force is 1.08X2,100=2,268. Ans. 
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51. If, in the above example, the force had been decreased 
8%, the number of men thrown out of work would have been 
168, and those left at work, 2,100—168=1,932. As before, 
the base is 2,100, but the final number, 1,932, is the difference, 
since the base has decreased. Out of every 100 men formerly 
at work, 8 have been discharged, leaving 100—8=92 still at 
work, Since 8% of the force has been thrown out of work, 
100% —8% =92% remains. The force that remains equals 
.92X 2,100 = 1,932, the same result as before. 


52. Inthe case of small fractions of a per cent. care should 
be observed to read the number correctly. For example, 
01% is readzi4z of 1%, and equals z3y of ru =a0007, OF .0001. 
Similarly, 5% or 0.5% is ready; of 1%. lf the number of 
per cent. is expressed as a common fraction, it is read in a 
similar manner. Thus, $% is read 4 of 1%, and equals $ 
of sty =<tz, or .00125. 


EXAMPLES FOR PRACTICE 


Solve the following: 

(a) What is 12$% of $900? 
(b) What is 4% of 627? 
(c) What is 334% of 54? 

Ans.—(a) $112.50; (6) 5.016; (c) 18. 


4 


1. Ii gunpowder contains 75% of saltpeter, 10% of sulphur, 15% of 
charcoal, how much of each is there in 2,000 pounds of powder? 
Saltpeter, 1,500 lb. 
Ans. Sulphur, 200 Ib. 
Charcoal, 300 Ib. 


2. A man owning a ship worth $225,000, sells 4 of it to A, 20% of 
oy, 


the remainder to B, and 35% of what then remains to C. How much 


do A, B, and C each pay for their shares? pes $56,250 
Ans.4 B, $33,750 

| C, $47,250 

3. A house which cost $4,000 was sold for 7% less than it cost. What 
was the selling price? Ans. $3,720 


4. A school having 200 pupils lost during the year 121% of the num- 
ber. How many pupils were left? Ans. 175 


5. The receipts of a business in 1 year were $25,346.90. During the 
next year the receipts were increased 16%. What were the receipts for 
that year? Ans. $29,402.40 
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COMMISSION AND BROKERAGE 


53. Commission, or brokerage, is the sum paid an 
agent for transacting business for another person; as, for buy- 
ing or selling merchandise or property, for collecting or invest- 
ing money, etc. 


54. The agent or party who transacts the business is 
called a commission merchant, or broker; the party for 
whom the business is transacted is called the principal. The 
term broker is applied to one who sells and buys stocks, bonds, 
bills of exchange, and money securities. 


55. A consignment is a shipment of goods from one 
party to another; the party that ships the goods is called the 
consignor, or shipper, and the party to whom they are 
shipped is called the consignee. 


56. When goods are sold on credit, the agent charges an 
additional amount for guaranteeing the payment of the sale. 
This extra charge is called guaranty. 


<4 


+) 
total amount realized by the agent before deducting his com- 
mission and other expenses connected with the transaction. 


7. The gross proceeds of a sale or collection is the 


The net proceeds is the amount due the principal after the 
commission and all other charges have been deducted. 


58. An account sales is a detailed statement made by 
the agent to his principal, showing the goods sold and the 
prices obtained, giving a list of the charges and expenses, and 
the net proceeds due the principal. The charges include 
freight, cartage, storage, insurance, inspection, advertising, 
commission, and guaranty. 


59. The prime cost of a purchase is the sum paid by 
the agent for the goods or property. The gross cost is the 
prime cost plus the commission and expenses incident to the 
purchase. 


60. An account purchase is a detailed statement made 
by the agent to his principal, showing the cost of goods or 


‘ 


36 COMMERCIAL CALCULATIONS § 12 


property bought, the expenses attending the purchase, and the 


gross cost. 


G1. The commission, or brokerage, is usually computed at 
a certain per cent. of the gross proceeds of a sale or the prime 
cost of a purchase. In some cases, however, it is computed 
at a certain price per unit of weight or measure; as, so much 
per ton, per bushel, or per barrel. Examples in commission 
are solved by the rules of percentage. Either the gross pro- 
ceeds or the prime cost is the base; the net proceeds is the dif- 
ference; the gross cost is the amount; the commission is the 
percentage ; and the rate of commission is the rate. The remit- 
tance from the principal to the purchasing agent, including 
both the investment and the commission, is an amount. The 
following rule is derived directly from the principles of per- 
centage: 

62. Rule.—To find the commission, multiply the prime 
cost or the selling price by the rate of commission. 


ExAmMpLe.—A real estate agent sells a house and lot for $4,375 and 
receives 2% commission. What is the commission and what is the net 


proceeds ? 


Sotution.—Commission=selling price X rate=$4,375 X .02=$87.50. 
Ans. 


Net proceeds=selling price—commission=$4,375—$87.50=$4,287.50. 
Ans. 


EXAMPLES FOR PRACTICE 
What is the commission: 


(a) If the gross proceeds is $300 and the rate of commission is 34%? 

(b) If the gross proceeds is $9,375 and the rate of commission 
is 2%? 

(c) If the prime cost is $831.75 and the rate of commission is 1 

(d) If the prime cost is $960 and the rate of commission is 2% 


Ans.—(a@) $10.50; (b) $187.50; (c) $10.40; (d) $6. ‘ 


1. A commission merchant sold a quantity of wool for $4,650. He 
charged 24% commission, 2% guaranty, and the transportation, storage, 
and other expenses amounted to $184. How much should he send his 
principal? Ans. $4,256.75 
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INSURANCE 


63. Insurance is a contract by which one party, the 
underwriter, or insurer, agrees, for a consideration, to 
make good a loss sustained by another party. 


64. Insurance is of two kinds, property insurance and 
personal insurance. Property insurance includes fire insur- 
ance (indemnity for loss or damage by fire); marine insur- 
ance (indemnity for losses at sea); transit insurance (indem- 
nity for loss of, or damage to, merchandise during transporta- 
tion) ; stock insurance (indemnity for loss of live stock) ; and 
accident insurance (indemnity for breakage of fragile mate- 
rials, as plate glass, etc.). 

Personal insurance includes life insurance, which secures 
the payment of a certain amount to a specified person at the 
death of the party insured, or after the lapse of a specified 
time; accident insurance, which secures the payment of a cer- 
tain sum in case of accident to the insured; health insurance, 
which secures the payment of a weekly sum during sickness; 
and insurance against the dishonesty of employes. 


65. <A policy is a written contract between the insurance 
company and the party insured; it contains a description of 
the property insured, the conditions on which‘the insurance is 
taken, and the amount to be paid in case of loss. 


66. A premium is the amount paid to the insurer for 
assuming the risk of loss or damage. The premium is a cer- 
tain per cent. of the amount of insurance, as 3%, {%. The 
rate of premium depends on the nature of the risk and on 
the length of time the insurance has to run. It is customary 
to speak of the rate of premium as the cost per $100 of insur- 
ance; as 60 cents per $100, $1.20 per $100, etc. 


67. In property insurance, all computations are based on 
the rules of percentage. The amount of insurance is the base, 
the premium is the percentage, and the rate of premium is the 
rate. 
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68. Rule.—To find the premium, multiply the amount of 
insurance by the rate of premium. 

Exampte.—A house and furniture are insured against fire for $3,250, 
the rate of premium being 2%, or 75 cents per $100 per year. What is 
the yearly premium? 


SoLution— 3%=.0075. Using the rule, 
Premium=$3,250X .0075=$24.374. Ans. 


EXAMPLES FOR PRACTICE 


1. A store and contents valued at $16,400 are insured for 2 of their 
value at 14% premium. What is the cost per year of insurance? 


Ans. $110.70 


2. A boat load of 8,600 bushels of corn, worth 32 cents per bushel, 


is insured for } of its value at 12% premium. If the corn is totally 


destroyed, what will be the owner’s loss? Ans. $721.54 
3. A building worth $9,600 is insured for } of its value in three 
companies. The first company takes 4 of the risk at $% premium; the 
second 2 of it at 2%; and the third the remainder at 1%. What is the 
total premium? Ans. $50.40 
4. A fire insurance company took a risk of $42,000 at $% premium, 


and reinsured 4 of it in another company at 4%, and 4 of it in a third 


company at 2%. What did the company gain by reinsuring ? 
Ans. $61.25 


INTEREST 


SIMPLE INTEREST 


69. Interest is money paid for the use of money belong- 
ing to another. 


7O. The principal is the sum for which interest is paid. 


71. The rate of interest is the per cent. of the principal 
that is paid for its use for a given time, usually a year, 


72. The amount is the sum of the principal and interest. 
If, for example, $100 is loaned for a year at 6 per cent. inter- 
est, the principal is $100, the rate is 6 per cent., the interest is 
6 per cent, of $100 or $6, and the amount is $100+$6=$106. 
If the principal is loaned for 2 years, the interest is 2X$6=$12, 
and the amount $100+$12=$112. 
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73. The legal rate is the rate estabished by law. 


74. Usury is a rate that exceeds the legal rate. The pen- 
alty for usury is, in some states, the forfeiture of all interest; 
in others, the forfeiture of both principal and interest. In a 
number of states, no legal nétice is taken of usury. 

75. The finding of interest is the direct application of the 
principle.of percentage when the base and rate are given. 


EXAMPLE 1.—Find the interest for 1 year on $1,000 at 5%. 


SoLurion.— $1000 
05 
$50.00 Ans. 
EXPLANATION.— 5% expressed as a decimal is .05. The 


interest is found by multiplying the principal, which is $1,000, 
by .05; the rate. 

Example 2.—Find the interest on $1,275.50 for 3 years at 6%. 

Sotution— $1275.50 

Sar 
76.5 300=Interest for lyr. 
3 
$229.59  =Interest for3yr. Ans. 

The example may be solved also by finding the interest on 
$1 for 1 year, then for 3 years, and multiplying this by the 
principal. Thus, 

063% 1,275.50=$229.59. Ans, 


EXAMPLES FOR PRACTICE 


Find mentally the interest on: 

(a) $300 for 1 yr. at 5%. 

(b) $3,000 for 1 yr. at 5%. 

(c) $700 for 1 yr. at 4%. 

(d) $700 for 2 yr. at 4%. 

(c) $2,000 for 4 yr. at 6%. 

Solve the following on paper: 

Find the interest on: 

CG S725 for lye ato. 

(g) $4,200 for 3 yr. at 44%. 

(h) $3,762.87 for 5 yr. at 5%. 

(1) $2,617.75 for 24 yr. at 3%. 

Ans—(a) $15; (b) $150; (c) $28; (d) $56; (e) $480; (f) $36.25; 
(g) $567; (h) $940.72; (1) $196.33. 

IL T 271B—30 


‘ 
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7G. Yo find the interest when the time is in 
months. 


Examp_e—What is the interest on $900 at 5% for 7 months? 
SoLuTION.— $900 
05 
12) 45.00=Interest for 1 yr. 
3.7 5=Interest for 1 mo. 
7 


$26.2 5=Interest for 7 mo. 


ExpLANATION.—The interest for 7 months equals 7 times 
that for 1 month. ‘The interest for 1 month is found by divid- 
ing the interest for 1 year by 12. 


EXAMPLES FOR PRACTICE 


Find the interest on: 

(a) $825 for 6 mo. at 6%. 

(b) $930 for 2 mo, at 44%. 

(e) “$876:27-for 11 mo. at 10%. 

(d) $572.84 for 1 yr. 5 mo. at 5%. 

Ans.—(a) $24.75; (b) $6.98; (c) $80.32; (d) $40.58. 


77. To find the interest for a number of days. 


In computing interest, a year is usually regarded as con- 
sisting of 12 months of 30 days each. 


ExAmpLe.—What is the interest on $800 for 21 days at 6%? 


SoLuTION. — $800 
06 

12)4800 =Interest for 1 yr. 

30)406  =ITInterest for 1 mo. 


.1333=Interest for 1 da. 


To the nearest cent, the interest is $2.80. Ans. 


78. The interest for a number of days can also be found 
by considering the days as that many 360ths of a year and find- 


\ 
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ing that fraction of the yearly interest. In the preceding 
example, the interest for 21 days equals 2,45 of $48=$2.80. 
Most persons who do not have occasion to compute interest 
frequently can check their calculations more readily and feel 
rather more sure of their results by obtaining the interest for 
a month and then for the fraction of a month. 


ExampLe.—Find the interest on $248.80 for 5 years 9 months 29 days 
at 5%. 


SoLUTION.— $24880 
5 

12) 12440 0=Interest for 1 yr. 

30) 1.0037 =Interest for 1 mo. 


034 =Interest for 1 da. 
5X12.44=$62.20 =Interest for 5 yr. 
9X1.037= 9.333=Interest for 9 mo. 
29% .034= .986=Interest for 29 da. 
Di ZrO ON OK bA2.02.5 ens: 
The interest is found for 1 year, 1 month, and 1 day, respec- 
tively, and the total for 5 years 9 months and 29 days is com- 
puted as shown. 


EXAMPLES FOR PRACTICE 


Find the interest on: 

(a) $600 for 1 yr. 4 mo. 15 da. at 6%. 
“(b)), “$2,160! 10m 2 yu. 2 mo. at 5%, 

(c) $1,800 for 7 mo. 20 da. at 44%. 

(d) $725.50 for 7 yr. 5 mo. 23 da. at 7%. 


Ans.—(a) $49.50; (b) $234; (c) $51.75; (d) $407.03. 


SIXTY-DAY METHOD 


79. Among accountants one of the most popular methods 
of computing interest is known as the sixty-day method. In 
business dealings generally, loans are made for 30 days, 60 
days, or some multiple of these. The sixty-day method meets 
with favor, as by its use the interest for such periods can be 
quickly reckoned. 


80. Since 60 days is considered as ¢ of a year, the interest 
on $1 for 60 days at 6% is ¢ of 6 cents, or 1 cent. The interest 


‘ 
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on any sum for 60 days at 6% is, therefore, equal to 1 hundredth 
of the principal. Hence, if the decimal point of any sum be 
moved two places to the left, it will give the interest on that 
sum for 60 days at 6%. 

Thus, the interest on $3,472.75 for 60 days at 6% is $34.73—, 
and on $692 it is $6.92. 


Exampve.—lind the interest on $4,268 for 30 days at 6%. 


SoLtution.—The interest on $4,268 for 60 da. at 6% is $42.68. For 
0 da. it is one-half of that for 60 da.; 4 of $42.68=$21.34. Ans. 


81. In finding the interest by the sixty-day method for any 
number of days, the work can be shortened and arranged before 
the eye in an orderly manner by finding the sum or the dif- 
ference of the aliquot parts of 60 days that will make the given 
number. For example, to find the interest for 35 days, we 
would observe that 35 days equals the sum of 30 days and 5 
days, each of which is an aliquot part of 60 days, and compute 
the interest for these separately. 


Examp te 1.—Find the interest on $980 for 35 days. 


SoLuTION.— 2 ) $9.80=Interest for 60 da. 
6) 4.90=Interest for 30 da. 
.82=Interest for 5 da. 


$5.72 Ans. 
ExpLANATION.—The interest for 30 days is 4 of that for 
60 days, and the interest for 5 days is ¢ of that for 30 days. 


ExampLe 2.—Find the interest on $8,368 for 99 days at 6%. 


SoLUTION.— 
$83.68 =Interest for 60 da. 
4184 =Interest for 30 da. = 1 of that for 60 da. 
8.3 68=Interest for 6 da. =,!, of that for 60 da. 
4.184=Interest for 3da.=d of that for 6 da. 


$138.07 2=Interest for 99 da. Ans. 


I 


| 


82. In case the interest rate is other than 6%, the interest 
is first calculated at that rate, and then a proportionate part 
is added or subtracted corresponding to the difference between 
the given rate and 6%. The following partial table will illus- 
trate: 


12 COMMERCIAL CALCULATIONS 


“% = Interest at 6% plus ¢ of itself. 
% = Interest at 6% plus § of itself. 
om Interest at 6% plus $ of itself. 
% = Interest at 6% less 4 of itself. 


/ 


% = Interest at 6% less 4 ot itself, 


1 G7 


+% = Interest at 6% less 4 of itself. 


Interest at 


bmwown 


Examp_e 1——What is the interest at 9% on $1,264.76 for 49 days? 
SOLUTION.— 


$126476= Interest for 60 da. at 6%. 


6.324 = Interest for 30 da. = 4 of that for 60 da. 

3.162 =TInterest for 15 da.= 4 of that for 30 da. 
632 =Intercst for 3da. =,)7 of that for 30 da. 
211 =Interest for 1da.=4 of that for 3 da. 


$1 0.329 = Interest for 49 da. at 6%. 
5.165 = Interest for 49 da. at 3%. 


$ 15.494 = Interest for 49 da. at 9%. Ans. 


EXampLe 2.—What is the interest at 4$% on $3,000 for 98 days? 
SOLUTION.— 
$30.0 0 = Interest for 69 da. at 6%. 
15.00 = Interest for 30 da. at 6% = of that for 60 da. 
3.00 = Interest for 6da.at6% = 1 of that for 30 da. 
1.00= Interest for 2da.at 6% \ of that for 6 da. 


$49.00 = Interest for 08 da. at 6%. 
12.25 = Interest for 98 da. at 14% =4 of that at 6%. 


SOO 5 = Interest for 98 da. at 44%. Ans. 


ExampLe 3.—Find the interest on $258.50 for 29 days at 6% 


SoLUTION.— 
$2.585 = Interest for 60 da. 


1293 = Interest for 30 da. = fof that for 60 da. 
043 = Interest for 1 da. =; of that for 30 da. 


$125 = Interest for 29 da. Ans. 


EXAMPLES FOR PRACTICE 


By the sixty-day method, find the interest on: 
1. $8,000 for 87 days at 6%. 


2. $6,050 for 96 days at 3%. 
3. $875.28 for 77 days at 34%. 


’ 
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4. $1,468.80 for 123 days at 4%. 
5. $23,750 for 108 days at 43%. 
6. $42,690 for 176 days at 38%. 
7. $7,200 for 225. days at 9%. 

8. $468.24 for 101 days at 54%. 
9. $6,880 for 186 days at 7%. 
10. $7,600 for 143 days at 74%. 


Ans.—(1) $116; (2) $48.40; (3) $6.55+; (4) $20.07+; (5) $326.625; 
(6) $765.26—; (7) $225; (8) $7.23—; (9) $248.83—; (10) $226.42—. 
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APPLICATIONS OF PERCENTAGE 


1. To find the base when the rate and percentage 
are given. 

Example 1.—If 3% of a number is 12, what is the number ? 

Sovution.— 3%=12; 1%=4 of 12=12+3=4, 

100%=100X4=400. Ans. 

EXPLANATION. 1% is evidently 4 as great as 3%. Hav- 
ing found 1% of the number, we find 100%, or the entire 
number, by multiplying 1% of it by 100. 


EXAMPLE 2.—A mechanic received an increase of 30 cents a day in 


his salary, which was 15% of his former pay. What pay had he been 
receiving? 
Sorution.— 15%=30 cents; 1%#=. of 30 cents=2 cents. 


100% =100X2 cents=$2.00. Ans. 
In this example 15% is the rate, 30 cents is the percentage, 
and the base or 100% is to be found. 


EXAMPLES FOR PRACTICE 


Solve the following mentally : 

(a) 25 is 5% of what number? 
(b) 40 is 20% of what number? 
(c) 4 is 4% of what number? 
(d) 7 is 2% of what number? 
(e) 81 is 90% of what number? 
(f) 50 is 100% of what number ? 
(g) 500 is 25% of what number? 
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(h) 800 is 200% of what number? 
(i) The rate is 12%, the percentage is 96; what is the base? 


Ans-—(a) 500; (b) 200; (c) 800; (d) 350; (e) 90; (f) 50; 
(g) 2,000; (h) 400; (i) 800. 


2. The illustrations just given show that when the per- 
centage and rate are known the base can be found by dividing 
the percentage by the number of hundredths which equals the 
rate and then multiplying the result thus obtained by 100. The 
following rule gives a more direct method. 


3. Rule.—To find the base, divide the percentage by the 
rate expressed decimally. 
EXampte 1— 45 is ee of what number? 


SoLution— 15%=.1 
Se) 45.00 (300 Ans. 
45 


00 
The division is performed according to the rule for division 
of decimals. 


ExaMpLe 2.—In a certain village there are 308 children, who form 28% 
of the total population. How many inhabitants are there in the 


village? - 
: UYYYYYGUYY7 
SoLUTION.— 28%= Yo Z 
28) 30:8:0'0 (1100; Ans, ecco oe 
28 YW _ |_| 
28 


Pas, 


4. The conditions stated in 
the last example may be illustrated 


oe thie 
by the aid of Fig. 1, which ist} {{] {|} 1 [I | 
divided into 100 parts. Each Rue eee ee 


small division is 1% of the Fie. 4 

square. The shaded part covers 28 small divisions, or 28% of 
the entire square. The entire figure represents the total popu- 
lation and the shaded portion represents the number of chil- 
dren. Since the value of 28 parts is known, the value of 100 
parts can be obtained by dividing the known number by .28, 
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3. Aliquot parts of 100 can often be used to advantage in 
finding the base when the rate and percentage are known. 
Examp Le 1— 40 is 162% of what number ? 
SoLuTion— 163%=4. 
+ of a number=40 
¢ of the number=6X40=240. Ans. 


EXAMPLE 2.—In a fire a merchant lost 40% of his stock of goods. If 
his loss was estimated to be $8,700, what was the estimated value of his 
entire stock ? 

SoLuTIoN.— 40%=2. 

2 of the stock=$8,700 
of the stock=$ of $8,700=$4,350 
4 of the stock=5 X$4,350=$21,750. Ans. 


ale 


EXAMPLES FOR PRACTICE 

1. The percentage is 725 and the rate is 29%. What is the base? 
Ans. 2,500 

2. The percentage is 1,326 and the rate is 32%. What is the base? 
Ans. $4,143.75 
3. In the manufacture of certain goods, 43% of the cost is for 
material. What is the entire cost of the goods if the cost for material 
is $2,800? Ans. $6,511.63 
4. The receipts of a business place this year were $128,276, which is 

92% of the receipts of last year. What were last year’s receipts? 

Ans. $139,430.43 


6. To find the rate when the base and percentage 

are known. 

Exampie 1A farmer owning 200 fowls sold 20 of them. What 
per cent. did he sell? 

SoLtution.— 1% of 200=2. 

20+2=10%. Ans. 

ExpLANATION.—We first find 1% of the entire number to 
be 2. Since 2=1%, he sold as many per cent. as the number 
of times that 2 is contained in 20. 


EXAMPLE 2.—What per cent. of 500 is 75? 


So.ution.— 1% of 500=5. 
75=45, or 15% of 500. Ans. 


‘ 
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EXAMPLES FOR PRACTICE 


Solve mentally the following examples: 
What per cent. of 


(a) £00 is 200? (e) 100 is 6? 
(b) 500 is 400? (f) 100 is 4? 
(c) 700 is 28? (g) 300 is 600? 
(d) 400 is 30? (h) 200 is 300? 


Ans.—(a) 40%; (b) 80%; (c) 4%; (d) 74%; (e) 6%; (f) 4%; 
(g) 200%; (h) 150%. 


7. When the base and percentage are given, instead of 
finding the rate step by step as shown, in actual practice it 
would be found by the following rule: 


8. Rule.—To find the rate, divide the percentage by the 
base. 
EXxampLe 1.—What per cent. of 240 is 60? 


SoLUTION.— 240) 60.00 (.25=25% Ans. 
480 
1200 
1200 


EXxpLANATION.—It is evident that 60 is 34°; of 240, since 1 is 
one 240th part of 240. We find that s45=.25, which equals 
25%. In this example, 240 is 100%, or the base; 60 is the 
percentage ; and the rate is to be found. 

It must be observed that when the rate is to be expressed 
with the words per cent. or with the symbol % the decimal 
point 1s moved two places to the right. 

Exampte 2.—In a city of 24,367 inhabitants, 2,876 are unable to read. 
What percentage of the population cannot read? 


SoLUTION.— 
24367 ) 2876000 (.118+=118%. Ans. 
24367 
43930 
24367 
195630 
194936 


EXPLANATION.— 24,367 is the base. This is the number 
on which the percentage is to be figured ; 2,876 is the percent- 
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age. The division is made according to the rule for division 
of decimals. 


9. In actual practice the student may be at a loss to know 
how far to carry the division in problems similar to that given 
in Art. 8. This is a question to be determined by the circum- 
stances of the case. In the preceding example, if the informa- 
tion is for a table to show the relative illiteracy in various 
cities, two decimal places would probably be sufficient and the 
result would be called 12%. If, however, the percentage is 
to be used again in some exact calculation, the division should 
be carried to a greater number of figures. 

ExampLe.—In shipping freight from one city to another, the freight 
passes over two different railroads. The distance on the first road is 


136 miles, and on the second is 280 miles. What percentage of the 
freight charges is due to each of the roads? 


SoLtutTion.— Total mileage is 136+280=416 mi. 
136=+416=.327=32.7% for first road. Ans. 
280=-416=.673=67.3% for second road. Ans. 

EXpLANATION.—The total mileage, or 416 miles, is consid- 

ered to be 100%. The percentage that each distance is of 416 
is then found. 


10. The only difficulty that problems in percentage give is 
in determining what the given quantities stand for or represent. 

EXaMpPLe 1.—What per cent. of 40 is 30? 

Sotution.— 30 is $% of 40. 

t= 10, Of (070 GATS. 

ExpLANATION.—lIn this case, 30 is to be measured in hun- 
dredths of 40. Therefore, 40 is the base. The rate is to be 
found. 

ExaMptLe 2.—What per cent. of 30 is 40? 


Sotution.— 40 is 49 of 30. 
40=4=1 331, or 1334%. Ans. 


The unit of measure is one hundredth part of 30; evidently, 
30 is the base. 

EXAMPLE 3.—The price of a line of goods has advanced 25%. The 
present price is $6.25 a dozen. What was the former price? 

Sotution.—The increase of 25% was made on the former price. The 
former price is 100%; the present price, $6.25, equals the former price 
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plus the advance, or 100%+25%=125%. $6.25 is, therefore, the per- 
centage and 125% is the rate. 
125%=1.25: base=$6.25+1.25=$5. Ans. 
To prove the result, we may add to $5, 25% of itself. 
25% of $5=$1.25; $5+$1.25=$6.25. Ans. 

Exampie 4.—A fruit dealer bought a lot of oranges. After losing 
18% of the lot on account of cold weather, he had 656 boxes left. How 
many boxes did he buy? 

SoLtution.—The loss is based on the amount purchased, which we 
shall call 100%. He loses 18%, and he has left 100%—18%=82%. It 
is now seen that 656 is the percentage and 827% is the rate. 

82% =656; 100%=656+.82=800. Ans. 


141. The solutions of the foregoing examples should be 
studied very carefully, as they illustrate typical cases and as 
similar problems will be met frequently later in this Section. 

In solving any indirect problem in percentage, the student 
should carefully analyze the statement of the problem to deter- 
mine what quantity represents 100% and whether this quantity 
is known or is to be computed. 


EXAMPLES FOR PRACTICE 


1. A man’s salary is $1,800 per year and he saves $225. (a) What 
per cent. of his salary does he save? (6b) What per cent. of it does he 
spend? Ans f(a) 12}% 

“| (8) 873% 

2. A man has 32% of his money invested in stocks, 18% in grain, 
and the remainder, which is $7,620, in real estate. What is the total 
value of his property? Ans. $15,240 


3. lf wool loses 32% of its weight in washing, how many pounds of 
unwashed wool are required to produce 35,360 pounds of washed wool? 
Ans. 52,000 Ib. 


4. In 1910 the population of a city was 85,000, which was 36% more 
than the population in 1900. What was the population in 1900? 


Ans. 62,500 


5. A man bequeathed to a charity 32% of his estate. To another 
charity he, gave $23,100, which was 23% less than the amount given to 
the first charity. (a) What was the value of the estate? (b) What 
per cent. of the estate was given to the second charity? 


(a) $93,750 
nas { (b) 24,64% 
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PROFIT AND LOSS 


42. Profit and loss treats of the gains or losses arising 
in business transactions. 

If the price for which merchandise is sold is greater than 
the cost of the merchandise, the difference is profit, or gain. If 
the selling price is less than the cost, the difference is loss. 


13. The gross cost of merchandise is its first cost plus 
the expenses of purchase, transportation, and storage. Such 
expenses are commission, freight, insurance, drayage, etc. 


14. The net selling price is the gross selling price, less 
all discounts and expenses of sale. 


15. Computation in profit and loss are made according 
to the rules of percentage. In this Section, unless statement is 
made to the contrary, the gross cost of the merchandise is con- 
sidered to be the base, upon which the rate of profit or loss is 
computed. The profit or loss is the percentage. I{ the mer- 
chandise 1s sold at a proft, the net selling price is the amount; 
if at a loss, the net selling price is the difference. 


AG: Rule.—To find the profit or loss, multiply the gross 
cost by the rate of gain or loss. 

ExAMPLE.—A house costing $3,000 is sold for 22% above cost. What 
is the profit? 

So_ution.—Profit=cost X rate=$3,000 X .22=$660. Ans. 


17. Rule.—To find the rate of profit or loss, divide the 
difference between the selling price and gross cost by the gross 
cost; or divide the profit or loss by the gross cost. 

Exampie—A merchant sold for $768 a lot of dry goods for which 
he paid $900. What was the per cent. loss? 

SoLuTION. — Loss=$900—$768=$132. 

Rate of loss=loss+cost=$132=+$900=.14%, or 148%. Ans. 


18. Rule.—To find the selling price, the cost and rate of 
gain or loss being given, multiply the cost by 100 per cent. plus 
the rate of gain, or by 100 per cent. minus the rate of loss. 
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Exampie.—lf hay is bought for $8 per ton, and if baling and shipping 
cost $5.50 per ton additional, at what price must it be sold to yield a 
profit of 16% ? 

So.ution.—Gross cost=$8+$5.50=$13.50. The selling price=100% 
+16%, or 116% of cost. 116% expressed as a decimal becomes 1.16. 

Selling price=cost X (100 per cent.+rate) =$13.50 1.16=$15.66. Ans. 


19. In business calculations, it is more usual to calculate 
the profit separately and add it to the cost. The selling price 
can be found directly, however, by the rule. A process which 
is the reverse of the application of this rule is given in the next 
article. 


20. Rule.—To find the cost, the seliing price and rate of 
gain or loss being given, divide the selling price by 100 per cent. 
plus the rate of gain, or by 100 per cent. minus the rate of loss. 


ExampLe.—A dealer sold drugs for $112 and gained 75%. What 
was the cost of the drugs, and what was the profit? 
Sotution.—Selling price=100%+75%=175% of cost. 175%=1.75. 
Cost=selling price+ (100%-+ rate) =$112+1.75=$64. Ans. 
Profit=$112—$o4=$48. Ans. 


EXAMPLES FOR PRACTICE 


What is the profit or loss 

(a) Ifthe gross cost is $85 and the rate of gain is 32% ? 

(b) Ifthe gross cost is $837.50 and the rate of loss is 12%? 

(c) Ifthe gross cost is $240 and the rate of gain is 163%? 

What is the rate of gain or loss 

(d) If the gross cost is $6.50 and selling price is $9.10? 

(e) J£the gross cost is $14.00 and selling price is $12.50? 

(f) If the gross cost is $3,500 and profit is $500 ? 

What is the selling price 

(g) Ifthe cost is $945 and the rate of gain is 334% ? 

(h) If the cost is $3.50 and the rate of gain is 121%? 

(i) If the cost is $125 and the rate of loss is 18% ? 

What is the cost 

(7) Ii the selling price is $575 and the rate of gain is 15%? 

(k) If the selling price is $28 and the rate of loss is 121%? 

(1) If the selling price is $3.50 and the rate of gain is 26%? 

Ans.—(a) $27.20; (b) $100.50; (c) $40; (d) 40%; (e) 108%; 
(f) 142%; (g) $1,260; (h) $3.94; (i) $102.50: (7) $500; (k) $32; 
(1) $2.772 
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1. A house and lot which cost $3,250 is sold at a profit of 12%. 


What is (a) the profit and (b) the selling price? A (a) $390 
"S-) (b) $3,640 
2. What must be the selling price of a suit of clothes which cost $18 
in order that the profit may be 334% ? Ans. $24 


3. A harvesting machine costs a hardware merchant $90 net, and 
$6 for freight and cartage. If sold for $108, what is the gain per cent.? 
Ans. 121% 


4. A carload of cattle is sold for $875, which is at a loss of 16%. 
What was the cost of the cattle? Ans. $1,041.67 


5. A sells a steam tug to B, gaining 14%, and B sells it to C for 
$4,104 and gains 20%. How much did the tug cost A? Ans. $3,000 


6. How much must hay sell for per ton, to gain 25%. if when sold 
for $8.40 per ton, there is a gain of 168%? Ans, $9 
7. Six horses were sold at $125 each; three of them at a profit of 

25%, and the others at a loss of 25%. What was the net gain or loss? 
Ans. $50 loss 


PROFITS BASED ON SELLING PRICE 


21. In marking goods, some merchants reckon the profits 
and the selling expenses as a percentage of the selling price. 
This method is claimed to be the logical one, inasmuch as the 
cost of running a business is always reckoned as a percentage 
of the amount of sales, not of the cost of goods. Discounts, 
salesmen’s commissions, taxes, etc. are also based on the sell- 
ing price. Moreover, there is less chance of overestimating 
the profits when they are based on the selling price. To show 
that the percentage of profit on the selling price is not the same 
as that of the cost price, suppose an article costing $1 is sold 
at an advance of 25% on the cost price. The profit equals 
25% of $1=$.25. The selling price equals $1+$.25=$1.25. 
The profit based on the selling price equals $.25+$1.25=.20, 
or 20%. It is thus seen that 25% of the cost price equals only 
20% of the selling price. 


ExampLe.—An article costing $1 is sold for $2. (a) What per cent. of 
the cost is the gain? (b) What per cent. of the selling price is the 
gain? : 


10 COMMERCIAL CALCULATIONS § 13 


SoLuTiIon.— (a) $2—$1=$1, the gain. 
$1 is 100% of $1, or 100% of the cost. Ans. 
(b) $1 is 50% of $2, or 50% of the selling price. Ans. 


From the example just solved it has been shown that a profit 
of 100% on the cost price is equal to a profit of 50% on the 
selling price. Thus, it is seen that it may make considerable 
difference what the percentage is based on. 


22. -Rule.—To find the selling price, add together the per- 
centage estimated for selling expenses and the percentage of net 
profit desired and subtract from 100%. Divide the cost price 
by the remainder, and the result will be the selling price. 

Exampte—A merchant estimates that his expenses are 20% of his 


sales. He desires to make a profit of 10% on his receipts. What 
should he ask for an article that costs him $12.25? 

SoLtution.—The profit and cost of selling=10%+20%=30% of sell- 
ing price. The purchase price +30% of selling price=entire selling 
price. The purchase price is, therefore, 100%—30%, or 70%, of selling 


price. : 
Selling price is $12.25+.70=$17.50. Ans. 


23. The relation of the purchase price, profit, and cost of 
selling can be shown by Fig. 2, 


20% 


0, 
70% Cost of 


Purchase Price vrofi Selling 


Fre. 2 


Exampte 1.—A manufacturer allows his salesmen 40% of their sales 
and proposes to make a profit of 15% on the sales. What will be the 
selling price of an article that costs $1.95? 

SoLuTion.—Cost price=100% —40%—15%=45% of the selling price. 


$1:95-.45=$4.331, selling price. Ans. 


ExampLe 2.—A merchant estimates that in order to do busimess at a 
reasonable profit, the difference between the cost price and the selling 
price should equal 20% of the latter. In marking his goods, what per 
cent. should he add to the cost? 

SoLution.—l"or goods he sells for $1 he would pay 20% less than Sr 
or 80 cents. An advance of 20 cents on 80 cents equals $8=25%. The 


merchant would, therefore, make the marked price 25% more than the 
cost price. Ans. 
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24. The student may at first be confused to some extent 
owing to the different methods of computing the selling price. 
If, however, he will consider whether profits and_ selling 
expenses are to be based on the cost or the selling price he will 
have no difficulty. 


TRADE DISCOUNTS 


25. Trade discounts are reductions made by manufac- 
turers, jobbers, or merchants from their list or catalog prices. 

In many branches of business, manufacturers and dealers 
list their goods at a fixed price for each article, and allow a 
rate of discount according to the conditions of the market, 
the size of the order, and the plan of payment. In fact, two 
or even three discounts are sometimes allowed on an order. 
If it becomes necessary to raise or lower the price of the goods, 
the rate of discount is increased or decreased, the list price 
remaining the same. The system of discounts thus saves the 
expense of publishing a new price list every time prices change. 


26. Merchandise is frequently sold at time prices; that is, 
payment is to be made in, say, 30, 60, or 90 days after date of 
sale, and a certain rate of discount is allowed if payment is 
made at an earlier date. Business houses usually make 
announcements such as the following upon their bill heads: 
“Terms: 4 mo., or 5% 60 days”; “Terms: 60 days net; 30 days, 
3% off; 10 days, 5% off.” Even when no discount is stated 
in the terms, sellers will usually deduct the fegal interest for 
the time remaining, if the payment is made before it becomes 
due. Thus, if a payment due in 3 months is made 1 month 
after the sale, the seller should deduct the interest for the 
remaining 2 months. 


27. Trade discounts are computed by the rules of per- 
centage, the list price of the goods being the base. When sev- 
eral discounts are allowed, the first discount is computed on the 
list price, the second is computed on the remainder after deduct- 
ing the first discount, and so on, each remainder being regarded 
as a base for the computation of the next discount. The sev- 
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eral discounts, if there are more than one, form a discount 
series. 


28. Rule.—To find the selling price, multiply the list price 
by the rate, and subtract the discount thus obtained from the 
list price. If there is a discount series, compute the second 
discount, using the first remainder as a base, and subtract the 
discount from the remainder. Repeat the process, using each 
successive remainder as a base for computing the next dis- 
count. The last remainder is the selling price. 

Exampce 1.—The list price of an article is $62.50 and a discount of 
40% is allowed. What is the selling price? 

SoLuUTION.— 

Discount=$62.50 X 40=$25. 
Selling price=$62.50—$25=$37.50. Ans. 

Exampie 2.—On a bill of goods amounting to $720, discounts of 30%, 
10%, and 5% are allowed. What is the selling price? 

SOLUTION. — 

First discount=$720 X .30=$216. 
Remainder=$720—$216=$504. 
Second discount=$504 X .10=$50.40. 
Remainder=$504—$50.40=$453.60. 
Third discount=$453.60 X .05=$22.68. 
Selling price=$453.60—$22.68=$430.92. Ans. 


29. The trade discounts usually allowed are aliquot parts 
of 100%, and the labor of computation may be shortened by 
using the fractions corresponding to the rates of discount. 

ExampLe—The gross amount of a bill of hardware is $640, and 


discounts of 25%, 10%, and 5% are allowed. What is the net amount 
of the bill? 


SoLuTION.— 

25%=4, 10%= 10 5%o=3)5- 4)$640 

The en is arranged as $160 1st discount. 
shown. To multiply $640 by 25%, 10)$480 1st remainder. 
or 4, we divide by 4; then the dis- ~$ 48 = 2d discount. 
count, $160, is subtracted and the 20)$432 2d remainder. 
remainder, $480, is divided by 10. ~$ 21.603d discount. 
The second discount, $48, is sub- $410.40i.etamount. Ans. 


tracted, and the remainder is 
divided by 20. The final remainder, $410.40, is the net amount, or sell- 
ing price. 
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30. When a discount series is allowed, business men 
usually reduce the series to an equivalent single discount; if 
there is a large number of sales, much labor of computation is 
saved by using the equivalent discount rather than the series. 


ExAMPLE—What single discount on the gross price is equivalent to a 
discount series of 25%, 20%, and 10%? 

SoLtuTion.—We will call the list price 100%. A discount of 25% 
makes the price 100%—25%=75% of the list price. A further discount 
of 20% makes the price 100%—20%, or 80%, of the 75%; 80% of 75% 
= ,80X75%=60%. A third discount, which is 10%, reduces the price 
to 100%—10%, or 90% of the 60%. .90X60%=54%. This result can 
be obtained by continued multiplication as follows: 

100% —25%=75%=.75; 100% —20%=80%=.80 
100% —10%=90%=.90 
75 X .80X .90= .54=54% 
100%—54%=46%, the discount. Ans. 


31. Rule.—To reduce «a discount series to an equivalent 
single discount, subtract each rate of discount from roo per 
cent., and multiply the remainders together. Subtract the 
product from roo per cent., and the remainder will be the single 
discount. 

ExampLe 1,—The cost of a line of goods is $350. What must they be 
marked to give a profit of 20% on the cost, and allow a discount of 
30% on the marked price? 

So_tution.—The profit is $350.20=$70; therefore, the actual selling 
price is $350+$70=$420. This is what remains after deducting 30% 
from the marked price. Since the 30% discount is computed on the 
marked price, that price must be the base, and the selling price, $420, 
obtained by subtracting the discount, is 100%—30%=70% of the base. 
Hence, the base or marked price=$420~ (100% —30% ) =$420=.70=$600. 

Ans. 

ExampLe 2.—The cost of manufacturing hats is $36 per dozen. At 
what price per dozen must they be marked that the manufacturer may 
realize 162% profit on the cost after allowing the trade discounts of 
20% and 124%? 

SoruTion.— 162%=1; profit=$36X4=$6. Selling price=$36+$6 
=$42. 100%—20%=80%=.80. 100% —124=874%=.874. .80X.874 


=.70=70%. The equivalent single discount is 100%—70%=30%. 
Marked price=$42+.70=$60 per doz. Ans. 


32. Rule.—To find the price at which goods must be 
marked to insure a given profit after allowing a discount, or a 
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discount series, add to the cost, including the selling expenses, 
the profit required, and divide the sum by 100% minus the 
discount series or equivalent single discount. 


33. A bill in which discounts of 10% and 5% have been 
allowed is shown in Fig. 3. 
Scranton, Pa., June 10, 19___ 


TECHNICAL SUPPLY Co. 
Sold to 
Brown & Bros. 
Denver, Colo. 


10 rolls Blueprint Paper @ $1.50 per roll | $1500 
162 lb. Drawing Paper @ $.15 per lb. 24 30 
| 1 gross Drawing Ink 2160 
$60 90 
Less 10% and 5% __ 8/83 
$52.07 
Fie. 3 


EXAMPLES FOR PRACTICE 
Reduce the following discount series to equivalent single discounts: 
(a) 25%. and 16%. 
(b) 30%, 20%, and 5%. 
(c) 60%, 10%, and 5%. 
(d) 40%, 20%, 124%, and 4%. 
Ans.—(a) 37%; (b) 46.8%; (c) 65.8%; (d) 59.68%. 


TAXES 


34. Taxes are sums of money levied on persons, proper- 
ties, or incomes, for public purposes. Thus, taxes are levied 
to support the state, county, and city governments; to support 
schools and charities; and to make improvements, such as 
paved streets and sewers. 


35. A capitation, or poll, tax is a tax levied on persons ; 
a property tax is a tax levied on real estate or personal prop- 
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erty; an income tax is levied on incomes or salaries. The 
term real estate applies to such property as lands and buildings. 
Other property, such as bonds, notes, goods, and money, 1s 
called personal property. The poll tax is usually a fixed 
amount for each citizen over 21 years of age. The property 
tax is reckoned as a certain per cent. of the assessed valuation 
of the property subject to taxation. 


36. Rule.—To find a property tax, multiply the assessed 
value of the property by the rate of taxation. 


ExAmMPpLe—What property tax must a person pay who owns real 
estate assessed at $34,000 and personal property assessed at $12,500, the 
rate of taxation being 8 mills per $1, that is, rate=.008? 

SoLution.—Total assessed value=$34,000+$12,500=$46,500. 

Tax=$46,500 X .008=$372. Ans. 


EXAMPLES FOR PRACTICE 


What is the tax if the assessed value of the property is 
(a) $6,300 and the rate of taxation is 11%? 

(b) $34,300 and the rate of taxation is 64 mills per $1? 

(c) $9,430 and the rate of taxation is 85 cents per $100? 
‘Ans. (a) $70.874; (b) $222.95; (e) $80.154. 


1. I own real estate worth $8500 and personal property worth 
$3,750; both are assessed at 2 of their value. The rate of taxation is 
1.2%, but I receive a discount of 2$ per cent. of my taxes for prompt 
payment. How much do I pay the tax receiver? Ans. $86 


2. A has 5 lots worth $1,300 each; B has 4 lots worth $1,000 each; 
C has 2 lots worth $1,500 each; D has 7 lots worth $800 each, and E has 
1 lot worth $1,150. A tax of $1,417.50 for a street improvement is to be 
divided among them. What should each pay ? 


Norte.—To find the rate, divide the amount levied for improvement by the total 
value of the property. 


Ans A, $455; B, $280; C, $210) D, $392; E, $80.50. 


3. The rate of taxation for a certain state is 34 mills per $1. How 
much state tax must be raised by a county whose valuation is fixed by 
the State Board of Equalization at $13,876,394? Ans. $48,567.38 


4 Tf the income tax is 1% on all income in excess of $4,000 a year, 


what tax will a person pay whose annual income is $18,230? 
Ans. $142.30 
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PROMISSORY NOTES 


37. A promissory note is a written promise to pay a 
certain sum at a certain time. 


38. The maker, or drawer, of a note is the person that 
promises to pay; the payee is the person to whom the note 
is payable; and the holder is the person that owns it. 


39. The face of a note is the sum promised to be paid. 
This sum should be written both in figures and in words. 


40. Notes are of two kinds—notes bearing interest and 
notes not bearing interest. \When no rate of interest is speci- 
fied, the legal rate in the state or county where the note is 
made is to be understood. If a note not bearing interest is 
not paid when due, it bears interest at the legal rate after that 
time until paid. 


41. The legal rate of interest for money varies in the 
different states of the Union and depends on two facts: 

1. The rate per cent. prescribed by statute in each state 
must be used when no other rate 1s agreed upon; this pre- 
scribed rate is as low as 5% in some states and as high as 8% 
in others. 

2. If the rate is agreed upon by contract it can be no higher 
than 6% in some states, and is without any limit in others. 
Call loans by banks in New York and Pennsylvania—which are 
loans that may be called in at the pleasure of the bank—may 
command any rate agreed upon, provided the loan is $5,000 
or more. 


42. The punishment for usury—which is an interest charge 
higher than the admissible legal rate—involves various penal- 
ties, from the forfeiture of the excess of interest to the for- 
feiture of both principal and interest. 


43. If a debt falls due on a Sunday or on a legal holiday 
or half holiday, some states require that it shall be paid on the 
day before, and some on the day following the legal holiday or 
half holiday. 
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44, Every state has a statute of limitation according to 
which, after the expiration of a certain time, a claim for money 
does not hold in law. This time is different for notes, closed 
and open accounts, judgment notes, and sealed documents 
involving claims for money. 


45. Rates of interest, penalties for usury, payments with 
respect to holidays, and statutes of limitation are changed so 
frequently that any table showing them at a given time is 
speedily out of date. The student who wishes information 
relative to any of these matters can get it at any bank, so it is 
deemed best to omit it here. 


46. A note should be so written as to show where it was 
made and when, the sum promised to be paid, whether it does 
or does not bear interest, and should bear the words “value 
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received.” The law assumes that no one is to be compelled 
toe pay unless he has received what he deems an equivalent. 
If “value received” is omitted, the holder may have to prove 
that the maker of the note did actuaily receive value for the 


money promised in it. 


_ 47. A note usually specifies where it is to be paid—usually 
at a bank. If no place is designated, the holder’s place of 
business is understood, or his residence. 


48. If a note contains the words “or order,” it is a nego- 
tiable note, and may pass like a bank note from one person 
to another. Ii the holder of a negotiable note wishes to dis- 
pose of it, he is required to guarantee its payment by imdorsing 
it—that is, by writing his name across the back of the note. 
There are several kinds of indorsements. Thus, if the holder 
is John Smith, he may, on the back of the note, write John 
Smith. This is an indorsement im blank, and makes John 
Smith responsible for the payment of the note. 

He may write Pay to William Jones. The note is then 
payable only to William Jones. 

If he indorses it Pay to [William Jones, or order, it is pay- 
able to William Jones, or to any one to whom William Jones 
may order it to be paid. 
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He may indorse it Pay to William Jones, or bearer, and it is 
payable to any person that presents it. 

If it be indorsed Pay to bearer, it is payable to the person 
that presents it for payment. 


49. A joint-and-several note is a note signed by two 
or more persons, who become collectively and individually 
responsible for its payment. 


50. <A note is protested when the holder, or a notary pub- 
lic at his direction, notifies the indorsers in legal form and 
within the time prescribed by law that the note is unpaid. 
Unless the note is protested in this manner, the indorsers are 
not responsible for its payment. 


D1. Forms of notes used in actual business are given below: 
$250. New York, N.Y, Sept. 17, 1072 
On demand I promise to pay George Camp, or order, 
Two Hundred and Fifty Dollars, value received. 
Howard Gray 
$71,000. Toronto, Ont., July 5, 1913 
Three months after date, for value received, I promise 
to pay Stephen Girard, or order, One Thousand Dollars, with 
interest at 5%. Charles Goldwin 
$3,000. Philadelphia, Pa., July 5, 1913 
Stix months after date, we, or either of us, will pay to 
George Owen, Three Thousand Dollars, value received, with 
interest at 0%: George Kirwin 
. Henry Potter 


Payable at the First National Bank. SPORE EES 


The first two notes above are negotiable. 

Responsibility for the payment of a joint-and-several note, 
such as the last of those above, rests on the first person signing. 
If he cannot pay, the second person signing is called upon, 
and so on, 


52. In some states, three days of grace are allowed before 
a note must be paid. If, in a state where grace is allowed, a 
bank discounts a note, interest is charged for days of grace. 
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EXAMPLES FOR PRACTICE 


1. Write a negotiable demand note for $600, with interest at 6%, and- 
make Brown, Jones & Co. the payee. 


2. Write a non-negotiable note for $4,000, with interest at 5%, pay- 
able in 30 days, yourself being the maker and Howard Crosby the payee. 


3. How much will pay the following note when due without grace? 


New York, N. Y., Sept. 19, 1914 


Sixty days after date, for value received, I promise to pay Ralph 
Newton, or order, Five Hundred Seventy-Five and 588, Dollars, with 
mterest at 44%. Henry Miles 


Ans. $579.82 


BANK DISCOUNT 


53. Bank discount is the charge made by a bank for 
paying a note or other obligation before it is due. This charge 
is the interest on the amount of the obligation from the time 
it is discounted until its maturity; that is, the date on which 
it is due. This interest is subtracted from the face of the 
obligation, and its holder receives for it the remainder, which 
is‘called the proceeds. Hence, bank discount is inequitable, 
since interest is charged not only upon the sum actually paid 
for the obligation, but also upon the discount. 


54. If a note for $1,000, with 60 days to run before it is 
due, is discounted at a bank, the interest on $1,000 is found for 
60 days, and is subtracted from $1,000. If the rate of discount 
is 6%, the holder will receive as proceeds $1,000—$10= $990, 


55. The term of discount is the time from the discount- 
ing of the note to its maturity. 


56. In the case of an interest-bearing note, the sum dis- 
counted is the amount of the note at maturity; that is, the face 
of the note plus the interest. 


57. Banks usually require that a discounted note shall be 
payable at the bank that discounted it, and ordinarily they 
do not discount notes having more than 90 days to run. 
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58. To find the time when a note matures, the 
term of discount, the discount, and the proceeds. 


Examprie.—Find (a) the discount and (b) the proceeds of the follow- 
ing note: 
$48 4559, Newark, N. J., Oct. 4, 1913 
Sixty days after date, for value received, I promise to pay William 
Hall, or order, Four Hundred Eighty-Four and 588, Dollars, at the 
Ninth National Bank. Henry Parshall 
Discounted, Oct. 20, 1913, at 6%. 
SoLuTION.— 
(a) Maturity, Dec. 3, 1913. 
Term of discount, 44 days. 
Discount, $3.55. Ans. 
(b) Proceeds, $484.60—$3.55=$481.05. Ans. 


EXPLANATION.—Sixty days after Oct. 4 is Dec. 3, the date 
of legal maturity. From the time of discount, Oct. 20, to 
Dec. 3 is 44 days, for which the interest at 6% is $3.55. Sub- 
tracting the discount, $3.55, from the face of the note, $484.60, 
gives $481.05, the proceeds. 


59. The maturity of a note, when grace is allowed, is on 
the last day of grace. The time of maturity is generally indi- 
cated on such notes. Thus, Mar. 7/10, written on a note means 
that it matures nominally on Mar. 7, and legally on Mar. 10. 


ExampLe.—Find (a) the discount and (Db) the proceeds of the fol- 
lowing note, allowing for days of grace: 


$1,060. Austin, Tex., August 6, 1913 
For value received, I promise to pay, three months after date, to 
Ernest Hazard, or order, One Thousand Sixty Dollars, with interest 
at 8%. 
Emil Reeves 
Discounted, Sept. 1, 1913, at 6%. 
SoLUTION.— 


(a) Maturity, Nov. 6/9, 1913. 


Amount Of MOLE at maturity. ee cess ase. $108191 

herM1s Oi AtSCOUT (OO says. eis eee 

IOSSCOLM baka octets tater ee era are ater ee 12.44 Ans. 
Gow PR roceedSweir.c ice reetiae aici race ee eae $106947 Ans. 


60. Rule.—I. [/f the note bears interest, find its amount 
at the time of legal maturity. 
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II. Find the interest on the face of the note at the given 
rate of discount, or, if it is an interest-bearing note, on the 
aniount of the note at the date of legal maturity at the given 
rate of interest, and the result will be the bank discount. 


TIT. Subtract the bank discount from the face of the note, 
or from its amount at maturity, and the remainder will be the 
proceeds. 


EXAMPLES FOR PRACTICE 
1. Find (a) the bank discount and (b) the proceeds of a note for 
$5,000, due in 60 days, discounted at 6%. (a) $50 
Ansi.! = e 
(b) $4,950 
2. Find (a) the bank discount and (b) the proceeds of a grace note 
for $4,000 due in 90 days, discounted at 5%, en (a) $51.67 
“1 (b) $3,948.33 
3. $8,47658,9,. Scranton, Pa., Jan. 8, 1914 
Six months after date I promise to pay to Charles Brown, or 
order, Eight Thousand Four Hundred Seventy-Six Dollars, value 
received, with interest at 6%. Howard Bristow 
Find the proceeds of the foregoing note, if discounted April 24, 
1914, at 5%. Ans. $8,639.34 


PARTIAL PAYMENTS 


61. =A debt or obligation may be discharged at one pay- 
ment; or, from time to time, payments im part may be made, 
and finally at a time of settlement the remainder of the debt 
may be paid. Now, it is obvious that interest should be 
allowed upon such payments as are made, since interest is 
charged upon the obligation itself. But, if a payment should 
be less than the interest upon the debt since a previous pay- 
ment had been made, to subtract such payment from the debt 
with accrued interest would result in increasing the principal. 
This would be a species of compound interest which, in many 
states, is illegal. 


62. When a partial payment of a note is made, the date 
of payment and its amount are written on the back of the note, 
and this record of it is called an indorsement. 
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The following rule for partial payments, formulated by the 
United States Supreme Court, is used in most states: 


63. United States Rule.—Find the amount of the 
principal to the time when the payment, or the sum of the pay- 
ments, is greater than the interest then due. From the amount 
subtract the payment or the sum of the payments, and treat the 
remainder as a new principal. Proceed in this manner to the 
date of settlement, and the last amount will be the sum still due. 


Find the difference between dates by putting down the year, 
the number of the month and the day of the month in the case 
of both minuend and subtrahend. Then count 30 days to the 
month, and subtract regularly as in the case of denominate 
numbers. 

EXAMPLE.— 
$1,200. New York, Sept. 16, 1912 

On demand I promise to pay John Crawford, or order, Twelve 


Hundred Dollars, with interest at 6%, value received. 
Edward G. Carson 


Indorsements: Jan. 1, 1913, $120; May 7, 1913, $300; Dec. 22, 1913, 
$16; Sept. 19, 1914, $400. What is due Jan. 1, 1915? 


SoLutTIoNn.— 

Paria ial xaescre erence SO Eee Ge ee Eee ae eyes $1200 
Interest from Sept. 16, 1912, to Jan. 1, 1913 (3 mo. 15 da.). 21 

p ATGaVeqhld lig Mee enon Cee Rd ae ea Gr a ee Re Ae OEtE Oe emer 1221 
aC oC INDIE CII RIA raha Arad elas fak €c doe BES DEI aera 6 Oe I ZAN0, 
INGiwe piclidie! Dalles - Seer cae, eaten ee age sere peters steerer SIrer 
Interest from Jan. 1, 1913, to May 7, 1913 (4 mo. 6 da.). VAS RIL 
PO CCIONIM Ieee ee or rie OR eit Msi ent citer, Peete Ho ROSE “Tisai 
S Ccomilanayaniemn ie ae eter Ree nner ee ee eran en eee 300 
INIGXV AD HIG Dall sam tniioce ectee metre ect ae ern oe ee eee Sane 
Interest from May 7, 1913, to Sept. 19, 1914 (1 yr. 4 mo. 

Peete Te eer Tee Pea hs cave ae Mento eae res eet Lee ts 67.58 
PACHOUETI Cua sae per iente ite ane eet ee ae ee eee 8 O70 
Sum of third and fourth Bayenis een AOS OL EOE 416.00 
Ve Wy, (DUNG alse tress aeroceeyo: aera eRe eer ee nee ar ee ~ AFSFO 
Interest from Sept. 19, 1914, to Jan. 1, 1915 (3 mo. 12 da.). 8.09 
Amount due: at aime On Settlementoes ssc ee ce eee s) ago 


The third payment of $16 is less than the interest due at the time it 
was made; hence, according to the rule, it is added to the next payment 
of $400 and the interest is computed to the time of the fourth payment. 
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EXAMPLES FOR PRACTICE 
I*ind the amount due at the time of settlement on each of the fol- 
lowing: 
Eee S200; Philadelphia, July 1, 1911 
One year after date, for value received, I promise to pay Wa. 
Gray, or order, Two Thousand Dollars, with interest at 6%. 
Henry G. Brown 
Indorsements: Dec. 16, 1911, $350; Mar. 1, 1912, $25; Oct. 25, 1912, 
$400; June 14, 1913, $275. Time of settlement, July 1, 1914. 


2. A note for $3,000 at 6% dated Mar. 5, 1913, bore the following 
indorsements: Dec. 20, 1913, $400; Mar. 14, 1914, $60; Nov. 30, 1914, 
$360; July 15, 1915, $600. Time of settlement, Jan. 1, 1916. 


Ans.—(1) $1,216.80; (2) $2,024.38. 


EXACT INTEREST 


64. It is the common practice to consider 360 days as a 
year in computing interest. This gives a result too great, since 
1 day is not as much as xy Of a year but isygs Of a year. The 
United States government and some banks reckon interest by 
counting each day as 3¢5 of a year or 34g Of a year in case of a 
leap year. Interest thus computed is called exact interest. 

Exampte.—Find the exact interest on $1,000 for 89 days at 6%. 

So.ution.—Interest for 1 yr.=6% of $1,000=$60. 

Interest for 89 da.=.8% of $60=$14.63. Ans. 


365 


65. Should one be obliged to calculate exact interest fre- 
quently, he should make a table giving the interest on various 
sums for various periods; as, for example, on each thousand 
dollars from one to nine for 1 day to 100 days. 


EXAMPLES FOR PRACTICE 


Find the exact interest on: 
1. $10,000 for 123 days at 6%. 


2. $12,800 for 168 days at 6%. 
3. $6,400 for 213 days at 5%. 
4, $22,800 for 2 yr. 73 da. at 4%. 
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5. $13,000 from Jan. 17, 1913, to Nov. 29, 1913, at 44%. 
Ans—(1) $202.19+; (2) $353.49; (3) $186.74—; (4) $2,006.40; 
(5) $506.47—. 


MERCHANTS’ RULE 
66. When the time from the date of a note or other 
obligation is less than a year, settlement is usually made by a 
method called the merchants’ rule. 


67. Rule.—I. By the method of exact interest, find the 
amount of each of the several payments from the time each is 
made to the date of settlement. 


II. Subtract the sum of these amounts from the amount of 
the obligation from its date to the time of settlement. The 
remainder will be the amount still due. 

ExampLe.—ace of note, $2,000; rate, 6%; date of note, Dec. 31, 
1914: time of settlement, Nov. 15, 1915. Indorsements: Mar. 10, 1915, 
$200; June 1, 1915, $300; Aug. 20, 1915, $400; Oct. 1, 1915, $500. What 
was due at time of settlement? 


SoLuTION.— 

APT abA NDT HORI on ee NS NA coor Aegean ae nts pend taper icle MeMtr cors dralcntee $2000 

Tnterestrones2 000M on oi 9 caisson tert ry- tern eerie eesti 104.88 
Aurel Gre Pie, Ca ete de ott ate aoe he. $2104.88 

AmOUntiomes20Onnote200nclacei eae cess sitrar $208.22 

Ainoumte ot po OMonskG7-<cam yee casts iercssmeel er $308.24 

JNTaeTOLoIOs OH ay MIU KONe toy) GMI Gnbidaocomins Bonen an sc $405.72 

/Nyaavoybinys ue SSS100) tire ZS) Ein osom aus pesen6hoeneaues $503.70 

Sti Ob Payillentsy. wit IMteTeSt..5 oe ekuiclasece cei finn BLADES 
Amount due at time of settlement.................. $679.00 


The table on pages 46 and 47 can be used to find the difference of 
time between dates. 


COMPOUND INTEREST 


68. If the interest on a principal is added to the princi- 
pal at regular intervals to form by each addition a new principal 
for the next interval, the resulting interest is called compound 
interest. Thus, if $100 be placed at compound interest at 
6%, with the understanding that the interest is to be com- 
pounded annually, the principal will be $100 for the first year, 
$106 for the second year, $112.36 for the third year, ete. 
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69. Most savings banks allow compound interest, 
although in most states its payment cannot be legally enforced, 
even though it be specified in a contract. 

The method of compounding interest is used principally in 
determining the amount a given principal will yield in a given 
time on the assumption that the interest is invested at the same 
rate as soon as it is due. Thus, in computing the probable 
returns on loans made for long periods, this method is used. 


70. If the interest is to be compounded annually it is 
added to the principal at the end of each year. If it be com- 
pounded semiannually, one-half of the annual rate is taken as 
the rate, and the interest is added at the end of each period of 
6 months ; 1f quarterly, one-fourth the annual rate is taken; ete. 


Examepre—tFind the amount of $800, at compound interest for 2 
years at 6%, interest compounded semiannually. 


SoLUTION.— 
$800 =prin. ist 6 mo. 
24 =int. Ist 6 mo.=$800X .03 
$824 =prin. 2d6 mo. 


2 4.7 2=int. 2d 6 mo.=$824X .03 
$848.7 2=prin. 3d 6 mo. 
___ 25.4 6=int. 3d 6 mo.=$848.72X .03 
$87 4.1 8=prin. 4th 6 mo. 
___ 26.2 3=int. 4th 6 mo. 
$900.4 1=amount for2yr. Ans. 

71. When the time is given in years, months, and days, 
the interest 1s compounded for the greatest number of entire 
periods included in the time, and the simple interest on the 
last amount as the principal is found for the remaining time. 

Thus, if the time in the preceding example were 1 year 
8 months 20 days, $874.18 would be taken as the principal for 
the last 2 months 20 days, and the simple interest on this prin- 
cipal for 2 months 20 days would be computed. This interest, 
which is $11.66, added to $874.18 gives $885.84, the amount 
for 1 year 8 months 20 days. 


72. Compound interest is calculated in actual business 
by means of a table. The accompanying compound-interest 
table shows the amount of $1 at several different rates, and for 


COMPOUND-INTEREST TABLE 


Showing the amount of $1, at various rates, compound interest, from 1 to 
20 years, interest compounded annually 


Ye; ti Per Cent.| 2 Per Cent. | 24 Per Cent. | 3 Per Cent. | 33 Per Cent.! 4 Per Cent. 
I 1.015000 | 1.020000 | 1.025000 | 1.030000 | 1.035000 | 1.040000 
2 1.030225 | 1.040400 | 1.050625 | I.060900 | 1.07122 1.081600 
3 1.045678 | 1.061208 | 1.076891 | 1.092727 | 1.108718 | 1.124864 
4 1.061364 | 1.082432 | 1.103813 | 1.125509 | I.147523 | 1.169859 
5 | 1.077284 | 1.104081 | 1.131408 | 1.159274 | 1.187686 | 1.216653 
6 | 1.093443 } 1.126162 | 1.159693 | 1.194052 | 1.229255 | 1.265319 
Fj 1.109845 .148686 | 1.188686 | 1.229874 | 1.272279 | 1.315932 
8 1.126493 | 1.171659 | 1.218403 | 1.266770 | 1.316809 | 1.368569 
9 1.143390 | 1.195093 | 1.248863 | 1.304773 | 1.362897 | 1.423312 
10 1.160541 | 1.218994 ; 1.280085 | 1.343916 | 1.410599 ; 1.480244 
TI | 1.177949 | 1.243374 | 1.312087 | 1.384234 | 1.459970 | 1.539454 
12 1.195618 | 1.268242 | 1.344889 | 1.425761 | 1.511069 | 1.601032 
13 1.213552 | 1.293607 | 1.378511 | 1.468534 | 1.563956 | 1.665074 
14 1.231756 | 1.319479 | 1.412974 | 1.512590 | 1.618695 | 1.731676 
15 1.250232 | 1.345868 | 1.448298 | 1.557967 | 1.675349 | 1.800944 
16 | 1.268986 | 1.372786 | 1.484506 | 1.604706 | 1.733986 | 1.872981 
17, 1.288020 | 1.400241 | 1.521618 | 1.652848 | 1.794676 | 1.947901 
18 1.307341 | 1.428246 | 1.559659 | 1.702433 | 1.857489 | 2.025817 
1g 1.326951 | 1.456811 | 1.598650 | 1.753506 | 1.922501 | 2.106849 

20 1.346855 | 1.485947 | 1.638616 | I1.80611F | 1.989789 | 2.191123 

Yr. | 5 Per Cent. | 6 Per Cent.-| 7 Per Cent. | 8 Per Cent. | 9 Per Cent. | 10 Per Cent, 
I 1.050000 | 1.060000 | 1.070000 | 1.080000 | I.090000 | I.100000 
2 1.102500 | 1.123600 | 1.144900 | 1.166400 | 1.188100 | 1.210000 
3 | 1.157625 | 1.191016 | 1.225043 | 1.259712 | 1.295029 | 1.331000 
4 1.215506 | 1.262477 | 1.310796 | 1.360489 | 1.411582 | 1.464100 
5 | 1.276282 | 1.338226 | 1.402552 | 1.469328 | 1.538624 | 1.610510 
6 | 1.340096 | 1.418519 | 1.500730 | 1.586874 | 1.677100 | 1.771561 
7 | 1.407100 | 1.503630 | 1.605781 | 1.713824 | 1.828039 | 1.948717 
8 | 1.477455 | 1.593848 | 1.718186 | 1.850930 | 1.992563 | 2.143589 
9 1.551328 | 1.689479 | 1.838459 | 1.999005 | 2.171893 | 2.357948 
10 1.628895 | 1.790848 | 1.967151 ; 2.158925 | 2.367364 | 2.593742 
II 1.710339 | 1.898299 | 2.104852 | 2.331639 | 2.580426 | 2.853117 
12 1.795856 | 2.012197 | 2.252192 | 2.518170 | 2.812665 | 3.138428 
ile 1.885649 | 2.132928 | 2.409845 | 2.719624 | 3.065805 | 3.452271 
14 | 1.979932 | 2.260904 | 2.578534 | 2.937194 | 3.341727 | 3.797498 
15 2.078928 | 2.396558 | 2.759031 | 3.172169 | 3.642482 4.177248 
16 | 2.182875 | 2.540352 | 2.952164 | 3.425943 | 3.970306 | 4.594973 
17 | 2.292018 | 2.692773 | 3.158815 | 3.700018 | 4.327633 | 5.054470 
18 | 2.406619 | 2.854339 | 3-379932 | 3.996019 | 4.717120 | 5.559917 
ig | 2.526950 | 3.025600 | 3.61652 4.315701 | 5.141661 | 6.115909 

20 3.207136 | 3.869684 


2.653298 


4.660957 


5.604411 


6.727500 


26 
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periods from 1 to 20 years. More extensive tables can be 
purchased through bookdealers. Having the amount of $1 at 
any given rate and for any number of periods, we multiply it 
by the nuniber of dollars in any given principal. The result 
will be the amount of that sum for the given time. If the 
original principal be subtracted from this amount, the re- 
mainder is the compound interest required. 

EXxAMpLe.—What is the amount and the compound interest of $600 for 
4 years at 6%, interest compounded annually ? 

Sotution.—The amount of $1 for 4 years at 6% is, according to the 
table, page 41, $1.262477. The corresponding amount of $600 is 


$600 X 1.262477=$757.49. Ans. 
The interest is $757.49—$600=$157.49. Ans. 


73. If the interest is computed semiannually, find by the 
table the amount for double the number of years at half the 
rate. 


Exampre—A young man deposited $1,000 in a savings bank. What 
sum would he have at the end of 10 years if the bank pays 4% interest 
per annum, and credits the interest semiannually ? 

SoLutTion.—The rate for each half year is 2%; the number of interest 
periods is 20. Hence, the amount is equal to that for 20 years at 2%. 
According to the table, the amount of $1 for 20 years at 2% is $1.485947. 
Hence, the amount of $1,000 for the same time is $1,000 1.485947 
=$1,485.95. Ans. 


EXAMPLES FOR PRACTICE 


Find the compound interest on the following amounts for the times 
mentioned, and prove the correctness of your result by using the table. 
Unless otherwise stated, the interest is to be compounded annually. 


1. On $1,600 for 2 years at 8%. 
2. On $1,280 for 5 years at 4%. 
3. On $480 for 3 years at 8%, interest compounded semiannually. 


4. On $3,000 for 2 years 11 months 12 days at 6%, interest com- 


pounded semiannually. 
Ans.—(1) $266.24; (2) $277.32; (3) $127.35; (4) $571.72. 
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ADDITIONAL RULES OF INTEREST 

7A. In the problems in interest so far considered, the 
principal, the rate, and the time have been given, and the inter- 
est or the amount has been found. One may have occasion to 
compute the principal, the rate, or the time when the other 
terms necessary for the solution of the problem are known. 
No new principles are required, as the applications involve 
those of percentage. 

1% Given the principal, the interest, and the 
time, to find the rate. 

The interest for one year is obtained by multiplying the 
principal by the rate. Then, conversely, the rate is obtained 
by dividing the interest for 1 year by the principal. The 
interest for one year is equal to the given interest divided by 
the time in years. 

Exampte.—A pawnbroker charged $8 for a loan of $200 for 24 
months. What rate of interest did he receive? 


Sotution.— $8 for 24 months is equivalent to $8+2.5=$3.20 a mo., 
or to $3.20 12=$38.40 a year. 


Rate=38.40+200=.19-2, or 19 


2%. Ans. 


L 

76. Given the principal, interest, and rate, to 
find the time. 

It is evident that if the given interest is divided by the 
interest for 1 year, the time required in years will be obtained. 
Or if the given interest is divided by the interest for 1 day, the 
time in days will be obtained. 


Exampte 1—In what time will the interest on $1,000 at 5% be $80? 

So_ution.—The interest on $1,000 for 1 yr. at 5% is $50. The required 
time is, therefore, 8050=12 yr. Ans. 

Exampte 2.—If the principal is $978.26 and the interest at 6% is $4.08, 
what is the time in days? 

So.ution.—Interest on $978.26 for 60 da. at 6% is $9.78. Interest 
for 1 day is $9.78+60=$.163. 

Time=4.08+.163=25 days. Ans. 

37. Given the amount, time, and rate, to find the 

principal. 
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The amount for any time and rate can be obtained by multi- 
plying the principal by the amount of $1 for the same time and 
rate. Consequently, the principal can be found by dividing 
the amount by the amount of $1 for the same time and rate. 

ExamPLe.—What sum placed at interest for 1 year at 6% will amount 
to $1,000? 

SoLutTion.—The amount of $1 for 1 yr. at 6% is $1.06. 

The principal=$1,000+1.06=$943.396, or $943.40. Ans. 

It is seen that the principal is, therefore, +38 of the amount 

for this rate and time. 


PRESENT WORTH 


73. The present worth of an obligation is a sum such 
that, if it be put at interest at a specified rate for a given time, 
it will amount to the obligation. 

Thus, if the specified rate is 5%, a debt of $105 due in 
1 year is worth $100 now, since $100 placed at interest at 5% 
will in one year amount to $105. 

The present worth may be found as shown in the solution 
of the example in the preceding article. In business practice 
it is customary when a debt is paid before it,is due to deduct 
the interest; im equity, that is, in justice, the amount paid 
should be the present worth of the obligation. Usually, how- 
ever, loans of this character are of such short duration that 
the discount 1s reckoned in the ordinary way. 

Exampie.—A debt of $773, which has 9 mo. 20 da. yet to run, is dis- 
counted at 5%. What is: (a) the present worth? (b) the true discount ? 
(c) the bank discount? 

Sotutton.— (a) 9 mo. 20 da.=290 da., counting 30 days to the month. 
The interest on $1 for 9 mo. 20 da. at 5% equals 229 .05=$.04028. 
The amount of $1 for the given time and rate=$1.04028. 

Present worth=$773+ 1.04028=$743.07. Ans. 

(b) The true discount is the difference between the present worth and 
the amount of the obligation. 

True discount=$773—$743.07=$29.93. Ans. 

(c) The bank discount is $773X .04028=$31.14. Ans. 

Proor.—Calculate the interest on $743.07 for 9 mo. 20 da. 
at 5%. It is $29.93 s hence, the solution is correct. 
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AME: To find the face of a note when the proceeds, 
time, and rate are given. 

Sometimes one may be required to find what the face of a 
note should be in order that the proceeds may be equal to a 
given sum. The face multiplied by the proceeds of $1 equals 
the proceeds, hence the given proceeds divided by the proceeds 
of $1 will give the face of a note. 

Examp._e.—The proceeds of a note discounted at a bank for 45 days 
at 6% amounted to $1,488. What was the face of the note? 

Sotution.—Interest on $1 for 60 da. at 6%=$.01. Interest on $1 
for 45 da. at 6%=$.0075. 

Proceeds of $1 due in 45 days=$1—$.0075=$.9925. Face of note 
=$1,488-+$.9925=$1,499.24. Ans. 


EXAMPLES FOR PRACTICE 


Find the principal, when: 

(a) Interest=$96, time=2 years, rate=4%. 

(b)  Interest=$131.25, time=2 years 6 months, rate=6%. 

Find the time, when: 

(c) Principal=$4,800, interest=$652, rate=6%. 

(d) Principal=$680, interest=$163.20, rate=5%. 

Find the rate, when: 

(e) Principal=$2,875, time=4 years 7 months 6 days, interest=$529. 

(f) Principal=$760, time=3 years 9 months 18 days, interest 
=$144.40. 

Ans.—(a) $1,200; (b) $875; (c) 2 yr. 3 mo. 5 da.; (d) 4 yr. 9 mo. 
18da.> (Ce) 4%= Gh) 59: 

1. A note for 60 days discounted at -44% yields $81,815.33. What 
is its face? ‘ Ans. $82,433.58 

2. Write in proper form a 60-day note payable at the Chemical Bank 
of New York, which, when discounted when the note is made, will yield 
at 5%, $7,850 proceeds. Ans. Face, $7,915.97 


TABLE FOR FINDING THE NUMBER OF DAYS 
BETWEEN TWO DATES 
SO. The table on pages 31 and 32 may be used for finding 
the time between two dates, also for finding a date that occurs 
a certain number of days later or earlier than a given date. It 
will be observed that in the table there are twelve columns, 
one for each month of the year, and in each column there are 
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as many lines as there are days in the month. We shall now 
illustrate the use of the table. 
In the column headed Feb., we find, opposite 24 in the left- 


TABLE FOR FINDING THE NUMBER OF DAYS BETWEEN 
TWO DATES 


‘s£ os 
25 Jan. | Feb. March April May june ans 
Aa a 
I I 364/32 333|60 305| 91 274 PAA IT5S2 213) 1 
2 2 OOR NGG NGO 2 OL SOAMNO2 Wor a4 OD mEodad m3 eons 2 
3 3 362/34 331 |62 303| 93 272|123 242)154 -211| 3 
4 4 361/35 330/63 302| 94 271|124 241|155 210 4 
5 | 5 360136 329/64 301] 95 270/125 240\156 209] 5 
6 6 359/37 328)65 300] 96 269 | 126 239 | 157 208 6 
if Te B5on 38 327, 66° 209\| "97 268927 228) 158 267 7 
8 8 357139 326 | 67 298} 98 267|)128 237)|159 206 8 
9 9 356] 40 325 /68 297| 99 266)129 236] 1€0 205 9 
10 IO 355/41 324)/69 296/100 265/130 235/161 204) Io 
Il II 354/42 323|70 295|101 264/131 234|162 203| 41 
12 | 12 353/43 322 71 294) 102 Z2Os a2 ean Os ee 2OZN re 
1a, |Meea52 aa) Sen 72 293 10s) 262.143 232) 164 Zor} 13 
i | 4 350 45 32073, 202) Lo4 261 | 134 237) 165 200), 14 
15 15 350 | 46 319/74 291 105 260/135 230 166 199| 15 


16 16 349/47 318) 75 290|106 259/136 229/167 198] 16 


7S 7 SA On cASen 817 | 76 289] 107 258 | 137 228 | 168 197| 17 
18 18 347|49 316)77 288/108 257)138 227 | 169 196] 18 
19 19) 3461) 50) 305 ome 237 MOO) e256.) 130) 22615070) VO Si) =o 
20) 20 345 ,i5l) S04 | 79 286/110 255|140 225 | L7T LOA 220) 
20 ar BAA 52 era so 285 Init 9254 | TAL 224172 193)\| Sr 
22 22) 243 52 21280 2o45nt2 253 | t42 223/173 192) 22 
23 |23 342) 54 351 S2 283 |} 113 252 h4ay 222) 7A SLO Ms | 2 

2 OA BAL\S 5 aQlO ss 252 iid 2h TAaas Peon 75 Kooi) 2H 
25 |25 340/56 309|84 281] 175 250 145 220 176 189] 2: 
26 |26 339/57 308/85 280|116 249,146 219/177 188) 26 
27 |27 338/58 307|86 279|117 248,147 218/178 187| 27 
28) 28) 23759 306187 278/118 247 148 217/179 186] 28 
2 29 336 88 277 | 119 ca 149 216|180 185} 2G 
30) | 30) 335 89 276) 120 245) 150 275 /08r 184} 30 
31 | 3l 6334 99 275 | T5214 31 


hand column, the numbers 55 and 310. The first number, 55, 
indicates that Feb. 24 is the 55th day of the year, and the 
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number 310 indicates that there are 310 more days in the year 


after Feb. 24. 


TABLE FOR 


|] 


Again, in the tenth line of the Aug. column, we 


FINDING THE NUMBER OF DAYS BETWEEN 
TWO DATES—(Contlinued) 


34 os 
8 July Aug. Sept. Oct. Nov. Dec. m8 
Az Ae 

I 182. LOsi|-20s) 527 244 2 | 274) (om 305, 460335) 4Olle o 

2 |183 182|214 151/245 120/275 90/306 59/336 29 2 

3 1184 181|215 150/246 119|276 89/307 581337 28] 3 

4 |185 1801216 149|247 118|277 88|308 57|338 27 4 

5 |186 179/217 148|248 117/278 87/309 56/339 26 5 

6 |187 178)218 147|249 116|)279 86|310 55|340 2 6 

7 |188 177/219 146;250 115/280 85) 311 54) 34r 2 i 

8 | 189 176/220 145]251 114|281 84/312 53) 342 23 8 

GQ | 190. 175 (221 «144 252 Tis 2e2 Saisus 52 eda 22 } 9 
TO! || LOW 074 222) 14s 252 ee 283) 6eo aA aaa Sot eT O 
aa 192 173|223 142)254 11} 284 81/315 50/345 20] II 
12 193 172|224 141/255 I110|285 80/316 49)346 19] Ii2 
13 194 I71| 225 140|256 109| 286 79 | 357 48 347 Ta) 23 
TA | OS 170+\226. 1391257 Tosip287 78 ars 47448 17 lara 
15 |196 169/227 138/258 107/288 77/319 “4€/349 16] 15 
16 |197 168/228 137|259 106| 289 76/320 45/350 15] 16 
17 198 167| 229 136|260 105 | 290 75/321 44/351 14] 17 
18) TOO 166230 135))26m “Tod | 200 74} 322) Ag \o52 139) 18 
TON) 20) 065) (2a e034) | 262) 193)| 202 7a\\a2 253.7 T25) rO) 
20 |201 164| 232 133] 263 102|293 72|324 41|354 11| 20 
21 | 202 163] 233 132/264 101|294 71 |325 40/355 I0| 21 
22 | 203 162|234 131| 265 100/295 70|326 39/356 9] 22 
23, 1204 161)235 130) 266 99) 296 69) 327 38) 457 8 23 
24 | 205 160/236 129/267 98/207 68| 328937 35S aed 
25 |206 159] 237 128/268 97)|298 67)329 36/359 6| 25 
26 | 207 158|238 127/269 96/299 66|330 35}360 5) 26 
27 |208 157|239 126|)270 95) 300 651331 341 361 All 2a 
28 | 209 156] 240 125/271 94|301 64| 332 33/362 3] 28 
29 |210 155) 241 124/272 93) 302 63/333 321363 2/| 29 
30° }2Gt sds 24a" ness ore 2} 303 62) 334 31) 364 1| 30 
ein 212 153/243 122 304 61 205 Ove 


find 222 and 143. These numbers show that Aug. 10 is the 
222d day of the year and that there are 143 more days in the 
year after that date. 
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Sh 


Exampte 1.—A note bearing interest was made on Nov. 15 and paid 
Feb. 1 of the following year. How many days did the note draw interest? 


Sotution.—In this case we find the number of days in the year after 
Nov. 15 and add this to the number of days to be counted in the next 
year. In the fifteenth line in the column headed Nov. the second number 
is 46. Feb. 1 is the 32d day of the year. Hence, from Nov. 15 to Feb. 1 
is 46+32=78 days. Ans. 

In case the period considered includes the last day of 
February of a leap year—that is, February 29—the additional 
day must be considered. 


EXAMPLE 2.—In a leap year, find the days from Jan. 28 to May 4. 


So_ution.—Jan. 28 is the 28th day and May 4 is the 124th day of the 
common year. The difference in time is 124—28=96 days. But as 
Feb. 29 has not been counted, we add one day more and obtain 96+1 
=97 days. Ans. 


STOCKS AND BONDS 

81. If work involving a large expenditure of money is to 
be undertaken, it is usual to organize a company and procure 
a charter under the laws of some state. The chartered com- 
pany then issues shares, which are sold to persons who have 
money to invest and are willing to incur the chances of loss. 
These shares are known as stock. 

The advantage of having a charter is that a chartered com- 
pany can do business just as an individual—that is, it may sue 
or be sued for debts, enter into contracts, etc. Moreover, the 
shareholders, in case the business is unprofitable, are, as a rule, 
liable for the debts of the company only to the amount of their 
shares. ‘The exception may be noted that owners of stock in 
national banks are responsible for an amount equal to the face 
value of their stock in addition to their shares. The members 
of an unincorporated concern may be compelled to pay all of 
its debts. 


82. The par value of shares is the amount—usually $25, 
$50, or $100—specified in the certificates issued to the sub- 
scribers of a corporation. 


83. When a company gains in its business, it pays its share- 
holders part of its profits, called dividends, 
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Dividends are declared quarterly, semiannually, or annually, 
and are usually paid at the general office of the company. 


84. If the business is conducted at a loss, the shareholders 
may be required to make good the loss. Such payments are 
called assessments. 


85. When the dividends on stock are considered high, the 
stock will usually sell above par; if no dividends are paid or if 
they are small, the stock, as a rule, will sell below par. The 
price of stock is, of course, influenced by other considerations 
than present dividends. The stability and the risk of the busi- 
ness, the assets of the company, and the outlook for the future 
are factors that affect the price. 


86. in some corporations the stock is divided into two 
classes, called preferred and common. Dividends on pre- 
ferred stock are payable first and do not exceed a fixed rate. 
The dividends on common stock depend on the profits of the 
business after the dividends on the preferred stock are pro- 
vided for. 


87. A bond isa written obligation under seal to pay a cer- 
tain sum at a specified time. 

Bonds are issued by national and state governments, cities, 
counties, towns, and incorporated companies in order to pro- 
vide money for current or extraordinary expenses, or for such 
improvements as may be desired. The bonds are secured by 
the property of those who issue them, and bear interest payable 
quarterly, semiannually, or annually. 


88. Registered bonds are numbered, and the names of 
their purchasers are recorded. When registered bonds are 
sold, the transfer must be recorded on the books of the com- 
pany that issued them. Sometimes bonds have small forms 
called coupons attached, stating the amount of interest due at 
certain times. These coupons may be cut off and exchanged 
for money at the general office of the company or deposited in 
any bank for collection. Owing to the ease with which they 
inay be transferred from one party to another, unregistered 
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bonds usually sell for a slightly higher price than registered 
ones. Corporation bonds are, as a rule, issued in denomina- 
tions of $1,000 or multiples thereof. Some bonds are issued in 
denominations of $100 and of $500. 


89. Bonds are usually designated by the interest they bear, 
or by the time when they are payable. Thus, “U.S. 4’s, 1932” 
are bonds of the United States government bearing interest at 
4%, and payable in 1932. 


90. A stock broker is a person whose business consists 
in buying and selling bonds or stocks for others. His com- 
pensation is a certain per cent. of the par value of the stocks 
bought or sold. The compensation of a broker is called 
brokerage. 


91. The price quoted in stock market reports is that for 
$100 par. For example, when Canadian Pacific is quoted at 
125, each $100 par sells for $125. In some localities and in 
some classes of stock, prices are quoted as the price per share. 
For example, the par value of a share of Pennsylvania Rail- 
road Company stock is $50. The New York market may quote 
the stock at 130, which means that $130 is the price for each 
$100 par, or for two shares. In the Philadelphia market, the 
price would be quoted at $65, which is the price per share. 
Information concerning issues of stock and related matters 
can be obtained from stock brokers. 


92. In this Section the par value of stocks is to be under- 
stood as 100, unless some other value is given. Whatever 
may be the market price of stocks and bonds, brokerage is 
calculated on their par value. 

ExampLe 1.—F ind the cost of 480 shares of Canadian Pacific stock 
bought at 1234, if the brokerage is £%. 

Sorumon,—The cost of each share is $123.50 and the brokerage is 
4% of $100=4 of $1=$.12}. 

480 X $123.50=$ 59280.00 
480X$.124 = 60.00 
$59340.00 Ans. 


Or, cost per share including brokerage=$123.501$.12$=$123.624. 
480 X $123.624=$59,340.00. Ans. 
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Exameprr 2—What will be the cost with accrued interest of a 5% 


$1,000 bond at 103, including brokerage, if the interest was paid last on 
July 1 and the bond is sold on October 1? 


SoruTION.— 
One $1,000 bond at 103=$1030.00 


Interest on $1,000 for 3 mo. at 5%= 12:50 
$1042.50 Ans. 

The former owner would be entitled to the interest of the 
bond from the date of the last payment of interest until the 
date of sale. When the quoted price includes the interest due, 
bonds are said to be sold flat. 

Exampite 3.—How many shares of bank stock selling at 56 can be 
bought for $89,700, if the brokerage is 4%? The par value of the shares 
is $50, 

Sotution.—The cost of 1 share of stock at the market price is $56; 
the brokerage per share is .00&X$50=$0.064. Therefore, total cost of 
1 share=$56+$0.063=$56.064, and the number of shares bought=$89,700 
+$56.064=1,600 shares. Ans. 


93. Rule.—I. To find the cost of any number of shares 
of stock, multiply the sum of the market price per share and the 
brokerage by the number of shares, and the product will be the 
cost. 

II. To find the number of shares that can be bought for a 
given sum, divide the given sum by the cost of one share, 
including the brokerage, and the quotient will be the number of 
shares, 


Exampte 1—How much must be invested in railroad stock that 
pays a quarterly dividend of 2%, in order to have an income of $4,000, 
if it is bought at 1044, brokerage being 4%? 

SoLtution.—The expression “a dividend of 24%” means 23 per cent. 
on the par value of the stock. Hence, since the quarterly dividend is 
24%, the annua! income per share of $100 will be $10. Consequently, 
to obtain an annual income of $4,000, there must be bought 4,000~+10 
=400 shares; then each share will cost $1044+-$2, and their total cost 
will be 400 times as much, or $1042 X400=$41,850. Ans. 

ExampLe 2.—What per cent. is realized by buying 4% bonds at 891, 
brokerage being £% ? 

SoLuTION.—Since a bond of $100 denomination costs $89£+$14=$90, 
and each $100 bond yields $4 annual income, the per cent. realized will 
be found by dividing $4 by the entire cost of one $100 bond. Hence, 
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$4 ($801+$1)=.044=44%. Ans. 

In the preceding example, consideration has not been taken 
of the fact that the purchaser of the bond will receive par 
when the bond becomes due if he holds it until that date. He 
pays 90 and will receive 100, hence he will realize 10% proft 
on the par value of the bond in addition to the interest. The 
10% profit will not be realized until maturity, so the actual 
yield depends on the date the bond is due. The method of 
computing the true yield on bonds is rather complex, but tables 
are published from which rates may be determined. 


94. Rule.—I. To find the investment that will yield a given 
income, divide the income by the gain from one share, and the 
quotient will be the number of shares that must be bought; then 
multiply the cost of one share by the number of shares, and 
the product will be the investment. 


It. To find the rate per cent. of income from money invested 
in stocks or bonds, divide the gain yielded by one share by the 
cost of a share, and multiply the quotient by roo. 


EXAMPLES FOR PRACTICE 


1. What must be paid for 128 shares of U. S. Steel preferred stock 
at 1284, brokerage 4%? Ans. $16,432 


Z. How many shares of Union Gas Co. stock at 983 can be bought 
for $39,550, the brokerage being $%? Ans. 400 shares 


3. How much will 68 $1,000 U. S. 4% bonds of 1925 cost at 1163, 
brokerage being 1%? Ans. $79,305 


8 


4. The cost of some railroad stock was $18,150, for which a man 
paid $1372 per share, and $% brokerage. How many shares did he buy? 
Ans. 132 shares 


5. Find the cost of 240 shares of mining stock at 98%, brokerage 


being 4%. Ans. $23,670 
6. How much must be paid for 5% city bonds to yield an annual 
income of $1,250, if they cost 1042, brokerage 4%? Ans. $26,250 


7. Bank stock that pays an annual dividend of 10% is bought for 
109%, brokerage 4%. What per cent. is realized by investing in it? 
Ans. 91-% 
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8. How much more is the rate per cent. of income on 8% stock 
bought at 119% than on 6% stock bought at 107%, brokerage in each case 
being 4%! Ans. 1}% 

9. How much better is a gain of 20% on an investment at 80 than a 


gain of 18% on an investment at 90? Ans. 5% 


EXCHANGE 


95. The subject of exchange treats of the methods of 
paying debts in a distant place without transmitting money. 
Exchange between different parts of the same country 1s 
domestic exchange, and between different countries is for- 
eign exchange. 


DOMESTIC EXCHANGE 


96. The payment of debts in a distant place may be made 
by means of a post-office money order, an express money order, 
a personal check, or a draft. At all post offices of importance 
and at express company offices one may obtain forms giving 
the rates for money orders and directions for use. If a per- 
sonal check is used a delay of several days may be caused, as 
most business houses hold an order for goods until collection 
has been made on the check. Some business houses will refuse 
to accept a personal check. The most general method of mak- 
ing payments at a distance is by draft. 


97. The Bank Draft.—A bank draft, which is an order 
issued on one bank by another, is one convenient means of 
transmission of credit. Banks in the smaller cities usually 
have money on deposit in the banks of large cities such as New 
York or Chicago, subject to draft at any time. 

To illustrate the method of using a bank draft, let us sup- 
pose that N. L. Sands, of Scranton, Pa., wishes to buy some 
books from the publishers, Fleming H. Revell Company, New 
York City, the catalog price of which is $18.75, and decides to 
send a bank draft. Mr. Sands will apply to his bankers in 
Scranton for a New York draft, drawn in his own favor for 
$18.75. They will issue this for a few cents and charge the 
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entire amount, say $18.85, to his bank account. Many banks 
do not charge their depositors for issuing bank drafts. Mr. 
Sands indorses the draft to the publishers by writing on the 
back of it, 
Pay to order of 
Fleming H. Revell Co. 
N. L. Sands 


He then incloses it in the letter with his order. Fig. 4 shows 
the bank draft drawn in Mr. Sands’ favor with his indorsement 
on its back. This is a safe and economical means of paying 
a bill at a distance. 


98. Collection by Draft. 
from one party to another party to pay a certain sum of money 


/ / sional sp ea ee 


{CHARTER NO Ne 1520) 
SCRANTON, PA. ‘ 18.75 


- fall ae 


Fic. 4 


to a third party. These three parties are always connected 
with every draft transaction; namely, the party who makes, 
or signs, the draft, called the drawer; the party who is to pay 
it, or on whom it is drawn, called the drawee,; and the party 
to whom the money is to be paid, called the payee. A draft 
may be drawn at sight or on demand, and it is then expected 
that it will be paid by the drawee when it is presented to him; 
or, it may be written at two, three, or any number of days’ 
sight, which means that the drawee is allowed that many days 
after presentation in which to pay it. The name of the drawee 
is usually written near the lower left-hand corner of the face 
of the draft. The payee is usually a bank with which the 
drawer does business. The drawee accepts the draft, that is, 


40 COMMERCIAL CALCULATIONS $138 


promises to pay it, by writing or stamping on its face the word 
“Accepted,” together with the current date and his signature. 
Suppose for example that Brown Brothers & Co., whole- 
sale grocers, of Williamsport, Pa., have shipped $58.76 worth 
of groceries to J. P. Angell, retail grocer, Jersey Shore, Pa., 
and that they wish to collect this amount. They go to the 
Williamsport National Bank, where they do their banking busi- 
ness, and request it to forward a draft on Mr. Angell that they, 
Brown Brothers & Co., have already filled in. The Williams- 
port bank indorses the draft to a Jersey Shore bank and for- 
wards it to that bank with instructions to collect it. The 
Jersey Shore bankers promptly present the draft to Mr. Angell 
by messenger or notify him by telephone or perhaps by mail 


a EgN LA? 


UN 


NO PROTEST TEAR THIS OFF BEFORE PRESENTING 


that they have received it for collection. Mr. Angell is not 
compelled to pay his debt in this way; but, if he refuses to do 
so, he is liable to lower his credit with the banks and business 
men in his community. Therefore, he accepts the draft by 
writing his name across its face, usually in red ink, pays the 
money to the Jersey Shore bankers within the five days named, 
and receives the draft, marked paid, as his receipt. They 
remit to the Williamsport bankers, who credit to the account 
of Brown Brothers & Co. the $58.76 less a small commission 
that they charge for making the collection. In this transaction 
Brown Brothers & Co. are the drawers of the draft, the Wil- 
liamsport National Bank is the payee, and J. P. Angell is the 
drawee. The draft, with Mr. Angell’s acceptance written 
across its face, would appear as in Fig. 5. 
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When a draft is accepted it becomes in effect a promissory 
note. 

The student should carefully observe how the form is filled 
in. The wording of the last line of the form may be misunder- 
stood. The drawee, Mr. Angell, is directed to charge the 
amount of the draft against the drawer, Brown Brothers & Co. 
The name of the drawee follows the word “To” and that of the 
drawer is written on the right, as shown. 


99. The Bill of Lading.—A bill of lading is a printed 
contract, furnished free by railroad and steamboat companies, 
on which the shipper, or cousignor, is required to write the 
name and address of the person to whom the shipment is to be 
sent, called the consignee, and an itemized statement of the 
number of pieces, their weight, a brief description of the goods 
shipped, and his own name as shipper. Always two, and some- 
times three, copies of the bill of lading are made at the same 
time and for each shipment. The first copy is called a straight 
bill of lading. It is signed by the railroad agent and returned 
to the shipper, who usually mails it to the consignee, so that he 
may take it to the railroad agent at the point of destination 
as proof that the goods are for him. The second, or duplicate, 
copy, called the shipping order, is signed by the shipper and 
retained by the railroad agent as his directions for shipping the 
goods. The triplicate copy is called a memorandum and 1s 
retained by the consignor as his receipt. 


100. The Sight Draft With Bill of Lading.—Suppose 
a retail storekeeper, T. D. Reynolds, of Ithaca, N. Y., orders 
goods from Messrs. Jones, Smith & Jones, wholesalers, of 
Buffalo, N. Y., amounting tc $260.66, and asks them to ship 
the goods by freight, collect on delivery. The steps in the 
transaction would be about as follows: Jones, Smith & Jones 
deliver the goods to the railroad company and receive from the 
freight agent a bill of lading, showing that the goods are con- 
signed to themselves or to their order. The goods are not 
consigned to Mr. Reynolds. Jones, Smith & Jones make a 
sight draft on Mr. Reynolds for $260.66, attach it to the bill 
of lading, and hand both to their bankers in Buffalo, who for- 
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ward it to a bank in Ithaca with instructions to deliver the bill 
of lading to Mr. Reynolds when he pays the attached draft. 
Fig. 6 shows the sight draft on T. D. Reynolds that went to the 
Ithaca bank with the bill of lading. Messrs. Jones, Smith & 


TE 
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Fic. 6 
Jones promptly mail to Mr. Reynolds an itemized bill for the 
goods and notify him that their draft for $260.66 has been 
forwarded through their bankers. Mr. Reynolds calls at the 
Ithaca bank, pays the draft, receives the bill of lading, presents 
it to the railroad freight agent, and is allowed to take the goods. 


101. To find the cost of a bank draft. 

The charge, called exchange, made by a bank for a draft 
is usually stated as a percentage or as the rate per $1,000. 

Examp Le 1.—What will a sight draft of $2,400 in San Francisco cost 
in New York when the charge is $%? 

Sotution:—Exchange=4% of $2,400=4 of $24=$12. 

Total cost=$2,400+$12=$2,412. Ans. 

ExampLe 2.—Mr. Rodriguez, of New Orleans, wishes to pay $24,600 
to a New York merchant. What will a draft cost him when exchange is 
$1 per $1,000? 

SoLtution.—The exchange equals 1 thousandth part of the face value 
of the draft; hence, the charge may be obtained by pointing off three 


places in $24,000. The charge is therefore $24.60, and the entire cost 
of the draft equals $24,600+$24.60=$24,624.60. Ans. 


102. Tofind the proceeds of sight and time drafts. 
The drawer of a draft may not wish to wait for the collec- 
tion to be made and may sell it. The purchaser may or may 
not give face value for it. If sold below its face value it is 
said to be sold at a discount, and if above it, at a premium. A 
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time draft is discounted in the same manner as a promissory 
note. The purchaser may also deduct charges sufficient to 
cover cost of collection. 

ExampLe 1.—A wholesale dealer sold a sight draft on a customer for 
$5,800 at #% discount. What were the proceeds? 

SOLUTION.— Face value of draft=$5800.00 

Discount=3% of $5,800= 43.50 
Proceeds=$ 575 6.50 Ans. 


Examp.e 2,—A furniture manufacturer of Grand Rapids deposited in 
a bank a 30-day draft for $28,000 on a Memphis dealer. How much 
credit would he receive for the draft if no charges were made to cover 
collection? Assume the interest rate to be 6%. 
SoLUTION.— Face value of draft=$28000 
Discount on $28,000 for 30 da. at 6%= 140 


Proceeds=$ 27 860 Ans. 


103. A commercial draft may be sold at a premium or a 
bank draft may be purchased at a discount when there is a 
tendency of money to move strongly in one direction. Sup- 
pose, for example, that the San Francisco banks owe consider- 
ably more to the New York banks than the latter owe in return. 
To adjust the difference, money would be shipped to New 
York. It is possible that a New York bank would, under such 
circumstances, sell a draft on San Francisco at a discount, and 
that in San Francisco a holder of a draft on New York could 
sell it at a premium. Such drafts would tend to lessen the 
shipment of currency. 

In some states 3 days of grace are allowed on sight and time 
drafts. If one needs to know at any time whether grace is 
allowed in any particular state he can obtain the information 
from a bank. 


104. To find the face of a draft when the proceeds 


are known. 
ExampLe.—The proceeds of a sight draft sold at $% discount are 
$2,977.50. What is its face value? 
Sotution.—The face can be found, when the proceeds are known, in 
a manner similar to that used in finding the face of a note when the 
proceeds are known. 
Proceeds of $1=$1.00—.003=$.9914 
Face=$2,977.50+.9925=$3,000. Ans. 
LT 271B—33 
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405. Rule I.—T7o find the cost of a sight draft, find the 
premium or the discount. The sum of the face of the draft and 
the premium, or the difference between the face of the draft 
and the discount, will be the cost of the draft. 


106. Rule II.—To find the cost of a time draft, find the 
proceeds of the face of the draft for the time the draft has to 
run. Find, also, the prenuum or the discount, on the face of 
the draft. The sum of the proceeds and the premium, or the 
difference between the proceeds and the discount, will be the 
cost of the draft. 

If days of grace are allowed in the state where the draft ts 
payable, find the proceeds for three days more than the time 
the draft has to run, and then proceed as before. 


107. Rule III.—To find the face of a draft when the cost 
or the proceeds is given, divide the cost of the draft by the cost 
of $1. 


EXAMPLES FOR PRACTICE 


Solve the following examples: 
1. Find the cost of a sight draft for $1,876 at: (a) 14% premium; 


(b) $% discount. Fe ce) $1,899.45 
Cb) Si 86662 


2. The face of a sight draft is $7,875.56, and the premium is 4%. 
Find its cost. Ans. $7,938.56 


3. How much will it cost to pay, by a sight draft on San Francisco, 
a bill of $7,528, when exchange is at 14% discount ? Ans. $7,415.08 


4. A man paid $484.72 for a 60-day draft, premium being 14%, and 
money worth 6% interest. What was the face of the draft? 


Ans. $483.51 


5. If a draft payable 30 days after sight costs $2,800 when discount 
is #% and money worth 6%, what is its face? Ans. $2,835.44 


6. Find the face of a sight draft costing $1,200, when exchange is at 
12% discount. Ans. $1,216.73 


Cr 
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FOREIGN EXCHANGE 
108. A draft on a foreign country is usually known as a 
bill of exchange. Foreign bills can be used in the same manner 
as ordinary drafts. The face of the draft is expressed in the 
currency of the country on which the draft is drawn. The 
price of exchange fluctuates according to the balance of trade, 
the loans and investments in foreign countries, and other con- 
ditions that tend to cause a movement of money from one 
country to another. The Secretary of the Treasury of the 
United States issues at certain periods a statement showing the 

value of foreign coinage in dollars and cents. 


109. The daily papers of our commercial cities give quota- 
tions showing the rates of exchange from day to day. One of 
these follows: 

‘Sterling exchange was again weak and lower. Continental exchange 
was also lower. Rates are: Long bills, $4.81 @ $4.823; sight drafts, 
$4.843 @ $4.85, and cable transfers, $4.854 @ $4.854. Francs are quoted 
at 5.21¢ for long and 5.20 for short; reichsmarks, 944 @ 94,9, for long 
and 954 @ 953; for short; guilders, 392 @ 3918 for long and 40 @ 405, 
for short. 


Nore.—A reichsmark (mark of the empire) is the same as a mark, 
about 23% cents. The exchange value of 4 marks, or reichsmarks, is 
given in commercial quotations in the daily newspapers. 

Sterling exchange is Bills of Exchange payable in English money 
called Pounds Sterling. Long bills are those payable 30, 60, 90, or more 
days after being received. Short bills are those payable from sight to 
30 days after being received. Sight drafts are payable at sight, that 
is, as soon as received. Long bills will evidently sell for less than those 
drawn on sight. 


Edward Howe wishing to pay a debt in England may buy 

from Smith, Jones & Co. a draft like the following: 
New York, Oct. 1, 1912 

Exchange for £820-12-6 sterling. : 

At sight pay to Edward Howe, or order, the sum of Eight 
Hundred Twenty Pounds £820-12-6 sterling. 

Value received, and charge to the account of 

Smith, Jones & Co. 
To Baring Bros. & Co. 
London, England. 


13 


Kr 


46 COMMERCIAL CALCULATIONS 


Examp ie 1.—Find the cost of the foregoing draft in New York when 
exchange on London is $4.84%. 

Sotution.—  £820-12-6=£820 12s. 6d.=£820.625, since 6d.—=ys=3s., 
and 12s. 6d. =123s.= 12i= £625. $4.8475 X 820.625=$3,977.98. Ans. 

Exampreé 2.—What must be paid for a draft on Paris of 8,000 francs, 
when $1 is quoted at 5.213? 


Sotution— 1 franc=$1-5.215; 
($1+5.215) X8,000=$1,534.04. Ans. 


110. Rule.—To find the cost of a draft upon a foreign 
country, multiply the quoted value of a foreign monetary unit 
by the given number of such units. 


EXAMPLES FOR PRACTICE 


Solve the following examples: 
1. Find the cost of a draft on London, at 60 days’ sight, for £987 16s., 


exchange being $4.82%. Ans. $4,768.60 
2. When exchange on Paris is quoted at 5.23, what must be paid for 
a sight draft for 2,800 frances? Ans. $535.37 


3. I bought a long draft on Berlin for 8,425 reichsmarks when 


exchange was quoted at 947 per 4 reichsmarks. What did it cost? 
Ans. $1,995.67 


4. What must be paid for a draft on Amsterdam for 8,000 guilders, 
exchange being 4075? Ans. $3,205 


DUTIES 


111. Duties, or customs, are taxes levied by govern- 
ments on imported goods for the purpose of producing revenue 
and for the protection of home industries. 


112. There are two kinds of duties: ad valorem and 
specific. An ad valorem duty is estimated at a certain per 
cent. of the market value of the goods in the country from 
which they are imported; as, silks 50%, musical instruments 
15%, ete. The market value of the goods is the invoice value 
after deducting discounts and before extra charges, such as 
commission, freight, boxing, etc., are added. 


113. A specific duty is a duty levied on imported goods 
according to the weight, measurement, or number of the arti- 
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cles, without reference to their value; as, wheat 15 cents per 
bushel, coal 75 cents per ton, etc. Some kinds of merchandise 
are subject to both ad valorem and specific duties. In com- 
puting specific duties, the long ton of 2,240 pounds and the 
hundredweight of 112 pounds are used. 


414. An invoice is an itemized statement of merchandise 
shipped. It contains the names of purchaser and seller, a 
description of the quality and quantity of the goods, prices, 
and incidental charges. Invoices are made out in the weights 
and measures and the currency of the country from which the 
goods are imported. Thus, the price and cost of goods imported 
from Germany would be given in marks; from France, in 
francs; from England in £ s. d. 


115. The following table gives the monetary units of lead- 
ing foreign nations and their equivalents in United States 
money. These rates are proclaimed each year by the Secretary 
of the Treasury, and are used in Custom House computations : 


Country Monetary Unit ‘vaegin d 
@anadak aa eee ok Dollar=l0O cents: 2.2-...... $1.00 
Create Drivato. sca); Pound = 20 shillings...... ..| 4.8665 
France c.. x | 
Belovdin. .< fees ee ae. Franc= 100 centimes. -...... | .193 
Switzerland 
Tealy, o.oo es ia 100 Conbesinnt, o.stss 2: | .198 
Sine) ces ae TE Peseta = 100 centimes....... | 193 
Gerinienly:, 8 asa so- Mark=100 pfennige.........| .238 
Denmark | 
DONO Opes a roti ne Crown=100 ére.............| .268 
Sweden | 
El oG ape earerey tae Yen=100 sen...............| 498 


116. Before computing duties the following allowances 
are made: Tare, a deduction for the weight of boxes or crates ; 
leakage, an allowance for loss of liquids imported in barrels 
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or casks; and breakage, an allowance for loss of liquids 
imported in bottles. The net quantity is what remains after 
deducting tare, leakage, or breakage. 


117. Ad valorem duties are computed by the rules of per- 
centage ; the net invoice price is regarded as the base, the ad va- 
lorem duty as the percentage, and the rate of duty as the rate. 

Duties are not computed on fractions of a dollar; if the cents 
are less than 50 they are rejected; if more, they are counted 
as a dollar. 


118. Rule.—To find the ad valorem duty, reduce the net 
invoice price to United States money, if necessary, deduct 
allowances, and multiply the remainder (expressed in even 
dollars) by the rate of ad valorem duty. 

To find the specific duty, multiply the net quantity by the rate 
of specific duty per unit of quantity. 


ExAmMmpLe 1.—What is the duty on an invoice of silks valued at 24,360 
franes, the ad valorem rate being 60%? 


So.ution.—According to Art. 115, 24,360 franes=24,360X.193 
=$4,701.48. Duty=$4,701 X .60=$2,820.60. Ans. 
The 48 cents is rejected, being less than 50 cents. (Art. 117.) 


ExaAmMpLe 2—What is the duty on 820 gallons of brandy at $1.50 per 
gallon, leakage 3%? 
SOLUTION.— Leakage=820 X .03=24.6 gal. 
Net quantity =820—24.6=795.4 gal. 
Duty=795.4 X 1.50=$1,193.10. Ans, 


EXAMPLES FOR PRACTICE 


What is the ad valorem duty on an importation invoiced at 
(a) £430 12s. 4d., allowing 5% breakage, rate of duty 40%? 
(b) 36,750 lira, allowing 2% for tare, rate of duty 24%? 
(c) 9,264 marks, rate of duty 85%? 
What is the specific duty on an importation of 
(d) 60 dozen bottles of wine at $3 per dozen, breakage 10%? 
(e) 125 gross of empty bottles, breakage 6%, duty 10 cents per dozen? 
(f) 3 T. 6 ewt. of iron castings at # cent per pound? 
Ans.—(a) $796.40; (b) $1,668.24; (c) $1,874.25; (e@} $162; (e) 
$141; (f) $55.44. 
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1. An importation of musical instruments from Germany is valued 
at 13,670 marks. What is the duty at 174% ad valorem? Ans. $569.28 


2. An importer buys French silks at $1.80 per yard and pays a duty 
of 35% ad valorem, and $.60 per yard specific. At what price per yard 
must the silk be sold to yield a profit of 25% on the cost? ~.Ans. $3.79 


3. What is the duty at 65%, upon a consignment of 1,350 dozen kid 
gloves invoiced at 115 franes per dozen? Ans. $19,475.95 


EQUATION OF PAYMENTS 

119. Suppose that Mr. Ellison, a dealer, owes a wholesale 
house a bill of $100 payable June 10 and another bill of $100 
payable June 30. It is evident that he may pay the entire 
amount on June 20, a date midway between June 10 and June 
30, without paying interest or receiving discount, for he will 
owe on June 20, 10 days’ interest on the first bill and he will 
be entitled to 10 days’ discount on the second bill. The 
process of finding the equitable time when payment of several 
sums may be made in one payment is ‘called equation of 
payments. The date at which several bills may be equitably 
paid is called the equated time of payment. 


ExAMpLte—A man owes $250 due March 1, $300 due April 20, $450 
due May 5, and $500 due June 25. When is the equated time of pay- 
ment? 

SoLtution.—We first find the interest that is due on some date, pref- 
erably the latest due date. This date is called the focal date. The 
latest due date is June 25. From March 1 to June 25 is 116 da., hence we 
compute the interest of $250 for 116 da. It does not matter what rate 
of interest is taken in finding the equated time, but we shall assume the 
rate to be 6% and use the 60-day method in calculating the interest. 
The interest on $250 for 60 days is $2.50, and for 116 days is $4.83. 

From April 20 to June 25 is 66 da.; the interest on $300 for 66 da. 
at 6% is $3.30. From May 5 to June 25 is 51 da.; the interest on $450 
for 51 da. is $3.83. No interest is computed on $500, since this sum is 
due on June 25. The total interest is $11.96; the total amount due is 
$1,500. We now proceed to find at what earlier date $1,500 may be paid 
so that no interest may be due. 


The interest on $1,500 for { da. at 6 $25 


The interest on $1,500 will amount to $11.96 in “pe 48 da. 
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The account may be settled 48 da. earlier than June 25, that is, on, 
May 8. May 8 is, therefore, the equated time of payment. 
The arithmetical work should be arranged as follows: 


Dur DATE AMOUNT TIME INTEREST 
Mlebes cle AR esyd0) 116 da, $4.83 
Apr. 20, 300 66 da. Boo) 
May 5, 450 llega 3.8 3 
Tune 25, 500 no da. .0 0 
$1500 $.25)$1196 
48 da., very nearly 
eo eos 
60 


Equated time is 48 da. earlier than June 25, or May 8. Ans. 


EXAMPLES FOR PRACTICE 


Solve the following examples: 
1. A owes B $500 due in 8 months, and $900 due in 4 months. 


When may 1 equitably pay B both debts in one payment? 
Ans. 5 mo. 13 da. 


2. Find the equated time for paying $400 due May 10, $500 due 
June 20, $900 due July 30, and $1,000 due Aug. 15. Ans. July 17 


3. Tefft, Weller & Co. sold to E. King & Co. goods as follows: on 
June 15, $2,500 on 30 days’ credit, and, on June 30, $3,600 on 20 days’ 
credit. Find the equated date of payment. Ans. July 18 


4. What is the equated time for the payment of three notes: one for 
$600, dated Aug. 9, 1912, for 3 months; the second for $800, dated 
Oct. 1, 1912, for 2 months; the third for $1,200, dated Dec. 21, 1912, for 
6 months? Ans. Feb. 27, 1913 


5. On Jan. 1, 1914, a merchant sold a bill of goods amounting to 
$3,600, payable as follows: 4 in 30 days, 4 in 60 days, and the remainder 
in 90 days. Jind the equated time of payment. Ans. Feb. 20, 1914 


Cn 
_ 
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EQUATION OF ACCOUNTS 


120. The time at which an account having a debit and credit 
side may be equitably settled can be found in much the same 
manner as the equated time of payment. The process is called 
the equation of accounts. The method is employed par- 
ticularly by business houses selling goods on credit, since by 
this method the balances of accounts may be readily deter- 
mined at any time. 

In finding the equated time of an account some date, called 
the focal date, is selected and the standing of the account with 
reference to that date is determined, interest being reckoned 
to that date on all bills due and on all payments previously 
made, and discount being computed on items of the account 
not due at that date. If the balance of interest on the credit 
side of the account is greater, credit should be extended for the 
balance of the account to equalize the excess of interest. If, 
on the other hand, the interest is greater on the debit side, the 
equated time of payment will be earlier than the focal date. 
The solutions of the following examples will make the method 
clear. 

ExampLe~—l'ind the equated time for the settlement of the following 
account: 

HENRY WARDELL 


1911 1911 
| eerie es ee . : 
Jan. 20 | Mdse., 30 da., 800 | | Mar. 1 | Cash, 400 
Feb. 18 | Mdse., 90 da., 600 | 20 | Cash, 600 
Mar. 14 | Mdse., 60 da., | 1,000 Apr. iach, 1,000 
Apr. 10 | Mdse., 30 da., | 1,200 20 | Cash, 500 


SoLutron.—The date of each item and the amount should be shown 
as in the following table. When credit is given, the date at which the 
bill is due is set down and not the date of sale. For example, 30 da. credit 
is given on the bill sold Jan. 20, making the bill due on Feb. 19. The 
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bill of goods sold on Feb. 18 is due May 19, that sold March 14 is due 
May 13, and that sold April 10 is due May 10. The latest date, which is 
May 19, will be considered as the focal date. The interest is com- 
puted at 0%. 


INTEREST | INTEREST 

Feb. 19,$ 800 89da. $11.87 | Mar. 1,6 400 79da. $ 5.27 
May 19, 600 no da. .00 | Mar. 20, 600 60 da. 6.0 0 
May 13, 1000 6 da. 100] Apr. 1, 1000 48 da. 8.00 
May 10, 1200 9dia. 1.80 | Apr. 20, 500 29 da. 242 
$3600 $14.67 $2500 $21.69 

2500 14.67 

$1100 $.183)$7.02 

3 8da. 


Interest on $1,100 for 1 da. =$.183. 
38 days after May 19 is June 26, the equated time of payment. Ans. 


EXPLANATION.—The condition of the account on May 19 is 
determined. Interest is charged on each bill of goods for the 
time from the date the bill is due to the focal date, and credit 
is given for interest on each payment, reckoned from date of 
payment until the focal date. The total interest on the debit 
side is $14.67 and on the credit side is $21.69. Mr. Wardell 
should, therefore, receive credit for $7.02 if the bill is settled 
on the focal date. To find how far credit may be extended 
for $1,100, the balance of the account, we divide $7.02 by the 
interest on $1,100 for 1 day. The interest on $1,100 for 1 day 
is $183. In 38 days the interest will amount to $7.02. 
Mr. Wardell should have credit until 38 days after May 19, 
or until June 26, for the balance of the account. 

The earliest date can be taken as the focal date and the dis- 
count on each item computed. Again, the focal date can be 
taken between the earliest and latest dates. In this case inter- 
est must be computed on some items and discount on others, 
but with the aid of a little thought the method should not 
present any great difficulty in determining when the balance 
may be paid without discount or interest. 


121. Some accountants prefer to compute the equated time 
by what is known as the products method. The preceding 
example is solved as follows by that method: 
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SOLUTION.— 

Feb. 19, $ 800X89=$71200|Mar. 1, $ 400X79=$31600 
May 19, 600X00= 00] Mar. 20, 600X60= 36000 
May 13, 1000X 6= 6000/Apr. 1, 1000x48= 48000 
May 10, _1200X 9= 10800) Apr. 20, 500XK29= 14500 
$3600 $88000 $2500 $130100 

_2500 88000 

$1100 $1100)$42100 

3 8da. 


EXPLANATION.—In this method the interest is not actually 
computed, but the equivalent principal placed at interest for 
1 day is found. Taking the first item, the interest on $800 for 
89 days is equal to the interest on $800 X89 = $71,200 for 1 day. 
There is no interest due on $600 payable May 19. The inter- 
est on $1,000 for 6 days is equal to the interest on $1,0006 
= $6,000 for 1 day. Each item is multiplied by the number of 
days that the due date or date of payment precedes the focal 
date. When these products are added it is seen that 
Mr. Wardell owes on the focal date the interest on $88,000 for 
1 day. He should, on the other hand, receive credit for the 
interest on $130,100 for 1 day. The difference in the interest 
accounts on the focal date is equivalent to the interest on 
$42,100 for 1 day. Dividing $42,100 by $1,100 gives the 
number of days in which the interest on $1,100 equals the 
interest on $42,100 for 1 day. Credit for payment of the 
balance may be extended to 38 days after the focal date. 

It may be observed that this solution gives the same result 
as that in Art. 120. 


122. In the products method, it is not necessary to calcu- 
late the interest on the items. The actual calculation is easier 
than that by the interest method, but large numbers may be 
involved. In the interest method, much smaller numbers are 
used and an error is more likely to be detected. Moreover, by 
this method the balance of an account, including interest, can 
be found directly on any date. 

ExAMPLE 1.—What will be the equated time of payment of the fol- 


lowing account and what will be the balance due: on Jan 2? on 
Jan, 31? Interest at 5%. 
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Wm. BONNER 


1913 1913 _ J 
Sept. | 1] Mdse., 90 da., 800 | Te Sept. | 12] Cash, | 600 
20 | Mdse., 60 da., 900 Oct. | 20] Draft, 30da., | 500 
Oct. | 25] Mdse., 60 da., ; 1,000 Nov. Cash, | 800 
Nov. | 1] Mdse., 30 da., | 2,000 2 | Dec. | 12| Cash, /1,000 


So_ution.—It will be noticed that one of the payments, that of $500 
on Oct. 20, is a 30-da. draft. Since this draft can be cashed for its face 
value only after 30 da., 1. e., on Noy. 19, this payment must be consid- 
ered as having been made on Noy. 19. The latest date entering in the 
statement of the account is 60 da. after Oct. 25, or Dec. 24. 


INTEREST INTEREST 

Nov. 30, $800 24da. $3.20|Sept.12, $600 103 da. $10.30 
Nov. 19, COOe orders 5.25 | Nov. 19, 500 30 da. 2.9 2 
Dec. 24, 1000 noda. .0 0} Nov. 15, 800 39 da. 5.20) 
Dees 1, 2:0/0:0) 2erda:. Reb (| Dees 125) 1 01010 12\da. 2.00 
$4700 $16.12 $2900 $20.42 

2900 L612 

$1800 $.30) $4.30 

1 4da. 


The interest on $1,800 for 1 da. at 6% is $.30. 
The equated time is 14 da. after Dec. 24, which is Jan. 7. Ans. 
If the account is settled on Jan. 2, a discount for 5 da. should be 
made. 
Interest on $1,800 for 5 da. at 6%=$1.50; at 5% interest=$1.25. 
Amount due Jan. 2 is $1,800—$1.25=$1,798.75. Ans. 


Should the account be settled on Jan. 31, interest would be due from 
Jan. 7, or for 24 da. Interest on $1,800 for 24 da. at 5%=$6. 
Amount due on Jan. 31 is $1,800+$6=$1,806. Ans. 


ExampLe 2——When should interest begin on the balance of the fol- 
lowing account? 


HENRY WELLINGTON 


1914 1914 

June | 16 | Mdse., oe || July | 21 | Cash, 800 | 
July | 21 | Mdse., 1,000 Acer | Wii @ash= 1,200 
Aug. | 13 | Mdse., | 2,000 | || Sept.| 2 | Draft, 30 da., | 1,600 


Sept. | 15 | Mdse., | 3,600 | | 23 | Draft, 10 da., | 1,500 


Se 


SOLUTION.— 
INTEREST 
June 16,$1200 109da. $2180 
julye2i LOO" f4da, 12.373 
Aug. 18, 2000 5lda. 17.00 
Sept. 15, 38600 18da. 10.80 
$7800 $61.93 
fy TUCO) 20.7 4 
92700 $45)$4119 
92da 


800 
1200 
1600 
1500 
$5100 


July 21, $ 
Aug. 11, 
Och 2: 
Och ks) 


Interest on $2,700 for 1 da. = $.45. 


Equated time is, therefore, 92 da 


. preceding Oct. 3, or July 3. 


COMMERCIAL CALCULATIONS 


74 da. 
Doudar 

1 da. 
no da. 


OU 
Cl 


INTEREST 
» 9.87 
10.60 
27 

00 
$20.7 4 


In this 


case the interest on the debit side is greater than that on the credit side. 
This indicates that Mr. Wellington should pay the balance of $2,700 


earlier than the focal date. 


Had the excess of interest been on the 


credit side the equated time would have been later than the focal date. 


LOGARITHMS 


ELEMENTARY PRINCIPLES 


PRELIMINARY REMARKS 


1. Logarithms are used to multiply and divide numbers 
and to find the powers and roots of numbers. Many calcu- 
lations are greatly shortened by the use of logarithms, and some 
cannot be conveniently performed without using them. Their 
use would be much more common if they were more generally 
understood, and this understanding is not difficult to obtain. 


2. Every number has a corresponding number, called a 
logarithm, which may be found by the aid of printed tables. 
Later it will be shown how the logarithm of any number can 
be obtained from a table, but it will first be necessary to review 
some mathematical terms and to explain some new terms. 


EXPONENTS 


3. If two or more numbers are multiplied together to pro- 
duce a product, each of the numbers is called a factor. Thus, 
3 and 4 are factors of 12, since 3X4=12. Again, 2, 6, and 10 
are factors of 120, since 26x 10=120. 

The product of a number of equal factors is called a power. 
For example, 49, which equals 77, is the second power of 7. 
Again, 125, which equals 5X55, is the third power of 5; and 
64, which equals 2X2K2X2X2xX2, is the sixth power of 2. 
The second power of a number is called the square of the 
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number, and the third power is called the cube. A small 
figure placed at the right and near the upper edge of a number, 
to indicate how many times the number is to be used as a 
factor, is called the exponent of that number. For example, 
3° is read, three to the fifth power, or three, exponent five, and 
means 3X3X3 X33, which equals 243. A number with the 
exponent 1 is equal to the number itself. Thus, 6! is equal 
to 6, and 10! equals 10. 


4. The product of two or more powers of a number is equal 
to that power of the number whose exponent is equal to the 
sum of the exponents of the number. For example, to find 
the product of 2’ and 2°, the exponents 3 and 5 are added, and 
the sum, 8, 1s written as the exponent of 2. Thus, 2**2° 
= 2th= 28 This result is true, because, 22X2°=(22%2) 
xXOX2K2K2x2)=2). Avan, 2x x2 ota 

The exponent of the quotient obtained by dividing one power 
of a number by another of the same number is found by sub- 
tracting the exponent of the divisor from that of the dividend. 
For example: To divide 2° by 23, the exponent 3 of the divisor 
is subtracted from the exponent 8 of the dividend, and the 
difference, 5, is written as the exponent of 2, for the quotient. 
Thus, 22+ 2?=2%*=2' Again, 10*+10?=10*?= 10?, 


5. Any number with exponent 0 (zero) is equal to 1. For 
example: 10°=1. That this equality is true, may be shown as 
follows: By dividing a power of 10 by the same power, as 10? 
by 10?, it is seen that the result is 10°, because 10?+10?=10?-2 
= 10°, but since a number divided by itself equals 1, it is clear 
that 10°=1. It is important to remember that when the 
exponent of a number is zero, the expression is equal to 1. 


6. In operations with logarithms, it is necessary to use 
positive and negative numbers. ‘The difference in the meaning 
of these terms may be explained as follows: A quantity 
measured in one direction may be called positive, while if 
it is measured in the contrary direction, it may be called nega- 
tive. A positive quantity is indicated by placing the plus 
sign (+) before it, and a negative quantity by placing a minus 
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sign (—) before it. In measuring temperature by a ther- 
mometer, for example, there is a point called zero, from which 
temperature is measured. The temperature above zero may 
be considered positive, and that below zero may be considered 
negative. Thus, 10 degrees above zero may be written +10 
degrees, and read, plus 10 degrees; and 10 degrees below zero 
may be written —10 degrees, and read, minus 10 degrees. A 
positive number may be considered as above zero, and a negative 
number as below zero. 

In ordinary subtraction, a smaller number is always taken 
from a larger one, but in mathematical work it is sometimes 
necessary to subtract a larger number from a smaller one, and 
in this case the result is expressed as a negative number. For 
example, the result obtained by subtracting 5 from 3 may be 
written —2, which shows that 3 lacks 2 of being sufficient for 
the subtraction to be made, or that 5 less than 3 is 2 less than 
Zero. 


7. A negative exponent is one preceded by a minus sign. 
For example, in 10~*, the exponent, —5, is negative. A number 
having a negative exponent is equal to unity divided by the 
number with an equal positive exponent. For example: 


108=— This principle follows from the rule for the division 
of powers, for 1+ 10%=10°+ 10®=10°%=10°3. 


8. Fractional Exponents.—An exponent may be in the 
form of a fraction, either decimal or common; as in the terms 
215%, 217, 1031. A fractional exponent indicates that the 
number having the exponent is to be raised to the power denoted 
by the numerator, and that of this power the root indicated by 
the denominator is to be found. For example, 215' means the 
same as #215, the cube root of 215; 21% means the same thing 
as 9213; that is, the square root of the cube of 21. The expres- 
sion is also equivalent to (+/21)%, or the cube of the square 
root of 21. The expression 10!:*! equals “4/1081; that is, the 
hundredth root of 10 raised to the 18lst power. In the last 
example it will be noted the exponent 1.81 is changed to the 
form of a common ftaction {$+- 
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9. The principle stated in Art. 4, in regard to multiplication 
and division of powers, applies whether the exponents are whole 
numbers or fractions, or whether they are positive or negative 
numbers. For example, the exponent of the product of 10° 
and 10-2 is equal to the sum of 5 and —2, which is 3; that is, 
1 xX10%=10'2=10, The product of 10'2 and 10'* = 10.4" 
=10?5, The fractional exponents, 1.2 and 1.3, are added in 
the same manner as though they were whole numbers. To 
illustrate a case in division in which the exponents are fractions, 
suppose it is required to divide 10?! by 10!°. The exponent 
of the quotient is equal to the difference between the exponents 
1.5 and 2.1; therefore, 10?-1+ 10!-5=10?1-1-5= 10-6, 


EXAMPLES FOR PRACTICE 


Multiply: Divide: 
(a) & by 8%. (ey 2 ys 2 
(b) 3? by 34. Gy aby 128 
(6), LO by 10—. (g) 10? by 10%. 
(d) 10-2 by 0-4: Cay 102 by 11032: 


Express the results as powers. Try to solve all of these examples before 
looking for the answers. 
Ans:—(@) 3"; (0). 3%; (c) 10%; {d) 10:%; (e) 28; (yf) 128: @) 10-4} (a). 10%. 


THE TWO PARTS OF A LOGARITHM 


10. A logarithm is the exponent of the power to which a 
fixed number, called the base, must be raised in order to produce 
agiven number. In all practical computations with logarithms, 
the base is 10, and the term logarithm, as commonly used, may 
be defined as the exponent of the power to which 10 must be 
raised in order to produce a number. The words logarithm of 
are abbreviated Jog, which should be pronounced in full when- 
ever read. 


11. Powers of 10 may be arranged as follows: 
=e 1,000 = 108 
1O== TO! 10,000 = 104 
100 = 10? 100,000 = 10° 
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The logarithm of 100, for example, is 2, because 100= 102, 
and the exponent of 10? is 2. We may, therefore, write log 100 
=2. Similarly, it is seen that log 1,000 is 3, since 1,000= 103, 
and log 10,000 is 4, etc. It should be observed particularly 
that log 1=0, and that log 10 (the base) =1. 

In the following table are arranged 10’s with negative 
exponents: 

it 1 


1J=— =10"! .001 =—_=107° 
10 10° 
OL= ays LOs? 0001 = = Or 
10° 104 
The logarithm of .1 is —1, because .1 =107', and the exponent 
of 107 is —1. Similarly, it is seen that log 01= —2, and 
log .001= —3, etc. The logarithm of any number consisting 


of 1, preceded or followed by ciphers, is a whole number and 
can be obtained by finding to what power 10 must be raised 
in order to produce the number. The logarithms of other 
numbers cannot be obtained directly, and must be found from 
a specially computed table. 

The following logarithms should now be so familiar that they 
will not be forgotten: 


log 1=0 log 1l=-1 
log 10=1 log .0Ol=-—:; 
log 100=2 log .0O1=—: 
log 1000=3 log .0001 = —4 


12. The logarithm of any number between 1 and 10 is 
a fraction, for it is more than 0 and less than 1; the logarithm 
of any number between 10 and 100 is more than 1 and less 
than 2, therefore it is 1 plus a fraction; the logarithm of any 
number between 100 and 1,000 is 2 plus a fraction, etc. A 
logarithm, therefore, usually consists of two parts; a whole 
number, called the characteristic, and a decimal, called the 
mantissa. For example, to produce 20, 10 must have an 
exponent of approximately 1.30108, or 10'°'% = 20, very nearly, 
the degree of exactness depending upon the number of decimal 
places used. Hence, log 20=1.30103, in which 1 is the charac- 
teristic and .30103 the mantissa. 
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18. Characteristics may be positive or negative. A nega- 
tive characteristic is distinguished from a positive one by the 
minus sign (—) written over the characteristic. Thus the 
characteristic 1 is read minus 1, but is not written —1, for 
reasons that will be explained later. 

As log 1=0 and log .1=1, the logarithm of any number less 
than 1 and greater than .1 lies between 0 and —1; that is, it is 
1 plus a fraction. Also, as log .1=1 and log .01=2, the log- 
arithm of any number less than .1 and greater than .01 is 2 plus 
a fraction. Likewise, the logarithm of any number between 
01 and .001 is 3 plus a fraction. 

In other words, the logarithm of any number between 1 
and .1 has a negative characteristic of 1 and a positive mantissa; 
the logarithm of a number between .1 and .O1 has a negative 
characteristic of 2, and a positive mantissa; the logarithm of a 
number between .01 and .001 has a negative characteristic of 3 
and a positive mantissa; the logarithm of a number between 
.001 and .0001 has a negative characteristic of 4 and a positive 
mantissa, etc. 

In every case the mantissa is positive. Thus the number 
1.30103 used as a logarithm means +1+.30103, and the number 
1.30103 used in the same way means —1+.30103. The minus 
sign should not be written in front of the characteristic because 
when so written it indicates that both the characteristic 
and the mantissa are negative; for example, —1.30103 means 
—1—.30103. 


14. The characteristics of logarithms can always be deter- 
mined by the following rules: 


Rule I. For a number greater than 1, the characteristic is one 
less than the number of integral places in the number. 


By integral places is meant the figures in a whole number, 
or in that part of a number that is to the left of the decimal 
point. 


Rule Ul. For a number wholly decimal, the characteristic is 
negative, and 1s numerically one greater than the number of ciphers 
immediately following the decimal point. 
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For example, according to rule I, the characteristic of the 
logarithm of 356 is 2; because 356 is a whole number having 
3 integral places, or figures, and’2 is 1 less than 3. Likewise, the 
characteristic of log 31.24 is 1 because the integral part of 31.24 
contains two places. The characteristic of log 7.53 is 0, and 
of log 1,728.0036 is 3 for similar reasons. 

According to rule II, the characteristic of the logarithm of 
.50072 is 1, since no cipher immediately follows the decimal 
point, and 0+1=1. Likewise, the characteristic of the 
logarithm of .0674 is 2, since there is one cipher to the right 
of the decimal point; and the characteristic of .0005 is 4, for 
a similar reason. 


EXAMPLES FOR PRACTICE 
What are the characteristics of the logarithms of the following numbers? 


(a) 219. (ec) .0079. 
(b) 3007. (f) 1.05. 
(c) 4.245. (g) .000042. 
(d) .3276. (h) 700. 


Ans.—(a) 2; (b) 3; (c) 0; (d) 1; (e) 3; (f) 0; (g) 5; (2) 2. 


THE LOGARITHMIC TABLE 


TO FIND THE LOGARITHM OF A NUMBER 

15. The mantissas of logarithms are found from tables 
especially computed and arranged for use in calculations. On 
page 1 of the Table of Logarithms in this Section are given 
the mantissas of logarithms of numbers from 1 to 100, correct 
to five figures. In the columns headed N., which are called the 
Number Columns, are the numbers, and to the right of each 
number, in the column headed Log, is the mantissa of the 
corresponding logarithm. As is customary, the decimal points 
are omitted in the tables; but it should be remembered that a 
mantissa is entirely decimal and a decimal point should precede 
it in calculations. For example, on page 1, opposite 2 in the 
N. column, the mantissa of log 2 is, with the decimal point 
located, .301038, and of log 3 it is 47712. 
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The mantissas of the logarithms of numbers having the same 
figures in the same order are alike. In other words, the man- 
tissa of the logarithm of a number is the same regardless of 
the position of the decimal point in the number. For example, 
84510 is the mantissa of log 7, and is also the mantissa of the 
logarithm of 70, 700, .7, and .07. The mantissa of the logarithm 
of 5.238 is the same as the mantissa of the logarithm of 5,238 
and of .05238. 


16. The table on page 1 may occasionally be found useful, 
but the tables on pages 2 to 19, which are more extensive, are 
to be consulted in practical use. On these pages are given the 
mantissas of logarithms of numbers from 1,000 to 10,000. In 
the columns headed N. are numbers running from 100 to 1,000. 
To the right are 10 columns headed 0, 1,2, and so on to9. In 
these 10 columns are found the mantissas. In the column 
headed O either three or five figures are printed. In cases 
where the first two figures would be the same as those above 
them, the space is left blank. In the columns headed 1, 2, 3, 
etc., only the last three figures of the mantissas are given, as 
the first two are the same as those of the first mantissa on the 
same line, except where a star (*) occurs. The star indicates 
that the first two figures of the mantissa are found in the first 
mantissa in the line below. 


17. To find the mantissa of the logarithm of a number of 
four figures, look in the column headed N. and find the first 
three figures of the given number. Then follow along the line 
across the page until the column is reached which is headed with 
the same figure as the fourth of the given number. In this 
line and in this column will be found the last three figures of 
the mantissa. For the first two figures take the first two 
figures of the mantissa in the same line, in the column headed 0, 
unless the printed mantissa is preceded by a star. In that case 
take the corresponding two figures in the line below. For 
example, to find the logarithm of 1,040, find 104 in the column 
headed N. on page 2. In the column headed 0, in the same line 
with 104, the figures located there are 703. To the left of 
these three figures is a blank space and, therefore, the two 
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figures above the space are taken; these are 01. The mantissa 
of log 1,040 is consequently .01703. Since there are four 
figures in 1,040, the characteristic is 3, or 1 less than 4, and 
log 1,040 =3.01703. 

To find the logarithm of 1,047, find 104 in the column 
headed N., as before. In the line with 104 and in the column 
headed 7, the fourth figure of the number, find the figures 
printed there; these are 995. On the same line in the column 
headed O, is a blank space; hence, take the first two figures 
above the blank space, namely, 01, and write them before 995, 
making .01995, the mantissa. Since 1,047 consists of four 
figures, its logarithm is 3.01995. 

The mantissa of log 1,048 is found in the same way except 
that the last three figures, 036, in the column headed 8 are 
preceded by a star, indicating that the first two figures are the 
same as for the mantissa in the line below, or 02, found in the 
column headed 0. The mantissa of log 1,048 is, therefore, 
.02036. The characteristic is 3, and log 1,048 =3.02036. 


ExampLe.—Find the logarithms of the following four numbers: (a) 476; 
(b) 25.47; (c) 1.073; (d) .06313. 


SoLuTIon.—(a) To determine log 476, look for this number in the 
first column. It is on page 9. In line with it in the column headed 0 
find 761. Glance upward for the figures to write in the blank space 
before 761 and find 67. The mantissa is, therefore, .67761. The charac- 
teristic is 2, or one less than the number of figures in 476, and log 476 
=2.67761. Ans. 

(b) To determine log 25.47 look for the first three figures, 254, in the 
first column; and in line with 254 in the column headed 7, find 603. In 
the second line above and in the column headed 0 find 40, showing that the 
complete mantissa is .40603. The characteristic is 1, this being one less 
than the number of figures to the lett of the decimal point; therefore, 
log 25.47 =1.40603. Ans. 

(c) Look for 107 in the first column and follow the line to the column 
headed 3, where *060 will be found. The first two figures of the mantissa, 
namely, 03, will be found in the line below and in the column headed 0. 
The complete mantissa is .03060; the characteristic is 0 and log 1.073 
=.03060. Ans. 

In case the characteristic is 0, some computers prefer to indicate it 
thus, log 1.073 =0.03060. 

(2d) Do not consider the cipher at the left of .06313 when looking for 
the mantissa. Find 631, the first three figures, in the first column; then in 
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the same line find the first two figures, 80, of the mantissa in the column 
headed 0 and the last three figures, 024, in the column headed 3. The 
characteristic is 2, according to rule II, and log .06313=2.80024. Ans. 


18. Logarithms of numbers containing more than four 
figures can also be found by the use of the table, but not more 
than five figures of a number need be used when consulting a 
five-place table, for the results obtained in computation would 
not be more nearly exact by the use of a greater number of 
figures. Therefore, all figures beyond the fifth may be con- 
sidered zeros, and if the sixth figure is 5 or more the fifth should 
be increased by 1. Thus, to find the logarithm of 31,415,426 
look for the logarithm of 31,415,000 and to find the logarithm 
of 31,415,926 look for the logarithm of 31,416,000. 

The method of finding log 31,416,000 may be explained as 
follows: The characteristic is 7, or one less than the number of 
figures in the number, and the mantissa is the same as that of 
log 31,416. The mantissa must be greater than that of log 3,141 
and less than that of log 3,142. From the table, the mantissas 
for these two logarithms are, respectively, .49707 and .49721, and 
the mantissa of log 31,416 must be some number between these 
two in value. The next step is, therefore, to find a number to 
add to .49707 in order to give the required mantissa. While 
finding the number to add, decimal points may be disregarded. 

The difference between the mantissas of log 3,141 and 
log 3,142 is 49721—49707=14. At this place in the table, for 
an increase of one unit in the fourth figure of the number there 
is an increase of 14 units in the mantissa. Since 1 unit in the 
fourth place is equal to 10 units in the fifth place, if there should 
be an increase of 1 unit in the fifth place, there would be an 
increase in the mantissa of 54; of 14, or 1.4 units. Now, as the 
fifth figure is 6, the amount to be added is 6X1.4=8.4, or 8, 
neglecting the decimal. The mantissa of log 31,416 is therefore 
49707 +8 =49715; consequently, log 31,416,000 =7.49715. 


19. The difference between two consecutive mantissas is 
called the tabular difference or table difference, and the 
difference to be added on account of the fifth figure in the 
number is called the proportional part. 
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To save time in computation, tables are printed, giving the 
proportional parts of each table difference. On 14 
page 6, for example, in the column headed P. P. is 


1 1.4 

found a group of figures as shown on the right 2 2.8 
herewith. In this group 14 denotes the table 3 4.2 
difference, and under 14 are the proportional parts : a 
corresponding to all units from 1 to 9. . A 
To find the proportional part for 6, forexample, 7 9.8 


when the table difference is 14, look under 14, 8 11.2 
opposite 6. The number found there is 8.4,or 8 9 12.6 
without the decimal. Hence, 8 is to be added to the mantissa 
of log 3,141, as shown before. 


EXAMPLE 1.—Find log 380.93. 


SoLutTion.—The characteristic is 2 and the mantissa must be greater 
than that of the logarithm of 3,809 and less than that of 3,810; that is, 
something must be added to the mantissa of log 3,809 to give the mantissa 
of log 380.93. From the table, the mantissa of log 3,809 is .58081 and the 
mantissa of log 3,810 is .58092. If the decimal points are disregarded, the 
difference between these two mantissas is 11. In the group of numbers 
under 11, incolumn P. P., opposite 3 (the fifth figure of 380.93), is found 3.3, 
which when added to 58081 gives 58084.3. The decimal .3 can be dropped 
and when the decimal point is replaced before the mantissa it becomes 
.58084; therefore, log 380.93 =2.58084. Ans. 


EXAMPLE 2.—Find the logarithm of 1,296,728. 


SOLUTION.—The characteristic is 6. In consulting the table for the 
mantissa, only five figures of the number are considered; namely, 12967. 
The mantissa of log 1,296 is .11261, and the mantissa of log 1,297 is .11294. 
The table difference between these two mantissas is 33; the fifth figure of 
12967 is 7; and in column P. P. under 83 and opposite 7 is found 23.1, the 
number to be added; the decimal .1 may be dropped; 11261+23 =11284, 
and log 1,296,728=6.11284. Ans. 


EXAMPLE 3.—Find log .096725. 


SoLuTION.—Since one cipher immediately follows the decimal point, 


the characteristic is 2. From the table, 
mantissa for log 9,673 = .98556 
mantissa for log 9,672 = .98552 
difference= 4 
P. P. for 5, when the table difference is 4= 2 
‘ 9855242 = 98554 
log .096725=2,.98554, Ans, 
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EXAMPLE 4.—Find log 89.1269. 


SoLution.—The characteristic is 1; 


mantissa for log 8,913 = .95002 
mantissa for log 8,912 =.94998 
difference= 4 
P. P. for 7= 2S) OF a 
94998+3 = 95001 
log 89.1269=1.95001. Ans. 


It should be noted that the fifth figure of 89.1269 is 6 and the sixth is 9. 
If the sixth figure is 5 or more, the P. P. should be found for a figure one 
greater than the fifth, or in this case 7. 


20. After a little experience, a person can make mentally 
all the necessary calculations in obtaining the logarithm of a 
given number from the table. It is not necessary to set down 
the two consecutive mantissas, as the table differences are com- 
paratively small numbers. The table difference being known, 
the proportional part can be found if there is a fifth figure in 
the number, and added mentally to the logarithm of the first 
four figures of the number. 

In looking for the table difference, only the right-hand figure 
need be determined by subtraction. For example, if in search- 
ing for a number near the bottom of page 4 of the tables, it is 
observed that the right-hand figure of the difference is 8, the 
table difference is evidently 18, for the differences on this page 
run from 17 to 21. If near the bottom of page 2 the right-hand 
figure of the table difference is found to be 5, the entire differ- 
ence is 35, as found in the column of proportional parts to the 
right. 


21. The following is the rule for finding, by use of the 
tables, the mantissa, or decimal part, of the logarithm of a num- 
ber that contains five or more figures. 


Rule.—I. If the number consists of more than five figures, 
write ciphers in place of the sixth and remaining figures; and if 
the sixth figure 1s 5 or greater, increase the fifth figure by 1. 


Wi. Find the mantissa corresponding to the logarithm of the first 
four figures, and subtract this mantissa from the next greater man- 
tissa tm the table; the remainder is the table difference. 
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WW. Find in the secondary table headed P.P. a column headed 
by the table difference, and in this column opposite the number 
corresponding to the fifth figure (or fifth figure increased by 1) of 
the given number (this figure is always situated at the left of the 
dividing line of the column) find the P. P. (proportional part) for 
that number. The P.P. thus found is to be added to the mantissa 
found in Il, as in the preceding examples, and the result is the 
mantissa of the logarithm of the given number, as nearly as may 
be foun with five-place tables. 


EXAMPLES FOR PRACTICE 


Find the logarithms of the following numbers: 


(a) .062. (g) 89.428. 
(b) 620. (h) .0010823. 
(c) 21.4. (@) 10,000. 
(d) .000067. (j)  1,923.208. 
(e) 89.42. (k) 3.00026. 
(f) 89.426. (1) .785398. 


Ans.—(a) 2.79239; (b) 2.79239; (c) 1.33041; (d) 5.82607; (e) 1.95143; 
(f) 1.95146; (g) 1.95147; (h) 3.03435; (2) 4; G) 3.28403; (&) .47717; 
(1) 1.89509. 


TO FIND THE NUMBER CORRESPONDING TO A 
LOGARITHM 


22. After a person knows how to obtain the logarithm of a 
number from a table, it is not a difficult matter for him to find 
the number corresponding to a given logarithm. The figures 
that form the number corresponding to a logarithm depend 
entirely on the mantissa, that is, on the decimal part of the 
logarithm; the characteristic serves to indicate where the 
decimal point of the number should be placed. 

To find the number corresponding to a given logarithm, find 
in the table in the column headed 0, the first two figures of the 
mantissa. Glance down the right-hand division of the column 
until the third figure is found. Now, follow along the line 
across the page until the column containing the last two figures 
of the mantissa is reached. The fourth figure of the required 
number will be the game as that at the head of the column and 
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the first three figures are the same as those in that line, in the 
column headed N. _ 

In case the third figure of the mantissa cannot be found in the 
column headed 0, look for the next lower figure, and from this 
point search the other columns for the third, fourth, and fifth 
figures. If a mantissa is found in the column headed 0, whose 
first three figures correspond to those of the given mantissa but 
whose fourth figure is greater than the fourth figure of the given 
mantissa, look in the line above for the remaining figures. 

For example, suppose it is required to find the number whose 
logarithm is 3.56867. The first two figures of the mantissa, 56, 
are found on page 7 of the table. Now search for the next 
figure, 8. Glance down the right-hand side of the column 
and find 820, the first number beginning with 8. Follow along 
the line from 820 and find 867 in the column headed 4. The 
fourth figure of the corresponding number is 4. Opposite 820 
in the column headed N. is 370. Hence, the figures of the 
required number are 3704. Since the characteristic is 3, there 
are 3+1=4 figures to the left of the decimal point, and the 
number whose logarithm is 3.56867 is 3,704. Ans. 


23. In case the mantissa is found in the column headed 0, 
the figures of the corresponding number are immediately to 
the left in the column headed N. 


EXAMPLE.—Find the number whose logarithm is 5.95424. 


SoLutTron.—The mantissa is found in the column headed 0 on page 18, 
opposite 900 in the column headed N. Hence, the fourth figure is 0, and 
the first four figures of the number, therefore, are 9000. As the character- 
istic is 5, there are six figures in the integral part of the number, therefore 
ciphers are added to make up the number which, then, is 900,000. Ans. 
Had the logarithm been 5.95424, the number would have been .00009, 
because 5—1=4 ciphers should follow the decimal point. 


24. When a mantissa cannot be found in the table, the next 
lower printed mantissa should be found, and, in the table of 
proportional parts in the column for the corresponding table 
difference, a number equal, or as nearly equal as obtainable, to 
the difference between the printed mantissa and the given man- 
tissa should be sought. The number opposite to this in the 
first vertical line will be the fifth figure of the required number. 


§ 14 LOGARITHMS 15 


EXAMPLE 1.—Find the number whose logarithm is 3.56871. 


SOLUTION.—The mantissa is not found in the table. The next less 
mantissa is 566867; the difference between this and the next greater man- 
tissa is 879—867=12, and the P. P. is 56871—56867=4. Looking in 
the P. P. section for the column headed 12, we do not find 4, but we do 
find 3.6 and 4.8. Since 4 is nearer 3.6 than it is to 4.8, we take the number 
opposite 3.6 for the fifth figure of the required number; this is 3. The 
first three figures are 370, the fourth figure is 4, and the figures of the 
number are 37043. The characteristic being 3, the number is 3,704.3. 

Ans. 

EXAMPLE 2.—Find the number whose logarithm is .93036. 

SoLuTION.—The first three figures of the mantissa, 930, are found in 
the 0 column opposite 852 in the N. column, but since the last two figures 
of all the mantissas in this row are greater than 36, we must seek the next 
less mantissa in the preceding row. We find it to be 93034 (the star 
directing us to use 93 instead of 92 for the first two figures) in the column 
headed 8. The table difference for this case is 039—034=5, and the 
P. P. is 086—034=2. Looking in the P. P. section for the column headed 5, 
we find the P. P., 2, opposite 4. Hence, the fifth figure is 4; the fourth 
figure is 8; the first three figures are 851, and, the characteristic being 0, the 
number is 8.5184. Ans. 

EXAMPLE 3.—Find the number whose logarithm is 2.05753. 

SoLuTion.—The next less mantissa is found in column headed 1 oppo- 
site 114 in the N. column, page 2; hence, the first four figures are 1141. 
The table difference for this case is 767—729=88, and the P. P. is 753 
—729=24. Looking in the P. P. section for the column headed 38, we 
find that 24 falls between 22.8 and 26.6. The difference between 24 and 
22.8 is 1.2, and between 24 and 26.6 is 2.6; hence, 24 is nearer 22.8 than it 
is to 26.6, and 6, opposite 22.8, is the fifth figure of the number. Hence, 
the number whose logarithm is 2.05753=.011416. Ans. 


The fifth figure of the corresponding number can be found 
without the use of the table of proportional parts by dividing 
the P. P. by one-tenth of the table difference. For example, in 
the solution of example 3 the table difference is 38, and the 
corresponding difference for 1 unit in the fifth place equals 77> 
of 38=3.8; hence, the fifth figure of the corresponding num- 
ber = 24+3.8=6+. 

25. Following is the rule for finding a number whose 
logarithm is given: 

Rule I. To find a number whose logarithm 1s given, consider 
ihe mantissa first. Glance along the columns of the table that 
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are headed 0 until the first two figures of the mantissa are found. 
Then glance down the same column until the third figure 1s found 
(or the next less figure than the third). Having found the first 
three figures, glance to the right along the line in which they are 
situated until the last three figures of the mantissa are found. 
Then, the number at the head of the column in which the last three 
figures of the mantissa are found 1s the fourth figure of the required 
number, and the three figures in the same line in the column 
headed N. are the first three figures of the number. 


I. Jf the mantissa cannot be found in the table, find the man- 
tissa which 1s nearest to, but less than, the given mantissa, and 
call it the next less mantissa. Subtract the next less mantissa 
from the next greater mantissa in the table to obtain the table dif- 
ference. Also subtract the next less mantissa from the mantissa 
of the given logarithm, and call the remainder the P.P. Looking 
in the secondary table headed P.P. for the column headed by the 
table difference, find the number opposite the P. P. (or the P. P. 
corresponding most nearly to that just found); this number ts the 
fifth figure of the required number; the fourth figure will be found 
at the top of the column containing the next less mantissa, and the 
fist three figures in the column headed N., and in the row that 
contains the next less mantissa. 


IW. Having found the figures of the number as above directed, 
locate the decimal point by the rules for the characteristic, annexing 
ciphers to bring the number up to the required number of figures 
af the characteristic is greater than 4. 


EXAMPLES FOR PRACTICE 


Find the numbers corresponding to the following logarithms: 


(a) 74429. (f) 3.78942. 
(b) 4.38202. 50210. 
(c) 1.84510. ie 3.63491. 
(d) 1.84510. () 1.07619. 
(ce) 4.96047. (j) 3.23417. 


Ans.—(a) 5.55; (6) 24,100; (c) .7; (d) 70; (e) .000913; (f) 6,157.7; 
(g) 3.1776; (h) .0043143; (z) .11918; (7) .0017146. 
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MULTIPLICATION BY LOGARITHMS 


26. The exponent of the product of the powers of a number 
may be indicated by the sum of the exponents of the factors. 
For example, the product of 2? and 23 is 22 23=2?+3=25 and 
the product of 10 and 10? is 10!X10?=10!t2=10%. Since 
logarithms are exponents of a certain number, the logarithm of 
the product of two or more numbers is equal to the sum of the 
logarithms of these numbers. ‘To illustrate this, take any two 
numbers whose product is found, as 3 and 4, for example. 
Log 3=.47712; log 4=.60206. The sum of .47712 and .60206 
is 1.07918, which, according to the table, is log 12. This shows 
that log 3+log 4=log 12. 

The following is the rule for multiplication by the use of 
logarithms: 


Rule.—To multiply two or more numbers by using logarithms, 
add the logarithms of the several numbers, and the sum will be 
the logarithm of the product. Find the number corresponding to 
this logarithm, and the result will be the number sought. 


ExampLe.—Multiply 4.38, 5.217, and 83 together. 


SOLUTION.— log 4.38= .64147 
log 5.217 71742 
log 83=1.91908 
Adding, 3.27797 =log (4.388 X5.217 X83) 


Number corresponding to 3.27797 is 1,896.6. Hence, 4.385.217 X83 
= 1,896.6, nearly. Ans. 

By actual multiplication, the product is 1,896.58818, showing that the 
result obtained by using logarithms is correct to five figures. The fifth 
figure, however, may not always be exact. 


27. Logarithms are added like ordinary numbers unless 
some of the characteristics are negative. In the latter case, 
add together all the mantissas and the positive characteristics. 
Write down the mantissa and find the difference between the 
characteristic of the sum thus found and the sum of the nega- 
tive characteristics. The difference will be the characteristic 
of the required sum, If the sum of the negative characteristics 
is greater, the characteristic of the result will be negative. 
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EXAMPLE.—Multiply 49.82, .00243, 17, and .97 together. 
SOLUTION.— log 49.82 = 1.69740 

log .00243 =3.38561 

log: 17 = 1.23045 

log 97 =1.98677 

Adding, 0.30023 =log (49.82 .00243 X 17.97) 

Number corresponding to 0.30023 is 1.9963. Hence, 49.82 .00243 
17 ><-97=1.9963. Ans. 

In this case the sum of the mantissas is 2.30023. The 
integer 2 added to the positive characteristics makes their sum 
2+1+1=4; sum of negative characteristics =3-+1=4, whence 
4+4=0. If, instead of 17, the number had been .17 in the 
above example, the logarithm of .17 would have been 1.23045, 
and the sum of the logarithms would have been 2.30023; the 
product would then have been .019963. 


28. In setting down logarithmic calculations, care must be 
taken to designate properly which numbers are logarithms and 
which are numbers corresponding to logarithms. The abbre- 
viation log is to be written only before the number whose 
logarithm is known, or is to be found. It is incorrect to write 
log before the logarithm. This is a point to be carefully noted. 

In the preceding example we may write 0.30023 =log 1.9963, 
but to write log 0.80023 =1.9963 is incorrect, since 1.9963 is 
not the logarithm of 0.30023. 


EXAMPLES FOR PRACTICE 


Find the products of the following by the use of logarithms: 

(a) 100X32X31.64. 

(b) 23.159.64X 7.863. 

(c) .00354X .275 X .0198. 

(d) 2.763X59.87 X .264X .001702. 

Ans.—(a) 101,250; (6) 10,833; (c) .000019275; (d) .074328. 

Solve the following by the use of logarithms: 

(ce) Find the area of a rectangular lot having a frontage of 126 ft. 63 in. 
(equal to 126.54 ft.) and a depth of 286 ft. 3 in. (equal to 286.25 ft.). 

Ans. 36,222 sq. ft. 

(f) What will it cost for six lines of copper wire, 19.36 mi. long, at 
18% cents a Ib. if 1,000 ft. of wire weighs 49.98 lb.2 One mile equals 
5,280 ft. Ans. $5,747.60 
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DIVISION BY LOGARITHMS 


29. In dividing one power of a number by another power of 
the same number, the exponent of the quotient is found by 
subtracting the exponent of the divisor from that of the dividend. 
Consequently, it follows that a logarithm of the result of divi- 
sion of one number by another is found by subtracting the 
logarithm of the divisor from that of the dividend. 

The following is the rule: 


Rule.— To divide one number by another by means of logarithms, 
subtract the logarithm of the divisor from the logarithm of the 
dividend and the result will be the logarithm of the quottent. 

EXAMPLE.—Divide 6,784.2 by 27.42. 

SOLUTION.— log 6,784.2 =3.83150 

log 27.42= 1.43807 
difference = 2.39343 =log (6,784.2 + 27.42) 

Number corresponding to 2.39343 is 247.42. Hence, 6,784.2+27.42 

= 247.42. Ans. 


30. In subtracting logarithms, the operation may sometimes 
be confusing, because the mantissa is always positive and the 
characteristic may be either positive or negative, or the log- 
arithm to be subtracted may be the larger. The following 
method is general: Subtract the mantissas first; change the sign 
of the characteristic to be subtracted, from plus to minus, or from 
minus to plus, as the case may be, and add it to the characteristic 
from which tt 1s to be taken. 


EXAMPLE 1.—Divide 274.2 by 6,784.2. 


SOLUTION.— log 274.2 =2.43807 
log 6,784.2 =3.83150 
difference = 2.60657 
First, subtracting the mantissa .83150 from the mantissa .43807 gives 
.60657 for the mantissa of the quotient. In subtracting, 1 had to be 
taken from the characteristic of the minuend, leaving a characteristic of 1. 
Subtract the characteristic 3 from this, by changing its sign and adding. 
1+3=2, the characteristic of the quotient. Number corresponding to 
3.60657 is .040417. Hence, 274.2+6,784.2=.040417. Ans. 


IL T 271B—35 
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EXAMPLE 2.—Divide .067842 by .002742. 
SOLUTION.— log .067842 = 2.83150 
log .002742 =3.43807 
difference = 1.89343 
Subtracting the mantissas, .83150—.43807 = .39343. Change 3 to +3, 
then 2+3=1. Number corresponding to 1.39343 is 24.742. Hence, 
067842 + .002742 = 24.742. Ans. 


31. The only case that need cause trouble in subtracting 
is where the logarithm of the minuend has a negative character- 
istic, or none at all, and a mantissa less than the mantissa of 
the subtrahend. For example, let it be required to subtract the 
logarithm 3.74036 from the logarithm 3.55145. The logarithm 
3.55145 is equivalent to —3+.55145. Now, if 1 is added to the 
mantissa and 1 is subtracted from the characteristic, the value 
of the logarithm will not be changed. Hence, 3.55145 =(3+1) 
+ (1-+.55145) =44-1.55145. 

3.55145 =44 1.55145 
3.74036 =3-+ .74036 
difference=7+ .81109=7.81109 

Therefore, 3.55145 —3.74036 = 7.81109. 


Had the characteristic of the above logarithm been 0 instead 
of 3, the process would have been exactly the same. 
55145 = 1+1.55145 
3.74036 =3-+ .74036 
difference=4+ .81109=4.81109 
EXAMPLE 1.—Divide .02742 by 67.842. 
SoLuTION.— log .02742 =2.43807 =3+ 1.43807 
log 67.842 =1.83150=1+ .83150 
difference=4+ .60657 =4.60657 


Number corresponding to 4.60657 is .00040417. Hence, .02742+67.842 
= .00040417. Ans. 


EXAMPLE 2.—What is the reciprocal of 3.1416? 


SOLUTION.—Reciprocal of 3.1416= , and = 
3.1416 3.1416 
—log 3.1416. 

log 1=0=1+4+1.00000 

log 3.1416 = 49715 

difference=]+ .50285=1.50285 


Number whose logarithm is 1.50285 is .81831. Ans. 
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EXAMPLES FOR PRACTICE 


Find the quotients of the following by the use of logarithms: 


(a) 564.35 +34.96. (ec) .000119-+.0719. 
(b) 9.643 + 200.04. (f) 1.19+719. 

(c) .16071+-76.8. (g) 1+1728. 

(d) .00624+3.096. (h) 1+.7854. 


Ans.—(a) 16.148; (6) .048204; (c) .0020926; (d) .0020155; (e) .0016551; 
(f) .0016551; (g) .00057871; (h) 1.2732. 
Solve the following by the use of logarithms: 
(i) An automobile factory built 12,996 machines at a cost of $8,972,500. 
What is the average cost of each automobile? Ans. $690.42 
(j) What is the diameter of a circular track 1 mile in circumference? 
The circumference equals 3.1416 xdiameter. One mile =63,360 inches. 
Ans. 20,168 in. 
(k) A cubic foot of water at its greatest density weighs 62.425 pounds. 
What does 1 cubic inch weigh? 1 cubic foot=1,728 inches. 
Ans. .036126 lb. 


INVOLUTION AND EVOLUTION BY LOGARITHMS 


32. Since a power of a number is the product of a number 
of equal factors, a power may be obtained by means of log- 
arithms as follows: 


Rule.— To raise a number to any power, multiply the logarithm 
of the number by the exponent which denotes the power to which the 
number 1s to be raised, and the result will be the logarithm of the 
required power. 

EXAMPLE.—(a) What is the square of 7.92? (b) The cube of 94.7? 

SOLUTION.— 

(a) log 7.92= .89873 


») 
log 7.92?=2 log 7.92=1.79746. Corresponding number is 62.727. Ans. 
(b) log 94.7 =1.97635 
3 


log 94.73=3 log 94.7= 5.92905. Corresponding number is 849,280. Ans. 


33. If the number to be raised to a power is wholly decimal, 
so that the characteristic is negative, multiply the two parts of 
the logarithm separately by the exponent of the number, and 
add the two products together. 
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a 


EXAMPLE.—Raise .0751 to the fourth power. 


SOLUTION.— 
log .0751 =2.87564 
4X .87564 =3.50256 
Won ah 


log .07514=5.50256. Corresponding number is .00003181. Ans. 


34. Since the root of a number is one of its equal factors, 
the product of the logarithm of the root and the index must 
equal the logarithm of the number, and it follows that the 
logarithm of a power divided by the index of the root equals 
the logarithm of the root. Hence the following rule: 


Rule.— To extract any root of a number by means of logarithms, 
divide the logarithm of the number by the index of the root; the 
result will be the logarithm of the root. 


EXAMPLE.—(a) Extract the square root of 77,851; (b) the cube root 
of 698,970. 
SOLUTION.— 
(a) log 77,851 =4.89127 
log ¥77,851 =4 log 77,851 =2.44564 

Corresponding number is 279.02. Ans. 
(b) log 698,970 = 5.84446 

log 1698970 = 4 of log 698,970 = 1.94815 
Corresponding number is 88.746. Ans. 


35. If it is required to extract a root of a number wholly 
decimal, and the negative characteristic does not exactly con- 
tain the index of the root, proceed as follows: 

Separate the two parts of the logarithm; add as many units 
to the negative characteristic as will make it exactly contain 
the index of the root. Add the same number to the mantissa, 
and divide both parts by the index. The result will be the 
characteristic and mantissa of the root. 


EXAMPLE.—Extract the cube root of .0003181. 


SoLUTION.— log .0003181 =4.50256 
log #.0003181 = 3 X4.50256 


Since 4 is not divisible by 3, the index of the root, and as 6 is the next 
figure divisible by 3, add 2 to the mantissa and 2 to the characteristic. 
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log .0003181 =6 + 2.50256 


, ato, 8, 2.50256 _ Z 
§ log .0003181 =, + =2 + 83419 =2.83419 


Corresponding number is .068263. Ans. 


EXAMPLES FOR PRACTICE 


Find the values of the following by use of logarithms: 


(a) 1,728. (d) W110. 
(0) 644. (e) 4.0497. 
(c) 4906.8. (Ff) N28. 
Ans.—(a) 2,985,900; (6) .16777; (c) 5.4876; (d) 1.6154; (e) .36766; 


(f) .7099. 

Solve the following by use of logarithms: 

(g) What must be the length of the side of a square that contains an 
acre, or 43,560 square feet? Ans. 208.71 ft. 


FRACTIONAL POWERS AND ROOTS 


36. In many engineering formulas, exponents in the form 
of fractions occur. A number may be raised to a fractional 
power by the use of logarithms in a manner similar to that 
employed when the exponent is a whole number. 


EXAMPLE.—Find the value of: (a) 4.5:4%; (b) 15.987-2883, 
SOLUTION.— 
(a) log 4.5-4% = .405 Xlog 4.5 
log 4.5=.65321 

405 log 4.5 =.405 X .65321 = .26455 
The number corresponding to .26455 is 1.8889. Ans, 
(b) log 15.987 = 1.20377 

log 15.987-7853 = 2883 X 1.203877 = .34705 
The corresponding number is 2.22386. Ans. 


387. If the number to be raised to a power is a decimal, in 
which case the characteristic of the logarithm will be negative, 
proceed as in Art. 33. 


EXAMPLE 1.—Find the value of .5556:5". 


SoLuUTION.— log 5556 = 1.74476 
615 X.74476=  .45803 
61541) =— .615 
; 1.84303 


The corresponding number is .69667, nearly. Ans. 
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In order to subtract .615 from .45803, it is necessary to add 1 to the 
mantissa of the minuend, and I to the characteristic; or, stated other- 
wise, .45803 =1+1.45803. 


1.405 ss 
EXAMPLE 2.—Find the value of = Y.888. 


SoLUTION.— MON 888 = 888" 
log .888= 1.94841 
= 1 + .94841 
Add — 405 + .405 


log .888 = — (1.405) +1.35341 
—1.405 1.35341 

1.405 1.405 
= —1+.96328, or 1.96328 


Corresponding number is .91892. Ans. 


ras X log .888 = 


In this solution .405 is added to the characteristic, which is negative, 
to obtain a number divisible by 1.405. An equal number is added to the 
mantissa. 


COMPUTATION OF LOGARITHMS 


38. In order to calculate by means of logarithms, a table 
of logarithms is absolutely necessary. The method of com- 
puting a logarithm is not here given because the labor required 
to calculate even a single logarithm is very great and it requires 
the use of higher mathematics; also, a single logarithm, even if 
it could be readily obtained, would be useless, since after it 
was used it would be impossible to find the number corre- 
sponding to the logarithm obtained, without a complete table 
of logarithms such as forms a part of this Section. 


39. Hyperbolic Logarithms.—Any positive number 
except 1, can be used as a base of a system of logarithms. The 
logarithms to the base 10, are called common, or Brigg’s, 
logarithms, and are the ones whose use is explained here. 
Another base used in scientific mathematical analysis is 
2.718281828-+, and logarithms to this base are variously called 
hyperbolic, Napierian, or natural logarithms. The common 
logarithm of any number multiplied by 2.302585 (roughly 2.3) 
gives the natural logarithm of the same number. 
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PRACTICAL APPLICATIONS OF 
LOGARITHMS 


SIMPLIFYING MATHEMATICAL EXPRESSIONS 
40. Logarithms can frequently be used in simplifying com- 
plex mathematical expressions, such as result from the substi- 
tution of numerical values for letters in formulas. It should be 
borne in mind that ordinary logarithms can only be used in 
obtaining products, quotients, powers, and roots. They cannot 


be used in addition or subtraction. 


abl 
EXAMPLE.—In the formula ku d , find k when a=497; 6=.0181; 
rs 


(—162"7 —3 500™and 6— boii. 
SOLUTION.—The expression a b/ means aXbX/, and r s means rXs, the 
signs of multiplication being omitted between letters in the formula as is 


PESO Ret: 497 X .0181X762 


3,300 X .6517 
log 497 =2.69636 
log .0181 = 2.25768 


log 762=2.88195 
log a b] =3.83599 
log 3,300 =3.51851 
log .6517 = 1.81405 
log r s=3.33256 
log a b1=3.83599 
log r s=3.33256 
log R= .50348 
Corresponding number is 3.1874; hence, k=3.1874. Ans. 


41. The solution of the following example illustrates how 
the logarithmic work may be arranged in case one of the factors 
has an exponent. 

Tw 


EXAMPLE.—The formula ee Dw gives the weight of a sphere in 


which W represents the weight; D, the diameter of the sphere; w, the weight 
of a cubic unit of the material; and m (pronounced pi) =3.1416. Find, by 
the use of logarithms, the value of W, when D=.298 in, and w=.3031 Ib. 
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SoLuTion.—log W=log r—log 6+log D%+log w 
log w= log 3.1416= .49715 
log 6= .77815 


Tv = 
log  —=1.71900 
6 
logD = log .298=1.47422 
log D?=3 log .298=2.42266 
log w= log .3031=1.48159 
log = =1.7190 
6 Ss 


log ats log D+ log w=3.62325 
Corresponding number is .0042. W=.0042 lb. Ans. 


The logarithm of ; could have been taken directly from the 


Table of Useful Numbers, found on page 20. Time can often 
be saved in practice by consulting this table. A computer 
should make a similar list of the logarithms of numbers that he 
employs frequently. 


42, In the simplification of the formula used in the follow- 
ing example, it is necessary to raise a factor to a power and to 
extract the root of a quotient. This formula is one that is 
used in hydraulics. 


EXxAMPLeE.—In the formula 


| 1Q 
C= Jin fie ¢ 
h 


find id; when f=.022" 1=2.320-h— Tse and, O= 12:5 
SoLuTion.—log d=log 2.57++4 (log ftlog 1+2 log O—log h) 

log Q = log 12.5=1.09691 
¢ 12.5=2.19382 
log f= log .022=2.34242 
l 0 =3.45025 
log f 1 0? =3.98649 
log h= log 1383=2.12385 


los ——— = 1 86264 
4 of above log= .37253 
log 2.57= .40993 
log d= .78246 
Number corresponding is 6.06. Then, d=6.06, nearly. Ans. 
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43. In the solution of the following example is shown how 
to proceed when terms are connected by the plus (+) sign. 
EXAMPLE.—Find the value of ¢ in the formula c= Va? B, in which a 
=119.72, and b=98.16 
SOLUTION.—Since the terms a? and b? are to be added, the value of each 
must be found independently. 
log a=log 119.72 =2.07816 


log @=2loga@ =4.15632. Corresponding number, 14,332 = a? 
log b=log 98.16 =1.99193 
log b?=2 log 6  =38.98386. Corresponding number, 9,635 = 0b? 


a?+6?=14,332+9,635= 23,967 
log (a?+-b?) =log 23,967 = 4.37962 
log Va?+b2=4 log (a+b?) =2.18981. Corresponding number is 154.81. 
Therefore, c=154.81. Ans. 
By the above formula, the hypotenuse of a right triangle 
can be obtained, when the sides are known; c represents the 
hypotenuse and a and b the sides of the triangle. 


44, In the following solution, the two factors enclosed in 
parenthesis under the radical sign must be simplified before 
logarithms can be applied. 

EXAMPLE.—Find the value of 6 in the formula b= V(c—a)(c+a), in 
which c=1,331 and a=920. 

SoLuTion.—log b=4 flog (c—a)+log (c+a)] 

C=eal 331 dp = 417 
c+a=1,331-+920=2,251 
log 411=2.61384 
log 2,251 =3.35238 
log (c—a)+log (¢+a) =5.96622 
log b=4 5.96622 = 2.98311 
Corresponding number is 961.86. Then, b=961.86. Ans. 


From the formula above, the side of a right triangle can be 
computed when the hypotenuse and the other side are known, 
the letters having the same significance as in the preceding 
example. 


EXAMPLES FOR PRACTICE 


Solve the following by means of logarithms: 
bXcxXd 


(a) Given, a= ; find a, when b=89; c=753; d=.0097; e=36709; 


and f= .08497. 
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(b) Given, v= v2 gh; find v, when g=32.16 and h=220. 

This formula is used in mechanics to find the velocity of a falling body. 
g denotes the velocity acquired each second, in feet per second, and h 
denotes the distance fallen, in feet. 

(c) The area of an equilateral triangle is found by the formula 


Pp - Lae 
A =" V3, in which A =the area and /=the length of a side. Find 4, 


when /= 276.3. 
PAN. 

(d) The formula er 000 is used to compute the horsepower of a 
steam or gas engine. In this, H is the horsepower; P, the average effective 
pressure per square inch on the piston; L, the distance the piston travels 
per stroke, in feet; A, the area of cross-section of the cylinder, in square 
inches; and N, the number of working strokes per minute. Find dH, 
when P = 62.76 pounds; L= 313 inches = 2.625 feet; A = 18.42 square inches; 
and N=92.4. 

Suggestion: log H=log P+log L+log A+log N—log 33,000. 

(e) The following formula, given in the subject of Heat, is used to find 
the absolute temperature of a gas expanding under certain conditions, in 
which 7; and 7, represent temperatures, and P; and P, corresponding 


pressures: 
P\ 3.405 
T,=TX P. 


Bind 7, when 7)=6520, P>=285; and Pi=14,7. 

: ; A405 

Suggestion: log T,=log TAF age (log P2:—log P). 
405 


Ans.—(a) .20840+; (b) 118.96; (c) 33,057; (d) 8.497 —, or 8.5; (e) 1,156-+. 


THE USE OF THREE- OR FOUR-PLACE LOGARITHMS 


45. In many of the calculations of the problems that occur 
in engineering or design, it is useless to carry a result beyond 
a certain number of figures. This may be because the factors 
used are not exact, or because, even were the results computed 
to a great degree of precision, they could not be used with the 
same precision in practice. 

With the use of five-place logarithmic tables, the results 
obtained are correct to four figures, and usually to five. The 
reason that the fifth figure may not be exact is because log- 
arithms are unending decimals, and they must be terminated 
at some point. In the five-place tables, the fraction following 
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the fifth figure is simply dropped if it is less than one-half, 
and when it is more than one-half, one unit is added to the 
fifth figure. Furthermore, an error may occur from dropping 
the decimal from a proportional part. Consequently, there 
may possibly be an error of 1 unit in the fifth place of the 
logarithm obtained from the tables, but usually the error is 
much less. Aiso, when several logarithms are used in a solu- 
tion, the error in one may tend to offset those in others. 

If in practical work a result needs to be carried to only four 
figures, a four-place table would, for most purposes, be suffi- 
ciently accurate, and if only three figures are required, a three- 
place table might be used. 


46. The solutions of the following examples illustrate how 
the work of computation may be shortened and the time of the 
computer saved, when only three or four figures in the results 
are required. However, all calculations made elsewhere in 
this Section are to be carried to five figures for the sake of 
uniformity. 

EXAMPLE.—(a) Divide 273.92 by 41.23, carrying the computation to 
four places. (6) Find the fifth root of 18.4, to three figures. 

SOLUTION.— 

(a) log 273.92 =2.4376 to four places 

3=1.61 


.8224. Corresponding number is 6.644. Ans. 
(b) log 18.4=1.265, to three places 
1 253. Corresponding number is 1.79. Ans. 


*USE OF POSITIVE CHARACTERISTICS 


47. It has been shown that the characteristic of the log- 
arithm of any number less than 1 is negative. It is a very 
common practice to do away with the use of negative charac- 
teristics by increasing each by 10 and subtracting from the 
result as many 10’s as have been added. 

For example, the logarithm of .2 is 1.30103. The character- 
istic 1 is increased by 10, making it 9, and —10 is written after 


*Arts. 47, 48, and 49 are for reference. The study of these articles 
is optional. 
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the logarithm. Thus, log .2=9.30103—10. If the true 
characteristic were 2, this would be changed to 8, since —2-+10 
=8. For example, log .02 would be written 8.30103—10. If 
the true characteristic is 0, either 0 or 10 may be used as the 
written characteristic. 

Many tables containing logarithmic values of numbers that 
are less than 1, give characteristics that are increased by 10 in 
this manner, but —10 is not written after the logarithm in 
tables, as this is not necessary. 


Rule.—The positive form of the characteristic of a logarithm 
of a number less than 1 is obtained by subtracting the number o/ 
ciphers immediately following the decimal point of the number 
from 9. In case no cipher follows the decimal point, the char- 
acteristic is 9. 


ExAmpLe 1.—Find the product of 2,578.6 and .04326. 


SOLUTION.— log 2,578.6= 3.41138 
log .04326= 8.63609—10 
log product = 12.04747 — 10 
or 2.04747 
Corresponding number is 111.55. Ans. 


The logarithm of 2,578.6 is found in the usual way, and also the mantissa 
of the logarithm of .04826. Since one cipher follows the decimal point 
in the latter number, the characteristic equals 9-1=8. Following the 
logarithm, —10 is written to indicate that the characteristic has been 
increased by 10. The positive and the negative parts are added separately. 
The logarithm of the product is 12.04747—10. By subtracting 10 from 12, 
the characteristic becomes 2, and the corresponding number is 111.55. 


EXAMPLE 2.—Divide .64782 by .030075. 


SOLUTION.— log .64782 =9.81145—10 
log .030075 =8.47821—10 


log quotient = 1.33324 


Corresponding number is 21.54. Ans. 


Since in the number .64782 no cipher follows the decimal point, the 
characteristic is 9. One cipher follows the decimal point of .030075; 
hence, the characteristic of its logarithm is 8. The difference between 
the positive parts 8.47821 and 9.81145 is 1.33324. The difference between 
—10 and —10 is 0, and is not written in the remainder. It is not really 
necessary to write —10 after the logarithms of the given numbers, since 10 
has been added to the minuend and 10 has also been added to the sub- 
trahend, and the result is not changed thereby. 
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48. To preserve the positive form of the characteristics, it 
may be necessary to add 20, or more, to a negative character- 
istic, as shown in the following: 

UXAMPLE 1.—Divide .01746 by .27243. 

SOLUTION.— log .01746 =8.24204— 10 = 18.24204 —20 

log .27243 =9.43526—10= 9.43526—10 
log quotient = 8.80678—10 

Number corresponding is .064089. Ans. 

Since the minuend is smaller than the subtrahend, 10 more is added to 
the characteristic of the minuend, making it 18, and the subtraction is 
performed in the usual manner. Since the characteristic of the result 
is 8, the number of ciphers following the decimal point of the corresponding 
number is 9—8=1. 


I 


EXAMPLE 2.—Find the cube root of .32976. 
SOLUTION.— log .382976= 9.51820—10 
= 29.51820—30 
3 log .32976= 9.83940—10 
Corresponding number is .69087. Ans. 


In finding the logarithm of the cube root of a number, the logarithm 
of the number is divided by 3. In this case, the negative part of the 
logarithm is —10, which if divided by 3 will produce a fraction. In order 
to simplify the operation, 10 is increased to 30, and the positive charac- 
teristic 9 is increased to 29, without changing the value of the logarithm 
of .82976. By dividing the positive and the negative parts of the logarithm 
separately, the logarithm of the root is found to be 9.83940 —10. 

In finding any root of a fraction, a sufficient number should be added 
to the positive and the negative characteristics, so that when the negative 
part is divided by the index of the root, the quotient will be 10. 


49. It is well for the beginner to write —10 after each log- 
arithm whose characteristic has been increased by 10, but after 
a little practice this will not be necessary. 

One might be occasionally in doubt as to whether a character- 
istic has been increased by 10 or not. For example, if the 
characteristic is 8, it might be questioned whether the corre- 
sponding number should contain 8+1=9 integral figures, or 9 
—8=1 cipher following the decimal point. This matter 
should not present any difficulty, because the computer would be 
sufficiently familiar with the conditions of the case to know 
whether the corresponding number should be a very large 
quantity or a fraction. 
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CONSTRUCTION AND USE 


ARRANGEMENT OF SCALES 


INTRODUCTION 


1. Usual Form of Slide Rule.—The slide rule is an 
instrument by means of which various mathematical calcula- 
tions may be performed mechanically. It usually consists of 
a boxwood or mahogany body faced with celluloid strips on 
which the scales or graduations are marked. The ordinary 
slide rule, and the form most commonly used, is about 
11 inches long, 1? inches wide, and ? inch thick. There are 
other sizes, some being as short as 5 inches and others 24 inches 
or more in length; but the size most convenient to handle is 
that first mentioned. 


2. Descriptions of Slide Rules.—One form of slide 
rule is shown in Fig. 1, which illustrates the face of the rule. 
There are four scales lengthwise of the rule, and these are 
designated from top to bottom by the letters A, B, C, and D. 
The scales A and B are graduated alike; so are the scales C 
and D. But these two pairs of scales differ in the size and 
number of graduations. The scales A and D are fixed to the 
body of the rule and therefore they are always in the same 
relative positions with respect to each other. The scales B 
and C are fixed to a movable piece called the slide; thus, 
while they always have the same positions relative to each 
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other, they can be moved to 
right or left so as to assume 
any desired position with re- 
spect to the scales A and D. 


3. Another form of slide 
rule is shown in Fig. 2. It has 
the four scales A, B, C, and D, 
just like the rule previously 
described; but in addition it 
has a fifth scale along the mid- 
dle of the slide. This extra 
scale is graduated like the C 
and D scales, but in reverse 
order; in other words, it is the 
same as the C scale would be 
if it were turned end for end. 
As tt ian imverted C scale, 1t 
is designated as the C I scale. 
The advantage of this inverted 
scale lies in reducing the num- 
ber of settings required in per- 
forming certain calculations, as 
will be explained later. 

Along the edge of the rule is 
a scale of the same length as 
the others, but graduated in 
three equal sections that are 
alike. This scale is called the 
E scale and its purpose, as ex- 
plained more fully later, is to 
enable the cubes and cube roots 
of numbers to be found readily. 


4. Runner.—In the upper 
and lower edges of the body of 
the rule are lengthwise grooves 
into which fit the tongues of a 
metal frame a, Fig. 1, known 


Fic. 
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as the runner, and sometimes called a cursor or an indi- 
eator. It carries a plate of glass about an inch square, on 
the under side of which is a fine black line, or hair-line, as 
itiscalled. This line is at right angles to the scales on the rule. 
The runner may be moved to right or left over the face of the 
rule, and the purposes of the hair-line are to refer from one 
scale to another and to assist in reading results from the scales. 


GRADUATIONS 


5. Divisions of the Scales.—The upper scale A, Fig. 1, 
is in two parts that are alike in the number and spacing of the 
graduations; that is, the half of the scale from 1 to 10 is the 
same as the half from 10 to 100. Only the numbers marked on 
the graduations are different. The part from 1 to 10 is called 
the left-hand A scale and the part from 10 to 100 is called the 
right-hand A scale. The scale B is similarly divided, and its 
halves are known as the left-hand B scale and the right-hand 
B scale. 

The ends of each scale are called the indexes, those at the 
left being the left-hand indexes and those at the right the 
right-hand indexes. The left-hand index of each scale is 
marked 1; but the right-hand indexes of scales A and B are 
marked 100, while the right-hand indexes of scales C and D 
are marked 10. In some makes of scales, all the indexes at 
both ends are marked 1 and the middle points of the scales A 
and B are marked 1, as, for example, in the rule shown in 
Fig. 2. 


6. One of the first things noted in connection with the 
graduations, Figs. 1 and 2, is that no two adjacent divisions 
on a scale are equal. For instance, on the scales A and B, 
the distance between the points marked 1 and 2 is divided 
into ten main parts, no two of which are equal in length. 
Each of these ten parts is subdivided into five smaller parts, 
no two of which are equal. Yet each main division repre- 
sents 7'y of the difference between 2 and 1, or 7, of I, or .1, and 
each small division represents 5 of .1, or .02. 
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The portion of the C or D scale between the left-hand index 
1 and the large figure 2 is similarly divided into ten main parts 
each having a value of .1. These parts are subdivided into 
ten smaller parts each representing a value of .01. 


*7, Logarithmic Basis of Graduation.—The adjacent 
divisions on the scales of a slide rule are unequal because the 
scales are graduated to represent the mantissas of the log- 
arithms of the numbers marked on the various divisions, and 
the mantissas do not bear the same ratio as the numbers 
themselves. For example: 


log 1=.00000 log 4=.60206 log 7=.84510 
log 2=.80108 log 5=.69897 log 8=.90309 
log 3=.47712 log 6=.77815 log 9=.95424 


The logarithm of 10 is 1.00000. 

Now, if the scale D were divided into 100,000 equal parts, 
and 30,103 of those equal parts were laid off from the left-hand 
index toward the right, the point marked 2 would be located; 
in other words, the left-hand index represents zero, or the 
logarithm of 1, and the distance from 1 to 2 represents 3S 
or .30103, which is the mantissa of the logarithm of 2. Simi- 
larly, if 47,712 of the 100,000 equal parts were laid off to the 
right from 1, the point 3 would be located; 60,206 parts from 
the left would locate 4; and so on to the right-hand index. 
The distances of the lines marked 2, 3, 4, 5, 6, 7, 8, 9, and 10 
from the left-hand index therefore represent the mantissas of 
the logarithms of those numbers. 

The A and B scales are also divided on the logarithmic 
basis; however, each consists of two similar parts, each of 
which is half the length of the C or D scale. The length of 
each of these halves is taken to represent the logarithm of 10, 
and the graduations are so arranged that the distance of any 
number from the left-hand end of the half represents the 
mantissa of the logarithm of that number. 


*Although the slide rule is based on logarithms, a knowledge of this 
subject is not necessary for its use. Arts. 7 to 11, inclusive, may there- 
fore be disregarded by persons who are not familiar with logarithms. 
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The £ scale, on the edge of the 
rule in Fig. 2, consists of three simi- 
lar scales, each one-third the length 
of the C or D scale; and each part is 
divided logarithmically. 


8. Principle of Operation of 
Slide Rule.—If the logarithms of 
two numbers are added, the sum rep- 
resents the logarithm of the product 
of those numbers. It has been shown 
that the C and D scales are so divided 
that the distances of the various 
points from the left-hand index repre- 
sent the mantissas of the logarithms 
of the numbers marked at those 
points. Therefore, to multiply two 
numbers by means of the slide rule, 
the distances representing their loga- 
rithms are placed end to end and the 
total length is found, which is then 
the mantissa of the logarithm of the 
product of the numbers. To illus- 
trate, Fig. 3 shows how the product of 
1.5 and 2 is found by the slide rule. 
The value 1.5 is located on scale D 
and the left-hand end of scale C is set 
toit. Then the value 2 is found on 
scale C, and the product, 3, is read 
from scale D in line with 2 on scale C. 
The explanation is simple. The dis- 
tance from 1 to 1.5 on scale D is the 
logarithm of 1.5 and the distance from 
1 to 2 on scale C is the mantissa of 
the logarithm of 2. By setting the 
slide as shown, these two distances are 
put end to end, and their total length 
is then the distance from 1 to 3 on 
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the D scale, which is the mantissa of the logarithm of 3. 
Hence, 3 must be the product of 1.5 and 2. 


9. What has just been shown to be true of the product 
of 1.5 and 2 is equally true of the product of any two numbers 
found by the slide rule. For example, let the product of 6.5 
and 8 be required. It is evident that this cannot be found 
by setting the left-hand index of scale C to 6.5 on scale D, and 
reading the product on scale D under 8 on scale C, because, 
when so set, 8 is beyond the end of scale D. However, if the 
right-hand index of the C scale is set to 6.5 on the D scale, 
then below 8 on the C scale will be found the product 52 on 
the D scale. In doing this, the distance representing the 
mantissa of the logarithm of 6.5 is first located on the D scale; 
from that distance is subtracted the entire length of scale C; 
and to the difference is added the distance representing the 
mantissa of the logarithm of 8; the total distance thus found 
is the mantissa of the logarithm of the product of 6.5 and 8. 
Since an entire scale length represents the logarithm of 10 
(which is 1), it is obvious that its subtraction does not affect 
the mantissa of the logarithm of the product in any way. It 
is on such simple properties of logarithms that the various 
operations with the slide rule are based. Since the purpose of 
this Section is to teach the use of the slide rule rather than the 
theory involved, little stress will be laid on the reasons for the 
various operations that will be explained in the following 


pages. 


10. Division is performed by the slide rule by subtract- 
ing the logarithm of the divisor from the logarithm of the divi- 
dend and finding the number corresponding to the difference. 
For instance, let 3 be divided by 2. The setting of the slide 
rule for solving this example is shown in Fig. 38. The point 3 
is located on the D scale and directly above it is set 2 on the 
C scale. Then 1.5, which appears on the D scale opposite 
the index of the C scale, is the quotient. The explanation 
is as follows: On the D scale, the distance from 1 to 3 is the 
mantissa of the logarithm of the dividend 3. On the C scale, 
the distance from 2 to 1 (which is the same as from 1 to 2) 
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is the mantissa of the logarithm of the divisor 2. By plac- 
ing the slide so that 2 on the C scale and 3 on the D scale coin- 
cide, the logarithm of 2 is subtracted from the logarithm of 3 
and their difference is the distance from 1 on the C scale to 
1 on the D scale. This distance is equal to that from 1 to 
1.5 on the D scale, which is the logarithm of 1.5. Hence, 
3+2=1.5, because log 3—log 2=log 1.5. 


11. When the slide rule shown in Fig. 2 is employed, 
multiplication or division may also be performed by using 
the C I and the D scales. However, since the C I scale is 
an inverted C scale, the operations are the reverse of those 
performed when the C and D scales are used. Thus, to 
multiply 3 by 2, set the runner so that the hair-line is exactly 
over 3 on the D scale. Move the slide so that 2 on the C I 
scale is exactly beneath the hair-line; in other words, set 2 on 
the CI scale directly above 3 on the D scale. Then, the 
product 6 is read on the D scale opposite the index of the C J 
scale, which is also the index of the C scale. 

As an illustration of the use of the C J scale in performing 
division, let 6 be divided by 2. The right-hand index of the C 
scale is set to 6 on the D scale. The runner is then moved 
so that the hair-line is exactly over 2 on the C I scale, and 
directly beneath on the D scale is read the required quo- 
tient 3. 


READINGS AND SETTINGS 


12. Reading the Scales.—It is very important that the 
user of the slide rule be able to read values rapidly and cor- 
rectly from the scales, and to set the hair-line of the runner 
or the index of the slide accurately to any desired value on 
the scales. The beginner will probably have more difficulty 
with these matters than with anything else connected with 
the use of the rule, but accuracy and speed can be attained 
by constant practice. 

In order to determine the value indicated by any particular 
graduation other than those marked by figures, it is necessary 
to consider the number of divisions between the figure on the 
left and the figure on the right. A part of the D scale of 
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Fig. 1 is shown in Fig. 4, and the points marked a, 3, c, ete. 
indicate positions at which readings are to be made from the 
scale. The point a lies between the left-hand index | and the 
main division marked 2, and the space between | and 2 is 
divided into 20 larger divisions, each containing 
5 subdivisions, making 100 subdivisions inall. The 
difference between 2 and 1 is 1, and this length, or 
difference, is divided into 100 parts; therefore, each 
part represents yop or .01. As the graduation a lies 
three small divisions to the right of 1, the distance 
from 1 to a must have a value of 3Xzho =130 =-03; 
hence, the reading at ais 14+.03=1.03. 


13. It will be noted that the distance from 1 to 
2, Fig. 4, is marked with small figures 1.1, 1.2, 1.3, 
ete. These values are located at the marks that 
are 10, 20, 30, ete. divisions from the end of the 
scale. As 10 divisions represent roo=.1, the tenth 
mark to the right of 1 has a value of 1+.1=1.1. 
' In the same manner, the twentieth division to the 
right of 1 corresponds to 1+705=1+.2=1.2; and so 
on for the remaining points 1.8, 1.4, ete. to 1.9. 

The point b hes on the middle graduation between 
1.2 and 1.3, and there are 10 divisions between these 
values. As1.3—1.2=.1 and this difference is divided 
into ten parts, each part represents 75 of .1=.01. 
The point 6 is five small divisions to the right of 1.2 
and so the distance from 1.2 to b corresponds to 5 
x .01=.05; therefore, the reading at b is 1.2+.05 
= 1,25. 

The point c is between 1.4 and 1.5 and between 
these two values are 10 divisions, each of which 
must therefore have a value of zy (1.5—1.4)=75 
X.1=.01. Asc lies one division to the right of 1.4, it repre- 
sents a reading of 1.44+.01=1.41. 


Fic. 4 


14. When the point at which a reading is to be found lies 
on a graduation, as in the preceding instances, the value is not 
hard to find. But, in using the slide rule, the readings must 
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often be determined at points that lie between graduations. 
For example, the point d, Fig. 4, does not lie on a graduation. 
Instead, it lies, as nearly as the eye can determine, midway 
between the second and third graduations to the right of 1.6, 
or, in other words, 23 divisions to the right of 1.6. As each 
division represents .01, the value at d is 1.6+(2}.01)=1.6 
+ .025 = 1.625. 

The position of the reading at e must also be judged by eye. 
It lies between the third and fourth graduations to the right 
of 1.7, but closer to the third than to the fourth; in fact, it is 
about one-third of the distance from the third mark to the 
fourth. Consequently, the value of the reading is 1.7 
-+- (33 & 01) =1.7+ 034 = 1.7+ .033 = 1.738. 

The point f, judging by eye, hes about one-half a division 
to the right of the fifth graduation beyond 1.9, or 53 divisions 
to the right of 1.9. The reading at this point, therefore, is 
1.9+ (53 & 01) = 1.9-++.055 = 1.955. 


15. The point g, Fig. 4, lies between 2 and 3. The dis- 
tance between these two points, which represents 3—2=1, is 
divided into 10 main parts, and each main part is further 
divided into five smaller parts. The distance between two 
adjacent main graduations, therefore, represents 75 of 1, 
or .1, and each small division represents $ of .1, or .02. The 
point g lies between 2 and the first main graduation to the 
right of 2, which denotes 2.1; that is, g represents a value 
between 2and 2.1. The point hes on the fourth small gradua- 
tion to the right of 2. As each small division denotes .02, 
four such divisions denote 4 .02=.08; hence, g represents 
2+.08 = 2.08. 

The position of the point h is also between 2 and 3. But 
it will be noticed that the fifth main graduation to the right 
of 2 is longer than any of the others. This line indicates the 
value 2.5. As the point h 1s to the left of it, the correspond- 
ing value at h must be greater than 2 and less than 2.5. By 
observing the main graduations, it is seen that h lies between 
2.3 and 2.4 and that there are 25 small divisions between 2.3 
and h. As each small division represents .02, it follows that 
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1 such divisions represent 2} X.02=.05; hence, h indicates 
2.3+.05 =2.35. 
By a similar course of reasoning, the value at 7 is found to 
be 2.78 and at 7 is found to be 2.99. 


16. Accuracy of Scale Readings.—The part of the C 
or D scale between 1 and 2 contains a greater number of 
divisions than any other part of any scale between two con- 
secutive main graduations, and consequently readings or 
settings can be made with greater accuracy on this part than 
on any other part of any scale. But, from the examples that 
have been given, it is plain that no reading can be accurately 
made beyond four significant figures; and in most cases it 1s 
not possible to obtain an accurate reading to more than three 
significant figures. In any case, the fourth significant figure 
is obtained by estimating by eye the fraction of a subdivision. 
It is therefore only an approximation whose closeness to the 
true value depends on the skill and carefulness of the person 
reading the rule. In general, then, it may be said that the 
results obtained by the slide rule are not correct to more than 
three significant figures; but if a fourth significant figure can 
be approximated, that should be done. 


17. In proceeding from the left to the right on the A, B, 
C, and D scales, the number of divisions between adjacent 
main graduations decreases. For example, on the C and D 
scales, there are 50 divisions between 3 and 4, but between 4 
and 5, 5 and 6, 6 and 7, 7 and 8, 8 and 9, and 9 and 10, there 
are only 20 divisions. Thus, in the part of the C or D scale 
between 4 and the right-hand index, each subdivision has 
a value of .05 instead of .02 as between 2 and 4, or .01 as 
between 1 and 2. Similarly, on each half of the A and B 
scales, each division between 1 and 2 represents .02, between 
2 and 5 represents .05, and between 5 and 10 represents .1. 
These differences must be kept in mind when the scales are 
being used, or confusion and error will result. 


18. Same Setting for Same Significant Figures. 
Another important thing to be kept in mind is that, 7x mak- 
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ing a setting on the slide rule, the decimal point 1s ignored and 
only the significant figures and their order are considered. Thus, 
the hair-line on the runner would have the same position to indi- 
cate .00264, .0264, .264, 2.64, 26.4, 264, 2,640, or any other num- 
ber in which those significant figures occur in the same order. 

To those familiar with logarithms, the reason will be 
apparent if it is borne in mind that the slide rule is so graduated 
that the distance of a point from the left-hand index repre- 
sents the mantissa of the logarithm of the reading at that 
point. Since the mantissa of the logarithm of a number is 
independent of the decimal point, the decimal point is 
ignored in making a setting on the slide rule. 

Since settings are usually made to three significant figures, 
it is convenient to consider that the graduations on the various 
scales represent whole numbers of three figures. For example, 
on theC and D scales of the rule in Fig. 2, the left-hand index 
is called 100, the large figure 2 represents 200, the figure 6 
between 1 and 2 indicates 160, the fourth main division 
between 2 and 3 is 240, etc. 


19. In view of what has just been stated, it is necessary 
to add somewhat to the information given in Arts. 12 to 15. 
It is true that the point a, Fig. 4, represents 1.03; but it also 
represents .103, 103, .0103, 10,300, etc. Similarly, the point b 
may denote .00125, 125,000, 12.5, etc., as well as 1.25. If the 
runner were to be set to 173.3, it would be moved until the 
hair-line stood at e, because 173.3 and 1.733 have the same 
significant figures. Again, the number 23,500 would be indi- 
cated by the point h, which indicates 2.35 equally well. 

Of course, the decimal point must be considered in all calcu- 
lations, if correct results are to be obtained. But with the slide 
rule, the numbers are treated as whole numbers while the actual oper- 
ations with the rule are being performed, and when the significant 
figures of the answer have been obtained, the proper position 
of the decimal point is determined, as will be explained later. 


20. Making Accurate Settings.—In multiplying or 
dividing by the aid of the slide rule, the index of the slide or 
the hair-line of the runner is set to certain given values. The 
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user of the rule should practice this feature of the work until 
he is able to set the hair-line or the index to any value, on any 
scale, with quickness and correctness. Expertness in the use 
of the slide rule is attained only by constant practice. To aid 
the beginner in determining the particular graduation that 
designates a given value, the values of all the graduations on 
the C and D scales are shown in Fig. 5. In order that the 
entire length of the rule may be given to a large scale in the 
illustration, 1t is shown broken into three sections. From 
what has been stated in Art. 18, the division marked 635 
not only indicates 635, but also .0635, 63.5, 6,350, or any other 
number whose significant figures are the same; and this is true 
of all other values shown. 


21. The values shown in Fig. 5 are given to three sig- 
nificant figures, ending with 0 or 5 between 4 and the right- 
hand index. Consequently, to set the hair-line to some value 
that ends in a different figure, it is necessary to approximate. 
For example, let it be required to locate 49.7. This lies 
between 495 and 500—considering the significant figures 
and ignoring the decimal point; and as 497 is closer to 495 
than to 500, the hair-line is set to the point a, Fig. 6. Again, 
let the number be 1,029. This number is between 1,020 and 
1,030, which are indicated by 102 and 103 on the scale; also, 
1,029 is very close to 1,030. Therefore, the hair-line is set to 
the point b to indicate 1,029. Suppose that 321 is the given 
value. This lies midway between 320 and 322. The value 
320 is the second main graduation to the right of 3, and 322 
is denoted by the first small graduation to the right of 320; 
hence, the point c, midway between 320 and 322, is the setting 
that indicates 321. Similarly, d indicates 166.6; e, 2,565; 
f, 0625; g, 791; h, .0403; 2, 512.5; 7, 56.25; k, 948; and J, 3.33. 


22. In calculating by the slide rule, many of the num- 
bers to be used will be found to have four or more significant 
figures, whereas, the settings and readings on the slide rule 
cannot be made accurately to more than three significant 
figures, except on certain parts of the scales. This being true, 
numbers having four or more significant figures should be 
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altered to the nearest number having three significant figures, 
or fewer, except in those cases in which the fourth significant 
figure can be approximated in making the setting. Thus, the 
value 27,658 can not be located on the scale, and so it is taken 
as approximately 27,700. The value 277 may then be located 
very readily. If the number is 102,493, it may be taken as 
102,500, and 1025 may easily be located on the scale. In the 
same way, 798,125 becomes 798,000; .0561375 becomes .0561; 
45.083 becomes 45.1; .21448 becomes .2145, which can be 
located on the rule as the middle point between 2140 and 
2150. 


OPERATIONS WITH SLIDE RULE 


MULTIPLICATION 


23. As the C and D scales contain a greater number of 
divisions than the A and B scales between 1 and 10, it is usual 
to employ the C and D scales for multiplication and division, 
because they can be read accurately to a greater number of 
significant figures. However, the A and B scales may be 
used, if so desired. 

To illustrate the use of the slide rule in performing mul- 
tiplication, let the product of 25.6 and 33 be required. As 
already explained, the decimal point is ignored in making the 
setting. The left-hand index of the C scale is set to 256 on 
the D scale, as shown in Fig. 7. As 256 and 25.6 have the 
same significant figures in the same order, setting the index 
of the C scale to 256 on the D scale is equivalent to setting it 
to 25.6. Then, opposite 33 on the C scale will be found 845 
on the D scale. Hence, the first three significant figures of 
the result are 845. The final step of the operation is to deter- 
mine the position of the decimal point. This will now be 
explained. 


24. There are various rules, many of them long and hard 
to remember, by which the decimal point or the number of 
figures in the answer may be found. But, if the slide rule is to 


16 THE SLIDE RULE § 15 


save time in making calculations, it 
will be impossible to use such rules, 
because the time required to work 
out the desired result will be so great 
as to offset the time saved by using 
the slide rule. The simplest and 
quickest way, therefore, is to locate 
the decimal point by inspection and 
approximation. This is the method 
employed by all engineers who use the 
slide rule regularly; but accuracy and 
= speed are attained only by continual 
practice. Asa consequence, the begin- 
S Sg ner should set himself to the task of 
solving all sorts of examples, first per- 
= forming the work with the slide rule 
and then checking his answers by the 
= usual arithmetical operations, until he 
becomes so familiar with the methods 
to be used that his work will be swift 
and accurate. 
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= 25. The product of 25.6 and 33 
was found by the slide rule to have 
the significant figures 845, but there 
= was nothing to indicate whether the 
answer should be 84.5, 845, 8,450, or 
some other number containing the 
same significant figures. However, 
by approximating the two factors and 
es performing a mental calculation, the 
number of figures in the answer may 
quickly be found. For instance, take 
25.6 as approximately 25, and 33 as 
approximately 30. A mental multi- 
plication shows at once that 2530 
=750. In other words, the product 
of 25 and 30 is a whole number that 
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contains three figures. Hence, the 
product of 25.6 and 33, which num- 
bers are only slightly greater than 
25 and 30, will also be a whole num- 
ber containing three figures. The 
result as found from the scale D had 
the significant figures 845; hence, the 
product of 25.6 and 33 is 845. If the 
actual multiplication is performed by 
the usual arithmetical method, the 
product is 844.8, which shows that 
the shde rule gives a result quite close 
to the true result. 


26. Asa further example, let the 
product of .088 and 3.75 be required. 
In this case, if the left-hand index of 
the C scale is set to 88 on the D scale, 
the point 375 on the C scale will be 
outside the rule entirely. When such 
a case as this occurs, all that is nec- 
essary is to use the other index of 
the C scale. In other words, set the 
right-hand index of the C scale even 
with 88 on the D scale, as shown in 
Fig. 8, and opposite 375 on the C scale 
find 33 onthe D scale. The points 88 
and 375 are the settings for the two 
factors .088 and 3.75, since the deci- 
mal points are ignored, and the re- 
sult, 33, found on the D scale, 
indicates that the first two significant 
figures of the answer are 33. The 
position of the decimal point, as be- 
fore, may be found by approximating 
one or both of the factors and making 
a mental calculation. In this case, 
only one factor needs to be thus con- 
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sidered. It is evident that .088 is approximately .1, or yy. If 
3.75 is multiplied by zy, mentally, the result is .375, which 
indicates that the decimal point precedes the first significant 
figure. Therefore, in the product of .088 and 3.75, the deci- 
mal point must precede the first significant figure of the result. 
The significant figures have been found to be 33, and if the 
decimal point is placed before the first figure, the answer 
becomes .33, which is then the product of .088 and 3.75. 


27. From what has been given in the preceding articles, 
the following general summary of the operations required in 
multiplication may be made: Set the index (either the left- 
hand or the right-hand, as may be necessary) of the C scale 
to one of the factors on the D scale and opposite the other 
factor on the C scale read the product on the D scale. It 
makes no difference in which order the factors are taken. In 
Art. 23, for instance, the example given was 25.633. It is 
evident that 25.633 has the same product as 33X25.6; 
therefore, the answer could just as correctly be obtained by 
setting the left-hand index of the C scale to 33 on the D scale 
and reading the product from the D scale opposite 256 on the 
C scale. Those familiar with logarithms will recall that in the 
shde-rule operation of multiplication the mantissas of the 
logarithms of the factors are added, and their sum must be 
the same, whichever factor is taken first. 


28. The beginner in the use of the slide rule may have 
some difficulty at first in finding the position of the decimal 
point by the method given in connection with the examples 
in Arts. 23 and 25. Until he gains experience and con- 
fidence, he may determine the correct result by observing 
whether the slide projects to the right or to the left in making 
the setting, and then using the following rule: 

Rule.— Treat both numbers as whole numbers and by the 
slide rule find the significant figures of their product; to these 
annex ciphers until the number of figures is equal to the sum of 
the numbers of figures, in both factors considered as whole num- 
bers, uf the slide projects to the left; but if it projects to the right, 
decrease the number of ciphers by 1. Finally, in this product, 
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point off a number of decimal places equal to the sum of the 
decimal places in both original numbers. 

This rule can be used for all problems in multiplication; 
but it should be abandoned in favor of the more rapid method 
stated in Arts. 24 and 25, just as soon as the operator of 
the slide rule can acquire a fair degree of expertness in per- 
forming calculations. 


29. Apply the foregoing rule to the example in Art. 26. 
Considered as whole numbers, the factors are 88 and 375, and 
the significant figures of the result are 33, obtained by the 
setting shown in Fig. 8. The slide extends to the left, and so 
the product of the factors, considered as whole numbers, must 
contain as many figures as in both factors. As 88 has two 
figures and 375 has three figures, the product of 88375 
must have 2+3=5 figures. So, ciphers are annexed to the 
significant figures 33 to make five figures in all, giving 33,000. 
Now, the original factors contain 3+2=5 decimal places. If 
five decimal places are pointed off in 33,000, the result is 
.33000, or .33, which is the product of .088 and 3.75. 

Consider the example in Art. 23. As whole numbers the 
factors are 256 and 33 and the significant figures of the product 
are 845, as found by the setting in Fig. 7. The slide projects to 
the right and so the number of figures in the product of the 
factors, considered as whole numbers, is 1 less than the sum 
of the numbers of figures in both; that is, it is (8-+2)—-1=4. 
Annex a cipher to 845 to make four figures, and the product of 
256 and 33 is 8,450. The original factors, 25.6 and 33, con- 
tain a total of 1 decimal place. So, point off one place in 
8,450 and the result is 845.0, or 845, which is the product of 
25.6 and 33. 

When the rule shown in Fig. 2 is used, multiplication may 
be performed with the D and C I scales. By the aid of the 
runner, the multiplier on the C J scale is set over the mul- 
tiplicand on the D scale, and the product is read on the D scale 
under the index of the C scale. For example, let the product 
of 25.6 and 33 be required. The decimal point is disregarded 
and the runner is moved so as to bring the hair-line over 256 
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on the D scale. The slide is then 
shifted to bring 33 on the CI scale 
under the hair-line, and under the in- 
dex of the C scale is read the prod- 
uct 845. 

When decimals are multiplied by 
using the CI and D scales it is best to 
determine the position of the decimal 
point by inspection, as in the examples 
of Arts. 25 and 26. However, if it 
is desired to determine the position of 
the decimal point by applying a rule, 
the rule given in Art. 28 cannot be 
applied as it stands. But, if rzght is 
substituted for left, and left is substi- 
tuted for right in the wording of that 
rule, then the rule will apply when 
the CI and D scales are used. 


30. Thus far there have been only 
two factors to be considered; but, in 
very many problems, three or more 
numbers must be multiplied together. 
The principle is the same, but a 
greater number of settings of the slide 
are required. Suppose that the re- 
sult of .25X8.6X.107 X75,186 x 39.6 
is to be found. Ignoring the exact 
position of the decimal point in the 
factors, the values to which the set- 
tings on the rule must be made are 
25, 86, 107, 75,186, and 396. The 
fourth number, 75,186, has five sig- 
nificant figures, and it has already 
been found that settings on the rule 
can be made accurately to only three 
significant figures, except in the case 
of a reading between 1 and 4 on the 
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C and D scales. Consequently, the 
number 75,186 is reduced to three sig- 
nificant figures by making it 752, 
which is the nearest approximate 
value having three figures. The five 
numbers involved in the settings are 
then 25, 86, 107, 752, and 396. 


31. As shown in Fig. 9, the right- 
hand index of the C scale is set to 25 
on the D scale and the runner is 
moved until the hair-line stands di- 
rectly over 86 on the C scale. The 
point at which the hair-line crosses 
the D scale indicates the product of 
the factors .25 and 8.6, but this 
product is not read off, because further 
multiplications are to be made, and 
only the final product is desired; there- 
fore, this product of the first two fac- 
tors 1s merely marked by the position 
of the hair-line. Now, without dis- 
turbing the runner, move the slide 
until the left-hand index of the C scale 
is beneath the hair-line, as in Fig. 10, 
and then, leaving the slide stationary, 
move the runner until the hair-line is 
directly over 107 on the C scale, as in 
Fig. 11. The point where the hair- 
line crosses the D scale then indicates 
the product of .25,8.6,and .107. As 
before, this product is not read, but is 
merely marked by the runner. Next, 
the runner is kept unmoved, and the 
right-hand index of the C scale is 
brought under the hair-line, as in 
Fig. 12. Then the slide is held sta- 
tionary and the runner is moved until 
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the hair-line is over 752 on the C scale, as in Fig. 13. On 
the D scale it marks the product of the first four factors. 
Finally, with the runner stationary, the left-hand index of 
the C scale is brought under the hair-line, as in Fig. 14. Then 
the slide is held stationary while the runner is shifted to bring 
the hair-line over 396 on the C scale, as in Fig. 15. The point 
at which the hair-line crosses the D scale shows a reading of 
685; that is, the product of .25 8.6 .107 X 75,186 X39.6 is a 
number whose first three significant figures are 685. It 
remains to find the correct number of figures in the answer, 
or the position of the decimal point. 


32. When there are several factors in the problem, as in 
the example given in the preceding article, it is not always 
easy to make a mental calculation to determine the position 
of the decimal point. In such a case it is better, in order to 
avoid errors, to approximate the values of the factors and per- 
form a rapid cancelation with pencil and paper. The approxi- 
mate values of the factors in the example just mentioned are 
as follows: 26=4; $.6=9; 107 = 75; 75,186 =75,000; 39.6 
=40. If these are set down and the approximate result is 
found by cancelation, the work will appear as follows: 


10 
1x9 X 75,000 x 40 
eee a5 —— NS 
aT 375,000 


In other words, the product is a number of six figures pre- 
ceding the decimal point; or, the result is a whole number of 
six figures. From the slide-rule operations the first three 
significant figures of the result were found to be 685; hence, 
to obtain six figures, ciphers are annexed, and the answer 
becomes 685,000, which is the product of .25x<8.6X.107 
75 186>5<39.6. according to the slide rule. As the true 
product is 684,942.95628, it is seen that the slide rule gives a 
very close answer. 


14975 X75,000 X40 = 


33. The rule given in Art. 28 may be applied to a prob- 
lem containing several factors, such as the one given in 
Art. 30. These factors, considered as whole numbers, are 
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25, 86, 107, 75,186, and 396, and the 
total number of figures in these num- 
bers is 2-+-2-4-3+5+3=15. The sig- 
nificant figures of the result are 685, 
and if ciphers are annexed to make 
15 figures, the number becomes 685,- 
000,000,000,000. But, in the settings 
made in obtaining the product, the 
slide projected to the right twice. So 
the number of ciphers is reduced by 
two, giving 6,850,000,000,000. The 
total number of decimal places in the 
original factors is 2+1+38+0+1=7. 
Therefore, point off 7 places in the 
final number and the result will be 
685,000.0000000, or 685,000. 


34. When three or more factors 
are to be multiplied together, the type 
of rule shown in Fig. 2 is advanta- 
geous, because the C I scale may be 
used. By its use the product of three 
factors may be found with one set- 
ting of the slide, whereas the type of 
rule shown in Fig. | requires two set- 
tings of the slide for the same prob- 
lem. To illustrate, take the example 
given in Art. 30. The product of 
.25X8.6X.107 may be found with one 
setting of the slide. The method is 
to set one factor on the C I scale to 
the second factor on the D scale, using 
the hair-line on the runner, and then, 
under the third factor on the C scale, 
to read the product on the D scale. 
Thus, as shown in Fig. 16, 25 on the 
CI scale is set directly above 86 on 
the D scale, by aid of the hair-line, 
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and below 107 on the C scale the 
product is found on the D scale. As 
there are two more factors to be used, 
the product of the first three is not 
read, but is marked by moving the 
hair-line directly over it. The slide 
is then moved so as to bring 752 on 
the CTI scale under the hair-line, and 
below 396 on the C scale the final 
product is read on the Dscale. Thus, 
two settings of this type of rule ac- 
complish the same end as several set- 
tings of the type shown in Fig. 1. 


35. If the same number is to be 
multiphed successively by a number 
of different factors, the C I scale may 
be used to advantage. For instance, 
suppose that .434 is to be multiplied 
by 125, 150, 175, 200, 225, ete: ap 
to 1,000. .The runner is first set so 
that the hair-line stands over 434 on 
the D scale. Then the slide is moved 
wntil 1.25, 1.50; 175,200, 2.25 ete: on 
the CI scale are brought in succession 
under the hair-line, and the product 
in each case is read from the D scale 
opposite the index of the C scale. 
Part of the time the reading will be 
found beneath the right-hand index of 
the C scale; but when the factors 
250, 275, etc. are reached, the read- 
ings will be found opposite the left- 
hand index of the C scale. 


36. In solving the example given 
in Art. 30, the factors were used in 
the order stated in the example, but 
this is not the most advantageous 
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order. Obviously, the product will be the same, no matter in 
what order the factors are taken, but the amount of move- 
ment of the slide may be reduced by using the factors in the 
order of the size of their first significant figures, the largest 
first. If so arranged, the problem would be stated in this 
fashion: 8.675,186 39.6 .25.107. The advantage of 
rearranging the factors in this way will be seen at once if 
the multiplication is performed in the order given and the 
slide movements are compared with those made in the 
preceding solution, 


EXAMPLES FOR PRACTICE 
Find by the slide rule the product of: 


(a) 3.7462. (a) 1,709 

(b) 4,211X7,838. (b) 33,000,000 
(c) 1,728 .065. (c) 112.3 
(d) 18.17<124. (d) 2,253 

(e) 287.5X.302. (e) 86.8 

(f) 5,682 543. (f) 3,085,000 
(g) 178.19 1,004. Ans.) (g) 179,000 
(h) .000492 4.1418. (h) .002038 
(i)  .3685X.042. (i) .0155 
(j) 48X375X.0056. (j) 100.8 
(k) .076X 25,486 X 81.1360. (k) 56,600,000 
(1) 1,728X8.5X 24X36 x .0008375. (1) 10,630 
(m) 150X3,5X 452.4118 X .0000303. (m) 849 

DIVISION 


37. WhentheC and D scales are used, division may be per- 
formed by reversing the operations of multiplication; that 
is, the divisor on the C scaleis placed directly over the divi- 
dend on the D scale and the quotient is read from the D scale 
opposite the index of the C scale. The position of the dect- 
mal point in the result may be determined by inspection of 
the approximate values of the dividend and divisor, follow- 
ing the same method as in multiplication. For example, 
let the quotient of 26+.152 be required. As shown in 
Fig. 17, 152 on the C scale is set directly above 26 on the 
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D scale and the significant figures of 
the quotient are 171, found on the 
D scale below the index of the C scale. 
As .152 is approximately 7, the quo- 
tient of 26+.152 is approximately 
26+4+=26X7=182. Hence, the quo- 
tient must be a whole number of three 
figures, and so 171 is the correct 
answer. 


38. Suppose that the quotient of 
5,280+88 is required. The setting of 
the slide rule, given in Fig. 18, shows 
that the significant figure of the result 
is 6. Now, 5,280 is approximately 
5,300 and 88 is approximately 90, and 
5,300 +90=60, nearly. Hence, the 
quotient must contain two figures. 
The first is 6, according to the slide 
rule, so a cipher is annexed to make 
two figures, and the result is 60; that 
is, 5,280+88 =60. 

Again, take 16+ 256 as an example. 
The setting of the rule, shown in 
Fig. 19, gives 625 as the significant 
figures of the result. Assuming that 
16 is approximately 20 and 256 is 
approximately 300, it is seen that 
20+ 300=35 =75=.07, nearly. The 
quotient must therefore be a decimal, 
with the first significant figure two 
places to the right of the decimal 
point; that is, .0625 is the required 
answer. 
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39. As a further example, let 
.1564 be divided by 728. According 
to the setting of the rule, as shown in 
Fig. 20, the significant figures of the 
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quotient are 215. The two numbers, .1564 and 728, may be 
taken as .2 and 1,000, approximately. Then, it is seen at once 
that .2+1,000=.0002, and this result indicates that three 
ciphers intervene between the decimal point and the first sig- 
nificant figure. Hence, writing 215 so that three ciphers inter- 
vene between the decimal point and the first significant figure, 
the result 1s .000215, which is the quotient required. 


40. There are rules by which the number of figures or 
the position of the decimal point may be found when using the 
slide rule for division; but, as stated in connection with the 
rule for multiplication, rules should be used only until suf- 
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ficient familiarity is gained to enable the operator to detet- 
mine the position of the decimal point by the more rapid 
method of approximating the values of the given numbers. 
In division, the given numbers may be whole numbers, mixed 
numbers, or decimals, and so several rules are required to fit 
the different cases that may arise. These cases are as follows: 
1. Dividend greater than divisor, and both whole num- 


bers. 
2 Dividend smaller than divisor, and both whole num- 


bers. 
3. Dividend greater than divisor, and one or both con- 


taining decimals. 
4. Dividend smaller than divisor, and one or both con- 


taining decimals. 


41. When the dividend is greater than the divisor, and 
both are whole numbers, the number of figures to the left of 
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the decimal point in the result may be found by the following 
rule: 

Rule.—/f the quotient 1s obtained with the slide projecting to 
the left, the number of figures in the integral part of the quotient 
is equal to the number of figures in the dividend minus the num- 
ber of figures in the divisor; but if the slide projects to the right, 
the number ts 1 greater than the difference just mentioned. 

Apply this rule to the first example in Art. 38. There are 
four figures in the dividend and two in the divisor, and the 
slide projects to the left, as may be seen in Fig. 18. There- 
fore, the number of figures preceding the decimal point in the 
quotient is 4—2=2, and the answer is 60. 


42. When the divisor is greater than the dividend, the 
quotient is less than 1, and the number of ciphers to be placed 
between the decimal point and the first significant figure of the 
answer is found by the following rule: 


Rule.—/f the quotient 1s obtained with the slide projecting 
to the left, the number of ciphers between the decimal point and 
the first significant figure of the quotient 1s equal to the number 
of figures in the divisor minus the number of figures in the divi- 
dend,; but if the slide projects to the right, the number ts 1 less 
than the difference just mentioned 

To illustrate this rule, consider the second example in 
Art. 38. The dividend has two figures and the divisor has 
three, and the slide projects to the left, as shown in Fig. 19. 
So, the number of ciphers between the decimal point and the 
first significant figure is 3—2=1; that is, .0625 is the quotient. 


43. Asin the division of integers, so, also, in the division 
of decimals, two cases may arise. The divisor may be either 
greater or less than the dividend. The method of procedure 
is as follows: 


Rule.— Treat both numbers as integers and find the result 
by the rule already given for the division of integers. Next, take 
the difference between the number of decimal places in the divi- 
dend and the number of decimal places in the divisor, and call 
this difference n. If the number of decimal places in the div- 
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dend exceeds the number of decimal places in the divisor, move 
the decimal point, in the result already found, n places to the left; 
but if the number of decimal places in the dividend 1s less than 
the number of decimal places in the divisor, move the decimal 
point, in the result already found, n places to the right. 


From the statements just made, it follows that if the num- 
ber of decimal places in the dividend is equal to the number 
of decimal places in the divisor, the result found by treating 
both as integers will be the required answer. There will be 
no necessity for altering the position of the decimal point, 
because the value of » in the rule will be zero. For example, 
if the quotient of 15.625+.375 were required, the decimal 
points would be disregarded and 15,625 would be divided by 
375, giving 41.7 as the answer. 


44. To illustrate the foregoing rule, consider the example 
in Art. 37. If both numbers are treated as whole numbers, 
the problem becomes 26+ 152, and, as shown in Fig. 17, the 
first three significant figures of the result are 171. According 
to the rule of Art. 42, which is used because the dividend is 
smaller than the divisor, the number of ciphers between the 
decimal point and the first significant figure is (3—2)—1=0, 
because the slide projects to the right. That is, 26+152 
=.171. But, the original divisor is .152, which contains 
three decimal places, and the dividend, 26, has no decimal 
places. Therefore, by the rule of the preceding article, the 
decimal point in the quotient just found must be moved three 
places to the right, making the answer 171, which is the quo- 
tient of 26+ .152. 


45. Asa further illustration, let the example of Art. 39 
be used. If both numbers are treated as whole numbers, 
1,564 and 728, the dividend will exceed the divisor and the 
rule of Art. 41 will apply. The setting of the slide rule is 
shown in Fig. 20, and the result thus obtained is 2.15. In 
the original numbers, however, there are 4 decimal places in 
the dividend and none in the divisor, the difference being 
n=4—(0=4; and as the dividend contains the greater number of 
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decimal places, the decimal point in 
the result just found must be moved 
n=4 places to the left, according to 
the rule of Art. 48. When this 
is done, the answer is .000215; that 
is, 1564+ 728 = .000215. 


46. The CTI scale of the rule 
shown in Fig. 2 may be used in 
division, if desired. The index of 
the C scale is set to the dividend on 
the D scale and directly under the 
divisor on the C I scale the quotient 
is read fromthe D scale. Let the 
CI scale be used to find the quo- 
tient of 1.564+72.8. Set the left- 
hand index of the C scale to 1564 on 
the D scale, as shown im Fig. (21; 
then set the hair-line over 728 on 
the CI scale, and below, where the 
hair-line crosses the D seale, will be 
found 215; that is, the significant 
figures of the result are 215. Find 
the position of the decimal point by 
approximating the original numbers; 
for example, 1.564 may be taken as 
1.4 and 72.8 as 70. Then, 1.4+70 
= .02, showing that one cipher must 
come between the decimal point and 
the first significant figure. Hence, 
the result is .0215. 

When the CJ scale is used, the 
rules given in Arts. 41 to 43 cannot 
be used as they stand; but if right 
is substituted for left and left for 
right in the statement of these 
rules, then they will apply to the 
use of the CI scale. 
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47. Incertain classes of work it may be found necessary 
to determine the quotients of a number divided by a series 
of other numbers; that is, a constant dividend is to be divided 
successively by a number of divisors. This may be done by 
using the C and D scales, as described in Art. 37; but the 
slide will have to be reset for each divisor. It is better, there- 
fore, to use the CJ scale, because, in many cases, after the 
index of the slide is set to the dividend on the D scale, there is 
no need to move the slide again, and the runner can be moved 
so as to indicate the several successive divisors. 

Similarly, a constant may be used as a divisor in a series 
of calculations. In such a case, set the index of the C scale 
to the constant divisor on the D scale, and then read the 
quotient on the C scale above the dividend on the D scale. 
In this way, the slide will not need to be moved more than 
once and the hair-line can be set to the successive dividends 
on the D scale. 


EXAMPLES FOR PRACTICE 


Find the quotient of: 


(a) 166+13. (a) 12.77 
(b) 287+45. (b) 6.38 
(c) 3,125+125. (c) 25 
(d) 78+16.1. (d) 4.84 
(e) 13.9+6.72. (e) 2.07 
(f) 160+936. Gey cabal 
(g) 54.27+25. (Oy 27 
(h) 1.05+.18. Ans.< (h) 5.83 
(4) 2,075+8.38. (4) 247.5 
(Gj)  .854+.1065. G) 8.02 
(k) 3.635+272.4. (k) .0133 
(@)  =.12+.192. (Omer 625 
(m) .0212~.706. (m) .03 
(n) 542.7+7,236. (2) .075 
(0) 63.3+128.75. (0) .492 


MULTIPLICATION AND DIVISION COMBINED 


48. All of the examples heretofore dealt with have con- 
tained whole numbers and decimals; but in ordinary calcula- 
tions it will be found that fractions are often involved. For 
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instance, suppose that it is required to find the result of the 
expression sag (.875X9.27xX14). It is evident that a series — 
of operations, involving both multiplication and division, 
must be performed. The first step is to simplify the expres- 
128 X .3875 X9.27X 11 
360 x 16 
is a problem in which the product in the numerator is to be 
divided by the product in the denominator. The continued 
multiplication of the factors in the numerator is 4,900, accord- 
ing to the method of Art. 31, and the product of 360 16 is 
5,760. Then, applying the method described in Art 42, 
4,900 =5,760=.85, which is the value of the original expres- 
sion. 


sion, which then becomes Here, then, 


49, Another way of solving the foregoing example is to 
perform multiplication and division alternately. Thus, the 
several steps would be as follows: Multiply 128 by .375; 
divide that product by 360; multiply the quotient by 9.27; 
divide that product by 16; and multiply the last quotient 
by 11. The result will be .85, as before. This method is con- 
tinuous; that is, it is not necessary to make two sets of mul- 
tiplications and read the products before making the final 
division. Instead, the runner is set to mark each successive 
product or quotient obtained, but none of these values are 
read until the final product is reached. 


50. The position of the decimal point in case of combined 
multiplication and division may be found by the rules already 
given; but that involves noting how often the slide projects 
to the right and to the left in multiplying and dividing, and 
considerable time is required to apply the rules. So it is bet- 
ter to learn the method of approximation already described. 
Take the example of Art. 48, for instance. If the several 
numbers are roughly approximated, the problem may be 
100 X75 X 10 x 10 


4005220 , which, when simplified, is 


set down as 


1004 10X 10 
400 X20 10 
IL T 271B—38 


‘By cancelation this expression reduces to 
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!— 5, showing that the first significant figure of the answer 
must directly follow the decimal point, which agrees with the 
result found in Art. 48. 


EXAMPLES FOR PRACTICE 


Find the values of the following expressions: 
.012 X 375 X 86.4 X 80.9 


(a) .286 


- 72X 1,525 
0083 X 1,785 824 257 
(b) USNs pleas (b) 12 
103 26 
: ; Ans. 
36.72 2,780 127.85 27 
(c) : : — : (tie), 
13.9 ° 4,556 363) 28 
(a) WGi5= ois 126 X eae (d) 20,300 
Se Te 42.83" " 
RECIPROCALS 


D1. The reciprocal of a number is the quotient obtained 
by dividing 1 by that number. The slide rule furnishes a 
very rapid means of finding the reciprocals of numbers. If 
the rule is of the type shown in Fig. 2, the reciprocal of any 
number on the C scale is found directly above, on the C I 
scale; or the reciprocal may be found on the C scale directly 
below the given number on the C I scale. 

If the rule is of the type shown in Fig. 1, set the index of 
the C scale to the given number and read its reciprocal from 
the C scale opposite the index of the D scale; or, set the index 
of the D scale to the given number on the C scale and read 
the reciprocal from the D scale opposite the index of the C 
scale; or, turn the slide end for end, with the B scale next the 
D scale and set the indexes in line at the ends. Then the 
C scale will be upside down, and will read from 1 at the right 
to 10 at the left. In other words, it will be practically a C I 
scale and can be used in the same way to find the reciprocal 
of any number. 


52. Since the values on the C J scale are the reciprocals 
ot the values directly beneath on the C scale, it follows that 
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multiplying by a given value on the 
C scale is equivalent to dividing by the 
corresponding reciprocal on the CI 
scale. Suppose, for example, that the 
problem is 12.66. The multiplier is 
6 and its reciprocal is?.. But, 12.66 
has exactly the same value as 12.6+4, 
for in each case the answer is 75.6. 

It is advantageous to use the CI scale 
for multiplying and the C scale for di- 
viding, because there is no need of 
determining which index of the scale 
must be set to one of the numbers. In 
division, the divisor on the C scale is 
set over the dividend on the D scale 
and the quotient read from the D scale 
opposite the index of the C scale; and 
in multiplication one factor on the 
CTI scale is set over the other on the 
D scale and the product is read from 
the D scale opposite the index of the 
C scale. 
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wlela 53. The slide rule furnishes a con- 
ie Ss venient means for finding the square or 
=a? the cube of a number. If the square is 
gies to be found, the A and D scales are 
Pes used. The runner is set so that the 
Seta [7 hair-line stands over the given number 
a4 on the D scale and the square is read 
%- from the A scale where the hair-line 


crosses it. For example, let the square 
of 2.5 be required. The setting of the 
rule, as in Fig. 22, gives 625 as the sig- 
nificant figures. If 2.5 is taken as 3, 
‘ approximately, the square of that value 
is 9, showing that the square of 2.5 
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must be something less than 9 and 
yet have one figure in the whole- 
number part. Therefore, the decimal 
point is placed after the first signifi- 
cant figure, and 6.25 is the required 
answer. 


54. The position of the decimal 
point may be found, also, by the fol- 
lowing rule: 

Rule.—/f the square is read from 
the left-hand A scale, the number of 
figures in the answer ts 1 less than twice 
the number of figures in the given num- 
ber; if it is read from the right-hand 
A scale, the number of figures in the 
answer 1s twice the number of figures in 
the given number. In erther case, point 
off twice as many decimal places as there 
are in the given number. 

In-the preceding example, the given 
number contains two figures and one 
decimal place and the square is read 
from the left-hand A scale. There- 
fore, according to the rule, the num- 
ber of figures in the result must be 
(2xX2)—1=3, and the number of 
decimal places to be pointed off is 
2xX1=2; hence, 6.25 is the correct 
result. 


55. Let it be required to find the 
square of 8.6. Set the runner at 86 on 
the D scale, as shown in Fig. 23, and 
at the point where the hair-line crosses 
the A scale the reading is 74. As the 
answer is read from the right-hand 
A seale, there must be 2X2=4 sig- 
nificant figures in the result; hence, 
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ciphers are annexed, and the number 
becomes 7,400. But, as the original 
number contains 1 decimal place, the 
square must have 2X1=2 decimal 
places. If two decimal places are 
pointed off in 7,400, the result is 74.00, 
or simply 74, which is the square of 
8.6, according to the slide rule. The 
exact square of 8.6 is 73.96. 

Suppose that the square of .027 is 
required. “Get the runner to 27 on 
the D scale and on the A scale di- 
rectly above read 73; then the first 
two significant figures of the answer 
are 73. As the reading is on the left- 
hand A scale, the number of signifi- 
cant figures in the result is 1 less than 
twice the number of significant figures 
in the given number, or (2X2)—1=3; 
hence, a cipher is annexed to give the 
three figures necessary, and the result 
becomes 730. But, it is necessary to 
point off twice as many decimal places 
as in the original number, or 2X3=6; 
when 6 decimal places are pointed 
off in 730, the answer is .000730, or 
simply .00073. The exact square of 
.027 is .000729. 


56. In finding the cube of a num- 
ber with the rule shown in Fig. 1, it 
is necessary to use the four scales 
A, B, C, and D, as well as the runner. 
The index of the C scale is set to the 
given number on the D scale. Then 
the cube of the number is read from 
the A scale directly over the given 
number on the left-hand B scale, 
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Suppose, for example, that the cube 
of 2 is desired. Place the left-hand 
index of the C scale opposite 2 on the 
D scale. Then, on the A scale, op- 
posite 2 on the B scale, is 8, the re- 
quired answer. The setting of the 
slide and runner is clearly shown in 
Fig. 24. 


57. Ifthe C and D scales are set 
so that their indexes coincide, and 
the C scale is then slowly moved to 
the right, it will be found that, ac- 
cording to the statements in the pre- 
ceding article, the cubes of all numbers 
from 1 to 2.154 can be read from the 
left-hand A scale. The cubes of num- 
bers from 2.154 to 4.641 are read from 
the right-hand A scale. In order to 
obtain the cubes of numbers between 
4.641 and 10, it is necessary to move 
the slide to the left, so as to bring the 
right-hand index of the C scale op- 
posite the given number on the 
D scale, and to read the result from 
the A scale. 


58. The three cases that may 
arise in finding the cube of a number 
by the slide rule may be summed up 
as follows: 

1. Slide moved to the right and 
the cube read from the left-hand 
A scale. 

2. Slide moved to the right and 
the cube read from the right-hand 
A scale. 

3. Slide moved to the left and the 
cube read from the left-hand A scale. 
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Let 1 represent the number of fig- 
ures in the given number and N the 
number of figuresin the cube. Then 
the position of the decimal point may 
be obtained by observing the follow- 
ing rule: 


Rule.—/f the result is obtained with 
the setting described in Case 1, then 
N=3n—2; if by that in Case 2, N 
=3"—1:4f by thatin Case 3, N=3n. 
The number of decimal places 1s always 
three tumes the number of decimal places 
in the given number. 


59. Let the cube of 3.58 be re- 
quired. The left-hand index of the 
C scale is set to 358 on the D scale, as 
in Fig. 25. Then, opposite 358 on the 
left-hand B scale, the first three sig- 
nificant figures of the result are found 
from the right-hand A scale to be 458. 
The cube is found by the setting de- 
scribed in Case 2, Art. 58, and the 
value of mis 38. Then, N=3x3—1 
=8, and there are 3X2=6 decimal 
places. Hence 3.583=45.800000, or 
45.8. 

Again, suppose that 76.25 is to be 
cubed. The right-hand index of the 
C scale is set to 7625 on the D scale, 
asin Fig. 26. Then, on the left-hand 
A scale, opposite 7625 on the left- 
hand B scale, is found 444; that is, the 
first three significant figures of the 
answer are 444. The cube was found 
by the setting described in Case 3, 
Art. 58, and the value of x is 4. 
Then, N=3X4=12, and there are 
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32=6 decimal places. Therefore, 
= 76.253 = 444,000.000,000, or 444,000. 
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60. The cube of a number may 
be found very quickly by using the 
E scale on the edge of the rule of the 
type shown in Fig. 27. The edge of 
the runner is scribed with a line a that 
js exactly in line with the hair-line on 
the glass. Therefore, to find the cube 
of a number, set the hair-line to this 
number on the D scale, and in line 
with the mark a on the edge of the 
runner, read the cube from the EF scale. 
The E scale has three parts that are 
alike. If the cube is found on the 
left-hand E scale, it contains 2 less 
than three times the number of figures 
in the original number; if on the mid- 
dle E scale, 1 less than three times the 
= number of figures in the original num- 
ber; and if on the right-hand E scale, 
three times as many figures as the 
original number. The number of 
decimal places in the answer is three 
times the number of decimal places in 
the original number. 
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61. Suppose that the cube of 35.6 
is to be found by the rule shown in 
Fig. 2. Set the runner to 356 on the 
D scale, as in Fig. 27, and below the 
mark a on the edge of the runner will 
be found 455 on the middle E scale. 
The number of significant figures in 
the result, according to the preceding 
article, is 1 less than three times the 
number of significant figures in the 
original number, or (3X3)—1=8. 
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Hence, the result is 45500000. But, the number of decimal 
places in the original number is 1, and so there will be 3X1=3 
decimal places in the answer; hence, 45500.000, or 45,500, is 
the cube of 35.6. 


62. It is possible to find higher powers of numbers by 
using the slide rule. Thus, the value of 2.3° might be required. 
As 2.3°=2.3X2.3X2.3X2.3X2.3, the problem becomes sim- 
ply a case of continued multiplication and is solved by the 
rules already given for problems of that character. But, as 
2.0 =. K 2.0 X2.0 = 2.0")? 2.0; & quicker method of solv- 
ing is to square 2.3, then square that product and multiply 
the result by 2.8. The number of decimal places to be pointed 
off in the result is five times the number of decimal places in 
the given number. The fourth power may be found by squar- 
ing the square of the number and the sixth power by squaring 
the cube of the number. 


ROOTS 

63. The process of finding the root of a number is the 
reverse of raising a number to a given power. Thus, to find 
the square root of a number, set the hair-line of the runner 
over the given number on the A scale, and directly below, on 
the D scale, read the square root. If the given number has 
an odd number of figures preceding the decimal point, or an 
odd number of ciphers directly following the decimal point 
in case the given number is wholly a decimal, it is necessary 
to use the left-hand A scale. The number of figures pre- 
ceding the decimal point in the root is found by the formula 


m+] 


M= ten in which M denotes the number of figures pre- 


ceding the decimal point in the root and m denotes the num- 
ber of figures preceding the decimal point in the given num- 
ber. The number of ciphers directly following the decimal 
point in the root, in case the given number is wholly a decimal 


is found by the formula M=" 


of ciphers directly, following the decimal point in the root 
and m is the number of ciphers directly following the decimal 


, in which M is the number 
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30 


point in the given number. These 
formulas are used only in those cases 
in which m is an odd number. 


64. If the given number has an 
even number of figures preceding the 
decimal point, or an even number of 
ciphers directly following it, the right- 
hand A scale must be used, and the 
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formula then becomes M/= > 
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Let it be required to find the square 
root of 306.25. As there is an odd 
number of figures preceding the deci- 
mal point, the left-hand A scale is 


12 


u 
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o * 

5 used, and the runner is set to 306, as 

° : shown in Fig. 28. The corresponding 

: = reading on the D scale, to three sig- 

a= « nificant figures,is 175. According to 
3+1 ; 

ss « to the formula, M= Ba that is, 


two figures precede the decimal point 
inthe root. Hence, the result is 17.5. 
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65. The method of finding the 
number of figures in the cube root is 
to point off the number into periods 
of three figures each, counting in each 
direction from the decimal point. 
The root will then contain one figure 
for each period or fraction of a period 
thus set off. If the number is a deci- 
mal or a mixed number, ciphers must 
be annexed at the right until the num- 
: ber of figures to the right of the deci- 
mal point is exactly divisible by 3. 

If the first period contains one 
digit, the left-hand index of the 
C scale is used in connection with the 
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Fig. 29 


left-hand A scale. If the first period 
contains two digits, the left-hand in- 
dex of the C scale is used in connection 
with the right-hand A scale. If the 
first period contains three digits, the 
right-hand index of the C scale is 
used in connection with the left-hand 
A scale. 


66. In order to extract the cube 
root of a number, the process of cub- 
ing is reversed. First, the runner is 
set to the reading on the scale A cor- 
responding to the number whose cube 
root is desired. Then the slide is 
moved to the right or to the left until 
the reading on the B scale under the 
hair-line is the same as that on 
the D scale opposite the index of the 
C scale. This latter reading gives 
the significant figures of the answer. 
Thus, let 4729 be required. The run- 
ner is first set to 729 on the left-hand 
A scale. Then the slide is moved to 
the left until a point is reached at 
which the reading of the B scale under 
the hair-line is the same as the reading 
onthe D scale opposite the right-hand 
index of the C scale. This reading is 
found to be 9, as shown in Fig. 29. 
Hence, 7729=9. 


67. Suppose that the cube root 
of 18,225 isto be found. On pointing 
off, the number is found to contain 
two periods, and so the root has two 
figures preceding the decimal point. 
The first period contains two digits, 
and so the left-hand index of the 
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C scale is used with the right-hand 
A scale. The runner is first set to 
182 on the right-hand A scale, as 
shown in Fig. 30, and the slide is then 
moved to the right until the reading 
on the B scale under the hair-line is 
the same as that on the D scale oppo- 
site the left-hand index of the C scale. 
This reading is found to be 263, to 
three significant figures. As there 
must be two figures to the left of 
the decimal point, the correct answer 
iS, 26.0, 

68. Again, let the cube root of 
.00256 be required. A cipher is 
added, so as to produce two complete 
periods of three figures each, or 
.002’560. The first period has but 
one digit, 2, and so it is necessary to 
use the left-hand index of the C scale 
with the left-hand A scale. The 
runner is set to 256 on the left-hand 
A scale and the slide is moved to the 
right until the reading on the B scale 
under the hair-line is the same as 
that on the D scale opposite the left- 
hand index of the C scale. This 
reading is 137. Asthe original num- 
ber is wholly decimal, and the first 
period contains a digit, the first sig- 
nificant figure of the root directly 
follows the decimal point; hence, the 
required root is .137, to three sig- 
nificant figures. 


69. The E scale on the edge of 
the rule shown in Fig. 2 may be used 
for finding cube root. The given 
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number is first set off into periods of three figures each, as in 
the preceding instructions. If the first period contains one sig- 
nificant figure, the left-hand E scale is used; if it contains two 
significant figures, the middle FE scale is used; and if it contains 
three significant figures, the right-hand FE scale is used. The 
rule for finding the number of significant figures and the 
decimal point in the root are the same as those already given. 

For example, let the cube root of 45.5 be required. Ciphers 
are annexed to make the decimal part a complete period, and 
the number becomes 45.500. As there are two significant 
figures in the first period, the middle E scale is used. The 
mark on the runner is set to 455 on the middle E scale, as 
shown in Fig. 27, and the root is read from the D scale under 
the hair-line, where it is found to be 356. As there is one 
period preceding the decimal point in the given number, one 
figure will precede the decimal point in the answer, and 3.56 
is therefore the cube root of 45.5. 


70. As the fourth power of any number is equal to the 
square of the square of that number, it is also true that 
the fourth root of a number is equal to the square root of the 
square root of the number. That is, to find the fourth root 
of a given number, extract the square root, and then extract 
the square root of that result. The method of using the slide 
rule for extracting square root has previously been described. 


EXAMPLES FOR PRACTICE 


Find the result of: 


(a) 262. (a) 676 

(6) 129%. (b) 2,150,000 
(6) 8b". (c) 52,200,000 
(Gi) (d) 551,000,000 
AN PAR (e) 105 

(Gp ASKayEr, Ans.¥ (f ) 386 

(g)  .0894%. (g) .000715 
(h) W498. (h) 22.3 

(i) 46,125. (i) 18.3 

Gj) 127.44. ° (j) 3.36 


(k)  ~.04365.- (k) .209 


48 THE SLIDE RULE § 15 


MENSURATION 


71. Area of Parallelogram.—The area a of a parallelo- 
gram is equal to the product of the base b and the altitude 
c; or, a=bc. Therefore, if the slide rule is used, the prob- 
lem is simply one of multiplication. Set the index of the 
C scale to the value of b on the D scale and opposite the 
value of c on the C scale read the area aon the D scale. For 
example, let it be required to find the area of a rectangle 
8.8 feet wide and 37.5 feet long. Set the index of the C scale 
to 88 on the D scale and opposite 375 on the C scale will be 
found 33 on the D scale. The slide extends to the left, as 
may be seen from Fig. 8, which shows this setting; therefore, 
the total number of figures in the product of 88 and 375 is 
2+3=5. There are two decimal places to be pointed off, 
and so the answer is 330.00, or 330 square feet. 


72. Area of Triangle.—The area a of a triangle is 
equal to half the product of the base b and the altitude c, or, 
a=%b0¢= a In finding such an area by the slide rule, then, 
the method would be to multiply the values of b and c together 
and divide the product by 2. Suppose that a triangle has a 
base of 74.2 feet and an altitude of 29.7 feet, and the area 
is to be found. Set the right-hand index of the C scale to 742 
on the D scale, and move the runner over 297 on the C scale. 
Then move the slide so as to bring 2 on the C scale under the 
hair-line, and opposite the left-hand index of the C scale 
read 11 onthe D scale. Following the usual rules, the answer 
is found to be 1,100 square feet. 


73. Circumference of Circle.—The circumference c of 
a circle is 3.1416 times the diameter d, or, c=z2d, the char- 
acter signifying 3.1416. Therefore, to find the circum- 
ference of a circle, proceed as in ordinary multiplication. To 
make this sort of calculation easy, the value corresponding to 
3.1416 is marked on the left-hand A and B scales, and is 
indicated by m. Thus, if the circumference of a 21-inch 
circle is to be found, the left-hand index of the B scale is set 
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to w on the A scale and opposite 21 on the B scale is found 
66 on the A scale. Placing the decimal point by inspection, 
the answer is 66 inches. 


74. Area of Circle.—The area of a circle is equal to 
.7854 times the square of the diameter. On some makes of 
slide rules, there is an extra line on the right-hand A and B 
scales to designate the value 7854. Hence, to find the area 
of a circle 24 inches in diameter, for example, set 7854 on 
the B scale to the right-hand or left-hand index of the A scale, 
and above 24 on the D scale read 452 on the B scale. Inspec- 
tion of the original numbers shows that the result must have 
three figures preceding the decimal point; therefore, the area 
is 452 square inches. In other words, to find the area of a 
circle, set 7854 on the B& scale to one of the indexes of the 
A scale, and read the area from the B scale directly above the 
given diameter on the D scale. 


75. Another way of obtaining the same result is to set 
the right-hand or left-hand index of the B scale directly over 
the given diameter on the D scale, and then above 7854 on 
the B scale read the area on the A scale. For example, let 
the area of a 24-inch circle be required. Set the right-hand 
or left-hand index of the B scale to 24 on the D scale, and 
above 7854 on the B scale will be found 452 on the A scale; 
hence, the required area is 452 square inches. 

If the area is given and the diameter is to be found, the 
setting is exactly the same as in either of the two methods 
just given, but is made in the reverse manner, and the final 
reading is taken from the D scale opposite the index of the 
C scale. 


PROPORTION 


76. If three terms of a proportion are known, the fourth 
may readily be found by the slide rule. Locate the first term 
on the A scale, set beneath it the second term on the B scale, 
and below the third term on the A scale read the fourth term 
on the B scale. For example, suppose that the value of x is 
to be found in the proportion 26 :78=5:x. Beneath 26 on 
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the A scale set 78 on the B scale, as 
in Fig. 31, and under 5 on the A scale 
will be found 15 onthe Bscale. From 
inspection of the original proportion, 
it will be seen that the true answer 
she aly 

In case the first two terms have 
significant figures that are nearly the 
same, it will be found more convenient 
to use the C and D scales, as more ac- 
curate results can be obtained. In 
such a case, substitute C for B and D 
for A in the foregoing explanation. 
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Perlis. tee 77. The sliderule may be used for 
Re 5 e7 finding the various trigonometric 
"4 = [== 5 2 functions. On the back of the slide 
El 0 = « are three scales, marked S, L, andT, 
ee eee and known respectively as the sine 
He i==| 2 scale, the logarithm scale, and the tan- 
aie E gent scale. The scale S is graduated 
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to designate angles between 34’ 23” 
and 90°. The graduations of the 
T scale are for angles between 5° 43’ 
and 45°. The L scale is a scale of 
equal parts and is used in finding the 
logarithms of numbers. 

If the slide rule is turned over, a 
cut-out will be found at one end, as 
shown in Fig, 32, and across this open- 
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*Arts. 77 to 85, inclusive, deal with the 
use of the slide rule for finding trigonometric 
functions of angles and logarithms of num- 
bers. They may be disregarded by those not 
famuliar with these subjects. The slide rule 
is seldom used for these purposes, as the 
required values may be taken from tables. 
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ing is a piece of transparent celluloid on which is marked a hair- 
line a. When the S and T scales are used, the slide is drawn 
out until the given angle on the scale comes under the hair-line. 

In some makes of rules, there is a cut-out at each end and 
each bears a mark corresponding to a hair-line. 


78. Finding the Sine.—To find the sine of any angle 
between 34’ 23” and 90°, draw out the slide until the given 
angle on the S scale is beneath the hair-line on the cut-out 
at the back of the rule. Then, without disturbing the setting, 
turn the rule over and read the sine from the B scale opposite 
the right-hand index of the A scale. As an example, let the 
sine of 8° 20’ be required. Set 8° 20’ on the S scale under 
the mark a, as shown in Fig. 32, turn the rule over, and oppo- 
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site the index of the A scale read 145 on the B scale as the 
significant figures of the sine. The position of the decimal 
point is determined as follows: 

Rule.—/f the resuli ts found on the right-hand B scale, the 
first significant figure directly follows the decimal point; if on 
the left-hand B scale, a cipher intervenes between the decimal 
point and the first significant figure. 

In the foregoing example, the result is read from the right- 
hand B scale, and so .145 is the value of the sine required. 


79. As the sine of 90° is 1, the right-hand index of the B 
scale represents 1 when that scale is used for finding the values 
of sines; therefore, the value of the middle index of the B scale 
is .1 and of the left-hand index is .01. As .01 is the value of 
the sine of 34’ 23’’, that is the smallest angle whose sine can 
be found by the direct use of the scale B. 


80. Finding the Cosine.—According to trigonometry, 
the cosine of any angle is equal to the sine of 90° minus that 
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angle; hence, if the cosine of an angle is to be found, subtract 
the angle from 90° and find the sine of the remainder, as 
already explained. The result will be the required cosine. 
For example, let cos 58° 30’ be required. As cos 58° 30’ 
=sin(90° —58° 30’) =sin 31° 30’, set the S scale with 31° 30’ 
under the mark a, Fig. 32, turn the rule over, and read 523 
as the significant figures of the result. This reading is found 
on the right-hand B scale, opposite the index of the A scale, 
and so, by the rule of Art. 78, the decimal point directly pre- 
cedes the first figure; hence, cos 58° 30’ =.523. 


81. Finding the Tangent.—To find the tangent of an 
angle less than 45° set the given angle on the T scale under 
the mark a, Fig. 32, turn the rule over, and read the value of 
the tangent from the C scale opposite the index of the D scale. 
As tan 45° =1, the right-hand index of the C scale has a value 
of 1 for finding tangents; then the left-hand index has a 
value of .1, which is the tangent of 5° 43’, the smallest 
angle on the JT scale. If the angle is greater than 45°, it 
is first subtracted from 90°, the remainder on the T scale 
is set under the mark a, and the desired tangent is read 
from the D scale opposite the index of the C scale. If the 
angle is less than 45°, the first significant figure of the result 
follows the decimal point directly; if it is greater than 45°, 
the decimal point follows the first figure. 


82. Let the tangent of 17° 25’ be required. Set the T 
scale so that 17° 25’ is under the hair-line at the back, turn 
the rule over, and read 314 as the significant figures of the 
result, found on the C scale opposite the index of the D scale. 
As the angle is less than 45° the decimal point precedes the 
first figure; thatus, tan 17° 25 =.314. 

Suppose that the given angle is 72° 35’. This is greater 
than 45°, and so it is subtracted from 90° and the remainder 
is used in making the setting; that is, 90°—72° 35’=17° 25’, 
which is the value on the T scale to be set to the hair-line. 
The significant figures 319 are read from the D scale opposite 
the index of the C scale. As the given angle exceeds 45°, the 
decimal point follows the first figure, and so tan 72° 35’ =3.19. 
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As 5° 43’ is the smallest angle on the T scale, 90°—5° 43’ 
= 84° 17’ is the largest angle whose tangent can be found from 
the scale in the manner described. 


83. Finding the Cotangent.—According to trigo- 
nometry, the cotangent of any angle has the same value as 
the tangent of 90° minus that angle. If the cotangent of any 
angle between 5° 43’ and 84° 17’ is to be found by the slide 
rule, subtract the given angle from 90° and find the tangent 
of the remainder, in the manner just described. The result 
will be the cotangent of the original angle. 


84. Finding the Secant or Cosecant.—The secant of 
an angle is the reciprocal of the cosine of the angle, and the 
cosecant is the reciprocal of the sine of the angle. A simple 
way to find the secant, therefore, is to find the cosine of the 
given angle and then take the reciprocal of that value. Simi- 
larly, to find the cosecant, find the value of the sine of the 
given angle and then take the reciprocal of that value. 


EXAMPLES FOR PRACTICE 


Find the value of: 


(a) sin 16° 30’. (a) .284 
(6) cos 38° 15’ (b) .785 
(ey tani 202 50% (al Ssksut 
(Ge cote? 2355 (7.5 
(e) sec 32° 45’. (e) 1.19 
(f) cosec 10° 30’. nee (f) 5.49 
Ke) etane7en U5 *)(g) 4.81 
(h) cos 66° 30’. (h) .3899 
(z) cot 80° 45’. (z) .163 
Gj) sin 57° 30’. Gj) .843 
(R) sin 49° 15’. (Rk) .758 
(2) cos 52° 45’, |) .605 
LOGARITHMS 


85. The mantissa of the logarithm of any number may 
be found to three significant figures on the slide rule. On the 
under side of the slide, between the S and T scales, is the 
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logarithmic scale, which will be called the L scale. To find 
the mantissa of the logarithm of a number, move the slide 
to the right until the left-hand index of the C scale is opposite 
the given number on the D scale, and then, without dis- 
turbing the position of the slide, turn the entire rule over and 
read the mantissa from the L scale under the index line on 
the back, as shown at a, Fig. 33 (a). The characteristic is 
found in the usual manner. It must be remembered that the 
right-hand index of the L scale denotes zero and the left-hand 
index denotes 1. If this fact is kept in mind, there will be 
no difficulty in finding the number of ciphers between the 
decimal point and the first significant figure of the mantissa. 
If the first three significant figures of the given number are 
126, or some greater number than this, the decimal point in 
the mantissa directly precedes the first significant figure. 

Suppose that the logarithm of 5,325 is required. Set the 
left-hand index of the C scale to 5325 on the D scale, as in 
Fig. 33 (6), and on the L scale, as in (a), read 726. The char- 
acteristic is 3; hence, the logarithm is 3.726. 


GENERAL REMARKS 


86. It is not intended that the foregoing instructions 
shall form a complete treatise on the uses of the slide rule. 
There are very many settings that may be made for solving 
a variety of examples. No attempt has been made to describe 
these special settings, because they refer to the less usual 
forms of problems. If any one has a large number of such 
calculations to make, he may zeadily find the special settings 
required by referring to the book of instructions ordinarily 
supplied by the maker of the slide rule he is using. The aim 
of the foregoing articles is to make clear the methods of per- 
forming ordinary calculations such as may be met with in 
every-day work. 

The various rules for finding the number of figures and the 
position of the decimal point in the answer are necessary for 
the guidance of the person who knows little or nothing about 
the use of the slide rule; but after the user of a rule has become 
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familiar with the various methods to be followed, he will find 
that the determination of the number of figures and the posi- 
tion of the decimal point will become a matter of habit, and 
- that he will not need to pause to recall the particular rule or 
rules to be applied. In fact, if the slide rule is to become a 
saver of time in making calculations, the user of it must 
become so familiar with it, by continual practice, that he will 
not need to look up any rules; and, as has been stated before, 
this familiarity comes only by long-continued use of the slide 
rule. 


87. One of the principal points to be observed in using 
the slide rule is to set the slide and the runner accurately. 
The lines that indicate the given numbers, if on adjacent 
scales, should be set so as to match exactly and form one 
straight line. Similarly, the hair-line on the runner should 
be set so that it indicates correctly the desired number on any 
scale. 

When using the runner, the light should come from above 
or from a point directly in front of the operator. If the source 
of light is at either side, a shadow will be cast on the scales 
by the hair-line, and the shadow will confuse the reading. 
The runner should be examined to see that it is accurately set 
in its grooves. To do so, set the hair-line over 2, 3, 4, etc. 
on the D scale and see whether it crosses 4, 9, 16, etc. on the 
A scale. If it does not do this exactly, it is either faultily 
made or incorrectly adjusted, and it will not give accurate 
results. 


88. The principle on which all slide rules are based is the 
same, although the rules may differ greatly in the arrange- 
ment, number, and use of the scales. The preceding para- 
graphs describe rules such as are in common use for ordinary 
calculations, but there are a great variety of rules made for 
special purposes. For example, there are rules with special 
graduations, and sometimes with more than one slide, for 
calculating the horsepower of engines, finding the flow of 
steam or water in pipes, determining discount and compound 
interest, determining the size of wire for electrical work, esti- 
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mating the sizes of sewers, and for many other purposes. 
Furthermore, calculating devices based on the principle of the 
shde rule may be made cylindrical or circular. The catalog 
of any maker of such devices will show the various forms and 
point out their special uses. 


DETAILS OF CONSTRUCTION 


ADJUSTMENT OF SLIDES 


89. The slide should have an easy fit in its grooves, so 
that it may be moved with little effort and set accurately 
without difficulty ; in other words, it should not be so loose that 
it will fall out if the rule is held vertical, nor should it 
be so tightly held that great force is required to 
move it. 

Differences in weather conditions may so affect 
slide rules as to cause the slides to bind or to become 
loose. Asa result, makers of rules employ various 
forms of construction in an endeavor to obtain 
smooth and easy movement of the slide in all posi- 
tions and in all climates. 


90. One method of providing for the tightness 
of the fit of the slide is illustrated in Fig. 34. The 
upper strip a of the rule, on which the A scale is 
fixed, is made separate from the body and is held in 
place by three screws inserted from the back of the 
rule. These screws, one of which is shown at }, 
are spaced equally throughout the length of the rule. 
They pass through slots in the body of the rule and 
screw into the strip a. The slots are at right angles 
to the direction of movement of the slide, and so the strip a 
may be set over against the slide c with the required pressure 
and then firmly held by tightening the screws b. 


91. Another form of construction intended to serve the 
same purpose is shown in Fig. 35. The back of the body of 
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the rule has a lengthwise groove a, and across the back of the 
rule, extending from end to end, is a steel spring, shown in sec- 
tion at. b. The spring is firmly fastened to the back of the 
rule and furnishes the pressure by which the slide is held 
between the sides of the rule. 

In yet another make of rule, the slot, or guide, in which the 
tongue on the upper edge of the slide moves, contains a spring 
made of metal or a thin strip of wood. This spring presses 
against the edge of the tongue and gives the friction neces- 
sary to hold the slide in any position to which it may be set. 


RUNNERS 


92. The metal-frame runner has the serious disadvantage 
that in certain positions its sides hide the figures on the scales 
yrrty, and make it difficult to 
read the values beneath 
yor 2 the hair-line. To  over- 
ii He HH mu come this disadvantage, the 
iN 9g fe frameless type shown in 
iti filallfilal pbaldy Fie. 36 was constructed 
ae, |3 4 5 6 a : y : 

lt mM H Hi It consists of an oblong 
1 awe Neue AW : 5 6 piece of glass a, flat on 
Ee & both sides, held to the 

guides b and c by screws d. 
The guide b carries a steel 
spring e that bears against the upper edge of the rule and so 
holds the lower guide c flat against the lower edge of the 
rule. The runner is thus kept in such a position that the 
hair-line is always at right angles to the scales. 
As there are no side pieces to the runner, all 
the figures on the rule are visible at all times. 


; é€ 


sup 


93. The plain form of runner shown in pre- 
ceding illustrations has a hair-line scribed on a 
thin square of glass. It may be found difficult 
to set this line accurately on parts of the scale where the 
divisions are small. To obviate this trouble, the magnifying 
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runner was designed, one form of which is shown in Fig. 37. 
The metal frame a carries a narrow strip of glass 6 that is 
flat on the under side, next the face of the rule, and convex 
upwards. The hair-line is marked on the under flat surface 
and the shape of the 
strip causes the hair-line 
to be magnified, as well 
as the divisions of the 
scale directly under it, 
and thus the setting is 
made easier. 


94. The form of run- ! 
ner shown in Fig. 36 may 
be fitted with a magni- 
fying device, if des‘red. 
A magnifier attached to a frameless runner 1s shown in Fig. 38. 
It consists of a convex piece of glass a, flat on its under side, 
and held by tongues b ina metal frame c. This frame has a 
number of clips d by which it may be sprung into place on the 
edges of the runner e,as shown. The glass a is thus held ata 
fixed distance above the runner and so acts as a magnifying 


lens. 
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TABLES 


OF 


Nec Ae estN ES. OS TNES, 
TANGENTS, 
AND -COTANGENTS 


GIVING. THE; VALUES: OF THE FUNCTIONS FOR 
ALL DEGREES AND MINUTES FROM 


O° TO 90° 


NaTuRAL SINES AND CosINEs. 


GO CON ANEW NHHO 


Cosine| Sine 


Her eeae 


ae 3° 
Sine |Cosine|| Sine | Cosine]! Sine |Cosine|| Sine | Cosine 
SATE PRES : 
01745 | -99985 |] -03490 | .99939 || .05234 | «99803 |] .06976 | .99756 
-01774 | -99984 || .03519 | «99938 |] .05263 | «99861 |] 07005 | .99754 
-01803 | .99984 || .03548 | .99937 || .05292 | .99560 || .07034 | .99752 
+01832 | .99983 |] -03577 | -99936 |] 05321 | .99858 || .07063 | -99750 
-01862 | .99983 |] .03606 | .99935 |] .05350 | .99857 || .07092 | .09748 
-or89r | .99982 |) .03635 | .99934 |} .05379 | -99855 |] .o712t | -99746 
-01920 | .99982 || .03664 | .99933 || .05408 | .99854 || .o7150 | .90744 
01949 | «99981 || .03693 | -99932 |] .05437 | .99852 || .07179 | -99742 
-01978 | .99980 || .03723 | «99931 |} .05466 | .a985r || .07208 | .g9740 
02007 | .G9980 || .03752 | «99930 |] .05495 | .99849 || .07237 | -99738 
+02036 | .99979 |] -03781 | .99929 |] .05524 | .99847 || .07266 | .99736 
+00320 | .99999 |} -02065 | .99979 |] .03810 | .99927 |} .05553 | .99346 |] .07295 | -99734 
+00349 | «99999 || -02094 | .99978 |] .03839 | .99926 |} .05582 | .99844 || .07324 | .99731 
+00378 | .99999 || -02123 | .99977 |} .03868 | .ggg25 }} .o56r1 | .99842 || .07353 | -99729 
00497 | -99999 |] -02152 | .99977 || .03897 | .99924 |} .05640 | .g984r || .07382 | .99727 
00436 | .99999 || .o218r | .99976 |] .03926 | .99923 |} .05669 | .99839 |] .o7411 | -99725 
-00465 | .99999']] -o2211 | .99976 |} .03955 | .99922 |} .05698 | .99838 |] .07440 | .99723 
00495 | -99999 || .oz240 | .99975 || -03984 | .ggg2t || .05727 | .99836 || .o7469 | .99721 
00524 | -99999 |} .02269 | .99974 || .o4013 | -99919 || -05756 | .99834 |] -07498 | -99719 
+00553 | -99998 |} .02298 | .99074 || -o4o42 | «99918 |} .05785 | .99833 || .07527 | 99716 
00582 | .99998 || .02327 | .99973 |) .o4o7t | .99917 || .o58r4 | -99831 || .07556 | -99714 
oo6rr | .99998 |} .02356 | .99972 || .o4roo | .ggqr6 || .o5844 | .99829 || .07585 | .99712 
-00640 | .99998 |} .02385 | .99972 || -o4129 | .gQ915 || .c5873 | -99827 07614 | .99710 
-00669 | .99998 |} .02414 | «99971 || .04159 | .Q9Q13 || .o5g902 | .99826 07643 | -99708 
-00698 | .99993 |} .02443 | 99970 |} -04188 | .gQgr2 || .o5931 | .a9824 || .07672 | .99705 
00727 | .99997 || -02472 | .99969 || .o4217 | .gggrI || .o5960 | .99822 || .o770r | .99703 
00756 | .99997 || -o250r | .g9959 || .04246 | .gQ9r0 || .05989 | .9982r |] .07730 | 99701 
+00785 | .99997 |} -02530 | .99968 || .04275 | -99909 || .06018 | .g9819 || .07759 | -99599 
00814 | .99997 || -02560 | .Qq967 || .04304 | .99907 || .o6047 | .90817 07788 | .gq696 
-00844 | .99996 || .02589 | .g9966 || .04333 | -99906 || .06076 | .g98r5 07817 | -99604 
-00873 | .99996 || .02618 | .g9066 || .04362 | .g9905 || .o6105 | .g9813 07846 | .g9602 
oogoz | .99996 || .02647 | .gg9965 || .04391 | -gga04 || .06134 | .g9812 07875 | -99689 | 29 
0093t | .99996 || .02676 | .gaq964 |} .04420 | .gggo2 || .06163 | .gg810 07904 | .99687 | 28 
+00960 | .99995 |] -02705 | .99963 || -04449 | -Q9G0r || .o61gG2 | «99808 07933 | -99685 | 27 
00989 | .99995 || -02734 | .99963 || .04478 | .gggoo0 || .o622t | .g9806 07962 | .99683 | 26 
oror8 | .99995 || -02763 | .99962 |} .04507 | .99898 |) .06250 | .g9804 |} .o7991 | .99680 | 25 
o1047 | .99995 || -02792 | .9996r || .04536 | .99807 || -06279 | .99803 08020 | .99678 | 24 
01076 | .99994 || .02821 | .gQQG6o || .04565 | .gg8Q6 || .06308 | .gg8o1 08049 | .99676 | 23 
orros | .99994 || .o285¢ | .99959 |] -04594 | -99804 |] .06337 | -99799 |] -08078 | .99673 | 22 
+O1134 | .99994 || .02879 | .ga959 || .04623 | .99893 || .06366 | .49797 o8107 | .gg67r | 2t 
01164 | .99993 || 02908 | .99958 || .04653 | -99892 |} .06395 | -99795 08136 | .gg668 | 20 
+01193 | .99993 || .02938 | .99957 || .04682 | .gQSgo || .06424 | .99793 08165 | .99666 | 19 
+01222 | .99993 || -02967 | .99956 || .04711 | «99889 || .0645 +99792 08194 | .99664 | 18 
or25t | .99992 || .02996 | .gQ955 |] .04740 | .99888 || .o6482 | .99790 08223 | .gg66r | 17 
.01280 | .99992 || .03025 | .99954 || .04769 | -99886 || .o6511 | .99788 08252 | .g9659 | 16 
+01309 | .gQ99Q1 |] .03054 | .99953 || .04798 | .99885 || .06540 | .99786 08281 | .99657 | 15 
01338 | .g9991 || -03083 | .99952 || .04827 | .99883 || .06569 | .99784 |] .c8310 | .g9654 | 14 
.01367 | .ggggr || -03112 | .gga52 |} .04856 | .g9882 |) .o6598 | .99782 || .08339 | .99652 | 13 
.01396 | .99990 || .0314r | «99951 |} .04885 | .g988xr || .06627 | .99780 |] .08368 | .g9649 | 12 
01425 | «99990 || .03170 | .99950 || -o4gt4 | 99879 || .06656 | -99778 || .08397 | .99647 | x2 
01454 | .99989 || .03199 | -99949 |] -04943 | -99878 |} .06685 | .99776 |) .08426 | .99644 | 10 
04483 | .9998q |} .03228 | .g9948 || -o4972 | -99876 || .06714 | .99774 |] -08455 | -99642 | 9 
01513 | .99989 |] -03257 | .99947 |] .osoot | .99875 || .06743 | -99772 |] .08484 | .99639 | 8 
.01542 | .99988 || .03286 | .99946 || .05030 | .99873 |] .06773 | .99779 |} .08513 | .99637 7 
.or57t | .g9988 || .03316 | .99945 |] .05059 | -99872 |] .06802 | .99768 || .o8542 | .99635 | 6 
.or600 | .99987 || .03345 | *-99944 || .05088 | .9q870 }} .0683r | .99766 || .08571 +99632 5 
o1629 | .99987 || .03374 | -90943 |] .05117 | -99869 || -06860 | .99764 || .o8600 | .99630 | 4 
01658 | .99986 || .03403 | .99942 || .o5146 | .99867 |] .06889 | .g9762 || .08629 | .99627 | 3 
01687 | .99986 || .03432 | .99941 || .05175 | -99866 |] .06918 | .99760 || .08658 | .gg625 2 
-01716 | .99985 |} -03461 | .gQ9940 |] .05205 | .99864 || .06947 | .99758 || .08687 | .qg622 I 
01745 | -99985 || -03490 | .99930 || -05234 | -99863 || .06976 | .99756 08716 | .g9619 ° 
Cosine] Sine ||Cosine} Sine |/Cosine) Sine Cosine| Sine 
88° 87° 86° 85° 


2 NaTuRAL SINES AND COSINES. 


6° Re 9° 


Sine |Cosine|] Sine |Cosine)} Sine |Cosine]} Sine |Cosine]| Sine | Cosine 


.08716 | .gg9619 |] .10453 | «99452 |] .12187 | .99255 || -13917 | «99027 || «15643 | «98769 
.08745 | .99617 || «10482 | .g9449 || .12216 | .gg25t || .13946 | .g9023 || .15672 | .98764 
.08774 | .99624 |] «10511 | .99446 || .12245 | .99248 || .13975 | .gg0TQ |/ «1570 | .9g8760 
08803 | .gg6r2 || «10540 | .99443 || .12274 | -99244 || -14004 | .ggoTs |] .15730 | .98755 
08831 | .g9609 |] .10569 | .99440 || «12302 | .99240 || .14033 | .ggort || .15758 | .98751 
.08860 | .99607 |] .10597 | -99437 || .12331 | -99237 || -1406r | .gg006 |} .15787 | .98746 
.08889 | .99604 |] .10626 | .99434 || .12360 | .99233 || «14090 | .ggooz2 || .15816 | .9874r 
.08918 | .gg602 |} .10655 | -99431 || .12389 | -99230 || .14119 | .98g98 || «15845 | .98737 
-08947 | .99599 |] 10684 | .99428 |} .12418 | .99226 || .14148 | .Q8994 || .15873 | -98732 
.08976 | .99596 |} .10713 | 99424 || .12447 | .gg222 || .14177 -98990 -15902 | .98728 
.09005 | .99504 || .10742 | .ggq42t || .12476 | .gg219 || «14205 | .98986 || .15931 | .98723 


OO OY AUAW HAO 


.09034 | .ggsgt || .10771 | .99418 || .12504 | .gg275 || .14234 | .98982 || .15959 | .98718 
.09063 | .99588 || .10800 | .g9415 || .12533 | .gg2TI -98978 |] .15988 | .98714 
-09092 | .99586 || .10829 | .qg412 || .12562 | .gg208 || .1420 -98973 || «16017 | .98709 
+0gT2T | .99583 |] .10858 | .99409 || «T2591 | .gg204 || .1. «98969 |] .16046 | .98704 
209150 | .gQ9580 |] .10887 | .99406 || .12620 | .Q9200 -98g6s || .16074 | .98700 
+09179 | .99578 || «10916 | .gg402 || .12649 | .g9197 || - -98961 || «16103 | .98695 
-09208 | .99575 || .10945 | .99399 || -12678 | .gQ193 |) «144 -98957 || .16132 | .g8690 
-09237 | .99572 || -10973 | .99396 || .12706 | .g91789 || .14436 | .98053 || .16160 | .98686 
.09266 | .99570 || «11002 | .99303 || -12735 | -99186 |] . E -98948 || .16189 | .g868r 
+09295 | .99567 |] -r1031 | .99390 || .12764 | .gg182 || . -98944 || .16218 | .98676 


-09324 | .99564 || 11060 | .99386 |] .12793 | .99t78 || . «98940 |} .16246 | .9867r 
+09353 | -99562 || «11089 | .99383 || .12822 | .99175 5 -¢8936 || .16275 | .g8667 
.09382 | .99559 || -11118 | .ga380 |] .12851 | .Qg17T -98931 || .16304 | .98662 
+0941 | .99556 || .11147 | .99377 || .12880 | .g9167 || .14608 | .98927 || .16333 | .98657 
+09440 | .99553 || -11176 | .99374 || .12908 | .g9163 |] .14637 | .98923 || .16361 | .g8652 
-09469 | .99551 || .11205 | .99370 |] .12937 | -99160 || .14666 | .g8q1Q || .16390 | .98648 
-09498 | .99548 |] .11234 | .99367 || .12966 | .gg156 || .14695 | .Q8qr4 || .16419 | .98643 
+09527 | .99545 || .11263 | .99364 || .12095 | -9Q152 || .14723 | .gSgi1o || .16447 | .98638 
+09556 | .g9542 || -1129t | .99360 |] .13024 | .g9148 || .14752 | .g8qo06 || .16476 | .98633 
+09585 | .99540 || -11320 | .99357 |] -13053 | -99T44 || .14781 | .g8g02 || .16505 | .98629 


-09614 | .99537 |] «11349 | -99354 || .13081 | .ggr4r |] .14810 | .98897 || .16533 | .98624 
+09642 | .99534 || -11378 | .99351 || -13110 | .99137 || .14838 | .988Q3 |] .16562 | .98619 
-09671 | .99531 || -11407 | .99347 || .13139 | -99133 -14867 | .98889 || .16591 | .98614 
+09700 | .99528 |] .11436 | .99344 || -13168 | .ggt29q || .14896 | .98884 || .16620 | .98609 
-09729 | .99526 || «11465 | .99341 |} -13197 | .99125 || .14925 | .98880 || .16648 | .98604 
-09758 | .99523 || «1494 | .99337 || .13220 | -ggt22 |} .14954 | .98876 || .16677 | .q8600 
-09787 | .99520 || «11523 | .99334 || -13254 | .99118 || .14982 |] .98871 || .16706 | .o8595 
-09816 | .99517 || -11552 | -99331 || -13283 | .ggrr4 || .t501r | .98867 || .16734 | .g8590 
-09845 | .99514 || .11580 | .99327 || .13312 | .ggtro || .t5040 | .98863 || .16763 | .98585 
+09874 | .gg51I |] «11609 | .99324 || .1334r | -gQI06 || .15069 | .98858 || .16792 | .98580 


-09903 | .99508 || .11638 | .99320 |] .13370 | -ggr02 || .15097 | .98854 || .16820 | .98575 
09932 | .99506 || .11667 | .99317 |] -13399 | -g9098 |] .15126 | .98849 |} .16849 | .98570 
-09961 | .99503 |] -11696 | .99314 |} -13427 | .Q9004 |] .15155 | .98845 |} .16878 | .98565 
+0999 | «99500 |] -11725 | «99310 || -13456 | .ggogr || «15184 | .g884r |} .16906 | .98561 
-100T9 | .99497 |! -11754 | .99307 || -13485 | .99087 |] .152t2 | .98836 || .16935 | .98556 
-10048 | .99494 |] .117&3 | .99303 |] -13514 | .99083 || .15241 | .98832 |] .16964 | .98551 
-10077 | .99491 |} «11812 | .g9300 || .13543 | .99079 || .15270 | .98827 || .16a92 | .98546 
-10106 | .99488 || «11840 | .99297 || .13572 | .99075 || «15299 | .98823 || .17021 +8541 
T0135 | 09485 || .11869 | .99293 || -13600 | .gg07t || .15327 | .98818 || .r7050 | .98536 
«10164 | .99482 || .11398 | .g92Q0 || .13629 | .gQ067 || .15356 | .988r4 || .17078 +98531 


+IOI92 | .99479 || .11927 | .99286 || .13658 | .g9063 || .15385 | «98809 || .17107 | .98526 
+1022t | .99476 || «11956 | .99283 || .13687 | .gq059 |] .15414 | .98805 |] .17136 | .gS5e2r 
10250 | .99473 || -11985 | .99279 |] .13716 | .g9055 |} .15442 | .Q8800 || .17164 | .98516 
+10279 | .99470 || .t2o14 | .99276 || .13744 | «99051 || «15471 | .98796 || «17193 | .o851x 
+10308 | .99467 || .12043 | .99272 || .13773 | -99047 || «15500 | .9870z +17222 | .98506 
+10337 | 99464 |] .12071 | .99269 || .13802 | .99043 || .15529 | .98787 || .17250 | .q8sor 
-10366 | .9946r || «12100 | .99265 || .13831 | .99039 || .15557 | -98782 || .17270. | .q8496 
+10395 | .99458 || .12129 | .gq262 || .13860 | .qq035 || .15586 | .98778 || .17308 | .q84or 
10424 | .99455 || -12158 | .99258 |] .13889 | .ggo3x |} .15615 | .98773 |] .17336 | .98486 
+10453 | _+99452 || .12187 | .99255 || -13917 | .99027 || .15643 | .98769 || .17365 | .q848x 


OR NWAM DN CO 


Cosine} Sine |/Cosine} Sine ||Cosine| Sine Cosine| Sine |}Cosine] Sine 
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NaTuRAL SINES AND CosINEs. 
° i] ° ° ° 
ro I! I2 13 I4 
Sine |Cosine|| Sine |Cosine |} Sine |Cosine|| Sine |Cosine]} Sine |Cosine 
+17365 | .9848r || .1908r 98163 || .2079r | .97815 || .22495 | .97437 || -24192 | .97030 
-17393 | -98476 || «19109 | .98157 || .20820 | .97809 || .22523 | .97430 || .24220 | .97023 
+17422 | .98471 || .19138 98152 || .20848 | .97803 || .22552 | .97424 || .24249 | .97015 
+17451 | .98466 || .19167 98146 || .20877 | .97797 || -22580 | .97417 || .24277 | .97008 
-17479 | .9846z |] .19705 g8r4o |} .20905 | .97791 || .22608 | .97411 || .24305 | .g7001 
-17508 | .98455 || .19224 | .98135 |] .20933 | .97784 || .22637 | -97404 || .24333 | .96004 
+17537 | -98450 |} «19252 98129 || .20962 | .97778 || .22665 | .g97308 || .24362 | .96987 
-17565 | .98445 |] .19281 | .gSr24 |] .20990 | .97772 || -22603 | .97391 || .24390 | .96980 
+17594 | -98440 |] .19309 | .g8118 || .21019 | .97766 || .22722 | .97384 || .24418 | .96973 
-17623 | .98435 || .19338 | .o8tr12 || .21047 | .97760 || .22750 | .97378 || .24446 | .g6966 
+17651 | .98430 |] .19366 98107 || .21076 | .97754 || .22778 | .97371 || .24474 | «96950 
+17680 | .98425 || .19395 | .g8ror || .21104 | .97748 || .22807 | .97365 || .24503 |] .96952 
+17708 | .98420 || .19423 98096 |} .21132 | .97742 || .22835 } .97358 || .24531 | .96045 
-17737 | -98414 || «19452 | .g8090 ] .2116r | .97735 |] -22863 | .97351 |! .24559 | -96037 
+17766 | .98409 || .1948r | .98084 |} .21189 | .97729 || .22892 | .97345 || .24587 | .96930 
+17794 | .98404 || «19509 98079 |} .21218 | .97723 || .22920 | .97338 || .24615 | .96023 
+17823 | -98399 || -19538 | .98073 || .21246 | .97717 .22948 | .97331 -24644 | .96916 
+17852 | .98394 || -19566 | .98067 |} .21275 | .97711 || .22077 | .97325 || .24672 | .Q6909 
.17880 | .98389 |] «19595 98061 || .21303 | .97705 || -23005 | .97318 |] .24700 | .g6go2 
-17909 | .98383 || .19623 98056 || .21331 | .97598 || .23033 | .97311 || .24728 | .96894 
-17937 | -98378 || .19652 98050 || .21360 | .g76g2 || .23062 | .97304 || .24756 | .96887 
+17966 | .98373 || .19680 98044 |] .21388 | .a7686 || .23090 | .97298 || .24784 | .96880 
+17995 | .98368 || .19709 | .g8039 || .21417 | .97680 || .23118 | .g7291 |] .24813 | .96873 
-18023 | .98362 || .10737 98033 |] .21445 | .97673 || .23146 | .97284 || .2484r | .96866 
-18052 | .98357 || .10766 98027 || .21474 | .97667 || .23175 | .97278 || .24869 | .96858 
.18081 | .98352 || .19704 | .g8021 || .2z1502 | .g766r || .23203 | .97271 || .24807 | .96851 
«18109 | .98347 || .19823 98016 |} .21530 | .97655 || .23291 | .97264 || .24025 | .96844 
-18138 | .98341 || .1985r | .g80r0 |] .21559 | .97648 || .23260 | .97257 |} .24054 | .96837 
+18156 | .98336 || .19880 | .Q8004 |} .21587 | .97642 || .23288 | .97251 || .24982 | .96829 
-18195 | .98331 || «19908 | .97998 || .21616 | .97636 || .23316 | .97244 |] .25010 | .96822 
-18224 | .98325 || -19037 | -97992 || .21644 | .97630 |} .23345 | -97237 || .25038 | .96815 
.18252 | .98320 |} .19965 | .97987 || .21672 | .97623 || .23373 | .97230 || .25066 | .96807 
.18281 | .98315 || .19904 | .97981 || .2170r | .97617 |] .23401 | .97223 |] .25094 | .g6800 
-18309 | .98310 || .20022 | .97975 || .21729 | -g76rr |) .234290 | .97217 || .25122 | .96793 
-18338 | .98304 || .20051 | .97969 |] .21758 | -97604 |} .23458 | .g72I0 || .25151 | .g6786 
.18367 | .98299 |! .20079 | .97963 |] .21786 | .97598 || .23486 | .g7203 || .25:79 | .96778 
.183905 | .98294 || .20108 | .97958 |] .21814 | .97592 || -23514 | .97196 || .25207 | .96771 
.18424 | .g8288 || .20136 | .97952 |} .21843 | .97585 || .23542 | .97189 || .25235 | .96764 
-18452 | .98283 || .20165 | .97946 |] .21871 | ~97579 || .23571 | -97182 || .25263 | .96756 
18481 | .98277 || .20193 | .97940 |} .21899 | .97573 || -23599 | -97176 |] .25291 | .96749 
.18509 | .98272 || .20222 | .97934 |] .21928 | .97566 || .23627 | .g7169 || .25320 | .g6742 
18538 | .98267 || .20250 | .97928 |] .21956 | .97560 || .23656 | .g7162 || .25348 96734 
.18567 | .98261 |] .20279 | .97922 || .21985 | .97553 || .23684 | .97355 |] .25376 | .96727 
-18595 | -98256 || .20307 | .07916 |} .22013 | .97547 || -23712 | .97148 || .25404 | .96719 
.18624 | .98250 || .20336 | .g7Q10 || .22041 | .97541 || .23740 | -Q7T4x || .25432 | .g6712 
.18652 | .98245 || .20364 ) .97905 |] .22070 | .97534 || .23769 | .97134 |] .25460 | .96705 
.18681 | .98240 ||} .20393 | .978q9 || .22098 | .97528 || .23797 | .97127 |] .25488 | .96697 
.18710 | .98234 || .20421 | .97893 # .22126 | .97521 || .23825 | .97120.|/ .25516 | .g6690 
.18738 | .98229 |} .20450 | .97887 |] .22155 | .97515 |] .23853 | -97173 || .25545 96682 
.18767 | .98223 || .20478 | .g7881 || .22183 | .97508 || .23882 | .g7106 || .25573 | .96675 
-18795 | .g82r8 || .20507 | .97875 |] .22212 97502 || .23910 | .g7100 |] .25601 | .g6667 
.18824 | .98212 |] .20535 | .97869 || .22240 | .97496 |] .23938 | .97093 |} .25629 | .g6660 
.18852 | .9g8207 || .20563 | .97863 |] .22268 | .9q748q || .23966 | .97086 || .25657 | .96653 
.18881 | .g8201 || .20592 | .97857 || 22207 | -97483 || -23905 | .97079 |] .25685 | .96645 
.18910 | .98196 || .20620 | .g7851 |] .22325 | .07476 || .24023 | .97072 || .25713 | .96638 
.18938 | .98190 || .20649 | .97845 || -22353 | -97470 || -24051 | «97065 || .25741 | .g6630 
.18967 | .98185 || .20677 | .97839 |] .22382 | .97463 || .24079 | .97058 |] .25769 | .96623 
.18995 | -98179 || -20706 | .97833 || -22410 | .97457 || .24108 | .97051 |) .25798 96615 
19024 | .98174 || .20734 | .97827 || .22438 | .97450 || .24136 | .97044 || .25826 | 96608 
.19052 | .98168 |] .20763 | .g7821 || .22467 | .97444 || .24164 | .97037 || .25854 | .96600 
.19081 | .98163 || .20791 | .97815 |] .22495 | _.97437 || _-24192 | _.97030 || .25882 | .96593 
Cosine] Sine |Cosine | Sine [Cosine] Sine ||Cosine| Sine |[Cosine | Sine 
° i) ° ° ° 
79 78 77 76 75 
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NaTuRAL SINES AND COSINES. 


tS 

Sine |Cosine || Sine |Cosine|} Sine |Cosine || Sine |Cosine|} Sine |Cosine 

o | .25582 | .96593 27504 96126 || .29237 95630 -30902 | .g5100 || .32557 | -94552 
1 | .25910 | .96585 27592 | .96118 || .29265 | .95622 || .30929 | .95097 |] -32584 | .94542 
2 | .25938 | .96578 || .27620 | .g6r10 || .29293 | -95613 || -30957 95088 || .32612 | .94533 
3 | .25966 | .96570 || .27648 | .g6102 || .29321 | -95605 || -30985 | -95079 +32639 | .94523 
4 | .25094 | .96562 || .27676 | .96094 || .29348 | -95596 || 31072 | .95070 || -32667 | .o4514 
5 | .26022 | .96555 27704 96086 || .29376 | .95588 || «31040 +95061 || .32694 | .94504 
6 | .26050 | .96547 |] .27731 | -96078 || .29404 | .95579 |} -31068 | .95052 || -32722 | -94495 
7 | .26079 | .96540 |] .27759 | .96070 || «20432 | .9557t || «31095 | -95043 || -32749 | -94485 
8 | .26107 | .96532 || .277387 | .96062 || .29460 | .95562 || «31123 | .95033 || -32777 | -94476 
9 | .26135 | .96524 || .27815 | .96054 || .20487 | -95554 || -31751 | -95024 |] .32804 | .94466 
10 | .26163 | .96577 27843 | .96046 || .29515 | -95545 || -31178 | .95075 || -32832 | .94457 
tr | .26r9t | .96509 |} 27871 | .96037 |] .29543 | -95536 |] «31206 | -95006 || .32859 | .94447 
12 | .26219 | .96502 || .27899 | .96029 |) «29571 | .95528 || «31233 | -94997 || -32887 | .94438 
13 | .26247 | .96494 || .27927 | .g602t || .29599 | .95519 || -31261 -94988 || .32914 | .94428 
14 | .26275 | .96486 27955. | .g6013 || .29626 | .g55rz || .31289 | .94979 || .32942 | .94418 
15 | .26303 | .96479 |] 27983 | .g6005 |] .29654 | .95502 || .31316 | .94970 || -32969 | -94409 
16 | .2633r | .96471 |] .28011 | .95997 |] -29682 | .95493 || 31344 | -9496 || -32997 | -94399 
17 | .26359 | .96463 || -28039 | -95989 || .29710 | -95485 |] -31372 | -94952 || -33024 | -9439° 
18 | .26387 | .96456 || .28067 | .g598r || .20737 | -95476 || -31309 | -94943 || -33051 | .94380 
19 | -26415 | .96448 || .28095 | .95972 || .29765 | .95467 || -31427 | -94933 || -33979 | -94370 
20 | .26443 | .96440 || .28123 | .95964 || .20703 | -95459 || «31454 | -94924 || .33106 | .94361 
2x | .26471 | .96433 || «28150 | .95956 || .2982t | .95450 |] «31482 | -94975 || -33734 | -94351 
22 | .26500 | .96425 || .28178 | .95948 || .20849 | .9544r |] -37510 | -94906 |] .3316r | .g4342 
23 | .26528 | .96417 || .28206 | .g5940 |] .20876 | .95433 || -31537 | -94897 || -33189 | .94332 
24 | .26556 | .g6410 || .28234 | .9593r || -29904 | .95424 || -31565 | -94888 || .33216 | .g4322 
25 | .26584 | .g6402 28262 | .95923 || .29932 | .95415 || «31593 | -94878 || .33244 | .94313 
26 | .26612 | .96394 28290 | .g5Q915 || .20060 | .95407 || -31620 | .9486q |} .33271 | .94303 
27 | .26640 | .96386 || .28318 | .95907 || .29987 | .95398 || .31648 | .94860 || .33298 | .94293 
28 | .26668 | .06379 28346 | .95298 || «30015 | .95389 || -31675 | -94851 || -33326 | .g4284 
29 | .26696 | .96371 28374 | .95890 || .30043 | -95380 || .31703 | -94842 || -33353 | .94274 
30 | .26724 | .96363 28402 | .95882 || .30071 | .95372 || -31730 | «94832 || -33381 | .94264 
31 | -26752 | .96355 |] .28429 | .95874 |] 30098 | .95363 |} «31758 | .94823 || .33408 | .94254 
32 | -26780 | .96347 28457 | .95865 || .30126 | .95354 || -31786 | .94814 +33436 +94245 
33 | -26808 | .96340 || .28485 | .95857 |] «30154 | -95345 || «32813 | -94805 || -33403 | .94235 
34 | -26336 | .96332 || -28513 | .95849 || .30182 | .95337 || -3184t | -94795 |] -3349° | .94225 
35 | -20864 | .96324 28541 | .9584x || .30209 | .95328 || 31868 | .94786 || .33518 | .q4275 
36 | .26892 | .96316 28569 | .95832 || .30237 | -95319 || -31896 | .94777 || -33545 | -94206 
37 | -26920 | .96308 28597 | .95824 || .30265 | .95310 || -31923 | -94768 || -33573 | -94196 
38 | .25948 | .9630r 28625 | .95816 || .30292 | -9530r |] -31951 | .94758 || 33600 | .g4186 
39 | -26976 | .96293 28652 | .95807 || .30320 | .95203 |] -31979 | -94749 || -33627 | -g4176 
40 | .27004 | .g6285 28680 95799 h -30348 | .95284 || .32006 | .94740 || .33655 | .g4167 
4t | .27032 | .96277 |] -28708 | .95791 |) .30376 | -95275 || -32034 | -94730 || -33682 | .g4157 
42 | .27260 | .g6269 28736 95782 || .30403 | .95266 || .32061 | .g4721 |] .33710 | .94147 
43 | -27088 | .9626r || .28764 | .95774 || .30431 | -95257 || -32089 | .94712 |] -33737 | -94137 
44 | .27116 | .96253 287092 95756 || .30459 | .95248 || .321716 | .g4702 |] .33764 | .g4127 
45 | -27144 | .96246 || .28820 | .95757 || .30486 | .95240 || .32144 | -94693 |) -33792 | .g4118 
46 | .27172 | .96238 28847 95749 || -30514 | .95231 || .32172 | -g4684 || .33819 | .g4108 
47 | .27200 | .96230 || .28875 95740 |] -30542 | .95222 || .32109 | .94674 || -33846 | .9q40098 
48 | .27228 | .o6222 28903 | .95732 || .30570 | .g5213 || .3222 ORS -33874 | .g4088 
49 | .27256 | .g62r4 || .28931 | .95724 |} »30597 | .95204 || .32254 | -94650 || .3390f | .94078 
50 | .27284 | .96206 28959 | .95715 || .30625 | .g5195 || -32282 | .94646 || .33929 | .q4068 
51 | .27312 | .96198 || .28987 | .95707 || .30653 | «95186 || .32309 | .94637 || .33956 | .g4058 
52 | .27340 | .g6rg0 |} .29015 | .95698 || .30680 | .95177 || -32337 | -94627 || -33983 | .g4049 
53 | -27308 | .96182 || .29042 | .g56g0 || .30708 | .95168 32304 | .g4618 || .34011 | .g4039 
54 | .27396 | .96174 || .29070 |. .g568x |] .30736 ( .a5159 32392 | .g4609 |) .34038 | .g4o2q 
55 | -27424 | «96166 || «29098 | .95673 |] .30763 | .95159 |] «32419 | .94599 || -34095 | .g4019 
56 | .27452 | .96158 || .29126 | .95664 |] «30791 | .95142 || .32447 | -94590 || «34093 | .94009 
57 | -27480 | .g6150 || .29154 | .95656 || .30819 | .95133 || .32474 | -94580 |] .34120 | .93999 
58 | .27508 | .g6142 || .29782 | .95647 || .30846 | .g5124 }) .32502 | .94571 || -34147 | .93980 
5) -27536 | «96134 |) -29209 | .95639 || .30874 | -95115 || -32520 | .9456r || .34175 | -93979 
69 | .27564 | .96126 20237 | .95630 || .30002 | .g5106 || .32557 | .g4552 || .34202 | .93969 
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o ° ° ° ° 
74 (ie) 72 71 7° 


ni ib rs to. | 


! 


9 
8 
hh 
6 
5 
4 
3 
2 
I 
° 


OO ON AnuAPWNHHO 


NATURAL SINES AND COSINES. 


20° a 22° 2 24° 
Sine |Cosine]} Sine |Cosine|/ Sine |Cosine|] Sine |Cosine|| Sine |Cosine 
+34202 | .93969 || .35837 | -93358 || .3746r | .g2718 || .39073 | .g2050 || .40674 | .91355 
+34229 | -93959 |} -35804 | .93348 || .37488 | .g2707 |] .39100 | .92039 || 40700 | .91343 
+34257 | -93949 |} «35891 | .93337 |] -37515 | .92607 || .39127 | .92028 || .40727 | «91331 
-34284 | .93939 || «35918 | .93327 |] .37542 | -92686 |! .39153 | .92016 |! .40753 | .91319 
*34311 | -93929 |) -35945 | -93316 |] .37569 | .92675 || .39180 | .g2005 || .40780 | .91307 
+34339 | -93919 || -35973 | -93306 || .37595 | -92664 || .39207 | .gr904 |] .4o806 | .g1295 
+34360 | «93909 |} .36000 | .93295 || .37622 | .92653 || .39234 | .g19S2 || .40833 | .91283 
34393 | -93899 || .36027 | .93285 || .37649 | .92642 || .39260 | .gra7r || .40860 | .g1272 
+34421 | .93889 |} .36054 | .93274 || .37676 | .92631 || .30287 | .grQ59 |} .40886 | .q1260 
+34448 +93879 + 36081 -93264 |] .37703 | «92620 || .30314 | .grq48 || .4o913 | .g1248 
+3447 | -93869 |] .36108 | .93253 |] .37730 | .g2609 |} «39341 | -91936 || «40939 | «91236 
+34503 | -93859 || .36135 | -93243 || .37757 | -92508 || «30367 | -91925 || .40966 | .g1224 
+34530 | -93849 |] .36162 | .93232 || .37784 | .92587 |] -30304 | .91914 || .40902 | .gr2z2 
-34557 | -93839 || .36190 | .93222 || .3781r | .92576 || .39421 | .grQ02 || .41019 | .gt200 
+34584 | .93829 || .36217 | .g321 |] .37838 | .92565 || .39448 | .g180r || .41045 | .91188 
+34012 | .93819 || .36244 | .93201 || .37865 | .g2554 || .30474 -91879 |] .41072 | .g1176 
-34639 | .93809 || .36271 | .93190 |] .37802 | .92543 || .3950r | .91868 |] .41098 | .gr164 
+ 34666 93799 || -36298 | .9318c |] .37919 | .92532 || .39528 | .gt856 || .4r125 | .orr52 
-34094 | .93789 |] .36325 | .93169 || .37946 | .g252r || .30555 | .91845 || .41151t | .gtr40 
+34721 | .93779 || -36352 | .93159 |} -37973 | -92510 || .3958r | «91833 |] .41178 | .gr128 
+34748 | .93769 |] .36379 | .93148 || .379099 | .92499 |} 39608 | .gr822 || .4r204 | .gr116 
34775 | .93759 |} -36406 | .93137 |] .38026 | .g2488 || .39635 | .g18r0 || .4123r | .grr104 
-34803 | .93748 || .36434 | .93127 |] «38053 | «92477 |] .3960r | .91799 |] «41257 | .gro92 
-34830 | .93738 |] .3646t | .93116 |] .38080 | .92466 || .39638 | .91787 || .41284 | .q1080 
-34857 | .93728 + 36488 | .93106 || .38107 | .92455 || .39715 | -91775 || -41310 | .91068 
+34834 | .93718 || .36515 | «93005 |] .38134 | -92444 |] .3074r | .91764 || «41337 | .o1056 
+34912 | .93708 || .36542 | .93084 || .3816r | .92432 || .39768 | .91752 || «41363 | .gro44 
-34939 | -93698 || .36569 | .93074 || .38188 | .g242r |) .39705 | .91741 || -41300 | .g1032 
-34966 | .93688 || .365060 | .93063 || .38215 | .g24r10 || .39822 | .91729 || .41416 | .gro2z0 
+34993 | -93077 || .30623 | .93052 || «38241 | .92399 || .30848 | .g1713 || «41443 | .gtoo8 
+35021 | .93667 |} .36650 | .g3042 || .38268 | .92388 || .39875 | .91706 || .41469 | .go996 
35048 | .93657 |] .36677 | .93031 || .38295 | .92377 || .39902 | -91604 |} .41406 | .gog84 
+35975 | -93647 || .36704 | .93020 || .38322 | .g2366 || .39928 | .91683 || .41522 | .gog72 
-35102 | .93637 || .36731 | .93070 || .38349 | .92355 || -39955 | 91674 || .41549 | .gog6o 
35130 | .93626 |] .36758 | .g2999 || .38376 | .92343 || .39982 | .g1660 || .41575 | .goa48 
+35157 | «93616 || .36785 | .92988 || .38403 | .g2332 || .40008 | .g1648 || .41602 | .90936 
+35184 | .93606 || .36812 | .92978 || .38430 | .g232t |] .40035 | .g1636 |] .41628 | .qog24 
+3521 | .93596 || .36839 | .92967 || .38456 | .g2310 || .4o062 | .g1625 |] .41655 | .gogitr 
+35239 | -93585 || .36867 | .g2956 || .38483 | .g2209 || .40088 | .o1613 || «41681 | .go8aq 
+35206 | .93575 +36894 | .92945 || .38510 | .92287 || .gorrs | .gr6or || «41707 | .go887 
+35293 | .93505 |} -36921 | -92935 || -38537 | -92276 |] .4or47 | -gr590 || .41734 | .90875 
+35320 | .93555 || -36948 | -g2924 || .38564 | .g2265 || .40168 | .g1578 |] «41760 | .90863 
+35347 | -93544 -30975 | 92913 |} .38591 +92254 || .40195 | .g1566 || .41787 | .go8s5r 
-35375 | .93534 |] .37002 | .g2qo2 || .38617 | .g2243 || .4oz21 | .gr555 || .41813 90830 
35492 | .93524 || .37029 | .92892 || .38644 | .92231 |] «40248 | .91543 || «41840 | .go826 
-35429 | .93514 || .37056 | .g288r |] .38671 | .g2220 || .40275 | .91531 || .41866 go814 
+35456 | .93503 || .37083 | .92870 || .38698 | .g2209 |] .4o30r | .gt519 || «41892 go8o2 
-35484 | .93493 || -37110 | -92859 || .38725 | .g2798 || .40328 | .g1508 || «41919 90700 
+3551 | .93483 || .37137 | -92849 |] -38752 | .g2186 || .40355 | .91496 |} -41945 | .90778 
35538 | .93472 || «37164 | .92838 || .38778 | .92175 || -40381 | «91484 || «41972 | .90766 
+35505 | .93462 || .37191 | -92827 || .38805 | .g2r164 || .40408 | .g1472 |) .41998 9°753 
-35592 | .93452 || .37218 | .q2816 |] .38832 | .o2152 |} .40434 | .o146r |] .42024 | .go74r 
-35619 | .93441 |} -37245 | .92805 || .38859 | .g214t || .4046r | .91449 || «42051 90729 
-35047 | .93431 || -37272 | -92794 || .38886 | .g2130 || .40488 | .91437 || «42077 | .90717 
-35074 | .93420 |] .37299 | -92784 |] .38912 | .g2TTQ || .40514 | .g1425 || .42T04 | .go704 
-35701 | .93410 || .37326 | -92773 || -38939 | -92107 || -4054r | -91414 || .42130 | .go692 
-35728 | .93400 || .37353 | -92762 || .38966 | .q2096 |) .40567 | .gt4o2 |] .42156 | .go68o 
-35755 | -93389 || .37380 | -92751 || -38993 | -92085 |) -40504 | .91390 |] -42183 | .qo668 
+35782 | .93379 || .37407 | -92740 || «39020 | .92073 |] -40621 | .91378 || .42209 | .go655 
-35810 | .93368 || .37434 | -92729 || -39046 | .q2062 |] .40647 | .91366 || .42235 90643 
-35837 | -93358 || .37461 | -92718 || .39073 | _-92050 || .40674 | .91355 42262 90631 
Cosine] Sine |/|Cosine| Sine |/Cosine| Sine ||Cosine| Sine |/Cosine| Sine 
67° 66° 65° 


IL T 271B—40 


9 
8 
if 
6 
5 
4 
3 
2 
I 
fe} 


OO ON ANAWNHO 


-43837 


25° 


Sine /Cosine 


«42262 
«42288 
642315 
©42341 
+42307 
+42304 
+42420 
+42446 
+42473 
+42499 
+42525 


390618 
+90606 
#99594 
«90582 
+9056g 
+9557 
99545 
#90532 
«90520 
+GO507 


+42552 
242578 
«42004 
42631 
+42057 
+42683 
42709 
+42730 
+42762 
+42788 


+90495 
#90483 
+90470 
#90458 
90446 
#99433 
+9042 
+g0408 
+90396 
+90383 


+42815 
+42841 
+42807 
42894 
+42920 
«42946 
+42972 
+42999 
+43025 
#43051 


+90371 
#90358 
+90346 
+99334 
+9032T 
+90309 
«90296 
#90284 
#90271 
#90259 


190246 
#90233 
+Qo22T 
+90208 
+go1g6 
+90183 
+Qor7t 
+Q0I58 
+gor46 
+90133 


+4397 
+43104 
+43130 
+43150 
+43182 
+43209 
+43235 
043201 
+43287 
43333 


+43340 
#43366 
+43392 
+43418 
+43445 
+43471 
+ 43407 
+43523 
+43549 
+43575 


+QOI20 
+go108 
#90095 
+goo82 
+90070 
+90057 
#90045 
+9Q0032 
+Qoo1g 
+Q0007 


+43602 
+436028 
+43654 
+43680 
+43706 
+43733 
+43759 
+43785 
+4381 


+89994 
»89981 
+89968 
+89956 
-89943 
+89930 
-89918 
+89905 
+89892 


Cosine] Sine 


fo} 


04 


+90631 || .43537 


89879 || .453990 


NATURAL 
26° 


Sine |Cosine 
+ 89879 
-89867 
89854. 
89841 


+4383 
+43889 
+43910 


+45399 


.89828 
-89816 
- 89803 
89790 
89777 
+89764 
«89752 


-43942 
+ 43908 
43994 
+44020 
«44046 
+44072 
+44098 


89739 
«89726 
89713 
» 89700 
89687 
+89674 
89662 
+89649 
89636 
89623 


144124 
+4415. 
*44177 
Oe ek 
44229 
+44255 
«44281 
sAABO7: 
+44333 
*44359 


-89610 
+89597 
89584 
89571 
»89558 
+89545 
+89532 
89519 
+89506 
+89493 


#44385 
44411 
44437 
44404 
+44490 
144510 
+44542 
44508 
+44504 
+44620 


-44646 | .89480 


89467 
89454 
+8944r 
+89428 
89415 
~89402 
+89389 
-89376 
+89363 


+44672 
+44698 
-44724 
+44750 
+4477 
+44802 
+ 44828 
44854 
+44880 


-89350 
+89337 
«89324 
+8931 
89298 
+89285 
-89272 
+89259 
89245 
«89232 


+44906 
«44932 
44958 
44984 
+45010 
#45036 
#45062 
+45088 
45014 
+45140 


+45166 
+45192 
+45218 
+45243 
+45209 
+45205 
+45321 
+45347 
+45373 


+89219 
-89206 
89193 
-89180 
-89167 
89153 
89140 
89127 
»8or14 
+89r1o1 


Cosine| Sine 


-46947 


63° 


SINES AND 


27° 


Sine |Cosine 


+8gI0Lr 
-89087 
.80074 
. 89061 
-89048 
- 89035 
.8go2T 
- 89008 
-88995 
-88981 
+88968 


*45425 
*45452 
°45477 
+45503 
+45529 
#45554 
+45580 
45000 
+45032 
«456058 


-83955 
88942 
. 8928 
-88915 
-88g02 
8888 

-82875 
-88362 
-83848 
+88835 


+45084 
045710 
+45730 
45702 
45787 
45813 
«45839 
«45865 
«45891 
45917 


88822 
+83808 
88795 
-88782 
-88768 
88755 
-88741 
+88728 
-88715 
»88701 


+45942 
245968 
45994 
+ 40020 
+ 46046 
. 46072 
46007 
«40123 
-46149 
40175 


-88688 
-88674 
-88661 
88647 
88634 
-88620 


.46201 
-46226 
46252 
+46278 
+ 40304 
#40330 
+46355 
+40351 
+40407 
+46433 


+46458 
40484 
«46510 
+46536 
«405601 
+46587 
-46613, 
+ 46639 
+46664 
+46690 


-46716 
-46742 
+46767 
«46793 
+ 40819 
~ 40844 
-46870 
+46896 
-46921 


Cosine 


62° 


+ 40947 


-48481 


CosINES. 
28° 


Sine |Cosine 


-88281 
.88267 
88254 
.88240 
.88226 
88213 
.88199 
88185 
-88172 
-88158 


-46973 
-46999 
©47924 
+47050 
+47070 
«47101 
647127 
+47153 
-47178 
+47204 


88144 
-88130 
»88117 
+88 103 
.88089 
-88075 
88062 


048 


+47229 
47255 
+47251 
+47306 
+47332 
+47358 
47353 
+47409 
+47434 
+47400 


47486 
47511 
+47537 
+47562 
47588 
+47014 
+47039 
47005 
47690 
+47716 


00 00 G0 G0 GOOD MO OE 


“47741 


+47907 
-48022 
+48048 
+48073 
-48009 
+48124 
-48150 
48175 
+48201 


+48226 


-48252 
48277 
48303 
+48328 
48354 
+4837 

«48405 
-48430 
+48456 


Cosine 


61° 


-88205 


29° 


Sine |Cosine 


+87462 


87448 
«87434 
.87420 
-87406 
87391 
87377 
87363 
-87349 
-87335 
-87321 


-87306 
.87292 
-87278 
-87264 
87250 
-87235 
.87221 
.87207 
87193 
+87178 


-87164 
.87150 
-87136 
.87121 
-87107 
oa7e93) 
+27979 
87064 
-87050 
.87036 


-87021 
»87007 
- 86093 
-86978 
-86964 


*49495 


~4952E 
49546 
+4957 
49596 
- 49622 
49647 
49672 
+49607 
+49723 
49748 


49773 
40708 
40824 
49849 
49874 
49899 
49924 
+49950 
+49975 


+50000 


Sine 


60° 


Cosine 


OFX HWM AN CO 


00 ON AnAW NAO 


4 


NaTuRAL 


30° 31° 
Sine |Cosine|| Sine | Cosine 
+ 50000 86603 |} .51504 | .85717 
«50025 86588 || .51529 | .85702 
+50050 | .86573 }] «51554 | -85687 
«50076 86559 |] -51579 | -85672 
+5010r | .86544 || «51604 | .85657 
250126 | .86530 || .51628 | .85642 
+5015t | .86515 || .51653 | .85627 
+50176 86501 |} .51678 | .85612 
+50201 86486 |} .51703 | -85597 
+50227 86471 || .51728 | .85582 
50252 | .86457 || -51753 | -85567 
«50277 | .86442 || .51778 | 85551 
+ 50302 86427 || .51803 | .85536 
+50327 86413 |] .51828 ) .85521 
250352 86398 || .51852 | .85506 
+50377 | -86384 ]} «51877 | 85491 
+50403 | .86369 || «51902 | .85476 
-50428 | .86354 || .51927 | .85461 
+50453 | -86340 || «51952 | 85446 
50478 | .86325 |] .51977 | -85431 
+50503 86310 || .52002 | .85416 
#50528 | .86295 || .52026 | .8540r 
+50553 86281 || .52051r | .85385 
250578 | «86266 |] .52076 | .85370 
-50603 | .8625r || .52t0r | .85355 
-50628 | .86237 |] «52126 | .85340 
-50654 | .86222 || «5215 | «85325 
+50679 86207 || .52175 | .85310 
+50704 | .86192 || .52200 | .85294 
-50729 | »86178 || .52225 | .85279 
+50754 | -86163 |} .52250 | .85264 
«50779 86148 || .52275 | .85249 
~50804 | .86133 |] «52209 | .85234 
+50829 | .86119 |] «52324 | .85218 
+50854 | .86104 || .52349 | «85203 
+50879 | .86089 |} .52374 | .85188 
50904 | «86074 |] «52399 | -85173 
=50929 86059 || -52423 | .85157 
+50054 | -86045 || .52448 | .85142 
+50979 | -86030 || «52473 | .85127 
+ 51004 86015 || .52498 | .85112 
+51029 86000 |} .52522 | .85096 
+ 51054 85985 || -52547 | .8508r 
+51079 85970 || -52572 | -85066 
-51104 | .85956 || -52507 | -85051 
»51129 85041 || -5262r | .85035 
#51154 85926 || .52646 | .85020 
w5ILZO 85qrt || .52671 | «85005 
+51204 | .85806 || .52696 | .84989 
+5229 85881 || .52720 | 84974 
51254 | 85866 |] «52745 | -84959 
51279 | -85851 || .52770 | «84943 
+ 51304 85836 |] .52794 | .84928 
+51329 85821 || .52819 | .84913 
-51354 | 85806 || .52844 | .84897 
-51379 | -85792 || «52869 | .84882 
+51404 85777 || .52893 | .84866 
+51429 85762 || .52918 | .8485r 
51454 | 85747 |] »52043 | -84836 
51479 | -85732 |} «52967 | .84820 
+ 51504 85717 || .52092 | .84805 
Cosine] Sine |}/Cosine| Sine 
°o ° 
59 58 


+ 52092 


54464 


SINES AND COSINES. 


32 


Sine 


+53017 
+5 304T 
+ 53066 
+ 53091 
+5315 
+53140 
+53104 
+53189 
+53214 
+53238 


+53263 
+ 53288 
+ 53312 
©53337 
+53301 
+ 53386 
+5341 
+53435 
+53460 
-53484 


+53509 
+53534 
+53558 
+53583 
+ 53007 
-53632 
+53056 
+53681 
+53795 
*53739° 


+53754 
*53779 
+ 53804 
+53828 
+53853 
+53877 
53902 
#53926 
+53950 
+53975 


+ 54000 
54024 
+54°49 
+54973 
+54097 
-54122 
«54146 
pay e 
+5495 
+54220 


54244 
+54269 
+54203 
54317 
+54342 
+54306 
+54391 
+54415 
+54440 


Cosine 


ae 


re) 


Cosine 


-84805 


-84789 
84774 
84759 
84743 
-84728 
-84712 
84697 
-84681 
84666 
284650 


-84635 
-84619 
84604 
+84588 
84573 
84557 
84542 
-84526 
«84511 
+84495 


-84480 
84464 
84448 
84433 
84417 
-84402 
- 84386 
84370 
84355 
84339 


84324 
-84308 
-84292 
-84277 
84261 
-84245 
»84230 
~84214 
-84198 
-84182 


-84167 
-84151 
84135 
-84120 
+84104 
«84088 
»84072 
+84057 
+84041 
~84025 


-84009 
83904 


-83883 


83867 


Sine 


{eo} 


° 
33 
Sine | Cosine 
54464 | .83867 
+54488 | 83851 
+54513 | «83835 
+54537 | -83819 
+5450 | «83804 
+54586 | .83788 
+4610 | .83772 
54635 | -83756 
54659 | .83740 
-54683 | .83724 
+54708 | .83708 
+54732 | .83692 
+54750 | .83676 
»54781 | .83660 
+54805 | .83645 
-54829 | .83629 
-54854 | .83613 
54878 | .83597 
+54902 | .83581 
54927 | -83565 
+5495 | .83549 
+54975 | -83533 
+54999 | -83517 
-55024 | .83501 
+55048 | .83485 
-55072 | .83469 
+55097 | -83453 
o5512r | .83437 
°55145 | .83421 
+5109 | 83405 
55194 | 83389 
55218 | .83373 
+55242 | 83356 
+55266 83340 
+55291 6332 
55315 | -83308 
+55339 83292 
+55303 | .83276 
#55388 83260 
+55412 | .83244 
+55430 83228 
+55460 | .83272 
55484 | «83195 
+55509 | 83170 
55533 | -83163 
55557 | -83147 
+5550 | .83131 
-55605 | .83115 
+55030 83098 
#55054 83082 
+55078 | .83066 
+55702 83050 
55726 | 83034 
+55750 | 83017 
55775 | -83001 
+55799 | 82985 
55823 82969 
55847 | .82053 
+55871 82036 
+55805 82920 
+55919 | «82004 
Cosine} Sine 
56° 


Sine 
*55919 
+55943 
+55968 
+55992 
-56016 
+ 56040 


- 56064 
- 56088 
.56112 
«56136 
+56160 


56184 
+ 56208 
50232 
+50256 
+56280 
+56305, 
+ 56329 
+ 56353 
+56377 
-50401 


«56425 
50449 
«50473 
50497 
+5052 
56545 
+56569 
+56593 
56617 
+ 56641 


56665 
+ 56689 
-56713 
-56736 
-56760 
+56784 
+ 56808 
+ 56832 
+56856 
+ 56880 


+56904 
«56028 
-56952 
«56976 
+ 57000 
57024 
+57947 
»57971 
+57995 
»57119 


+57143 
-57107 
°57191 
+57215 
+57238 
+57262 
+57286 
+57310 
+57334 
| 57358 


Cosine 


5 


fe oe 


Cosine 


«82904 


-82887 
-82871 
-82855 
-82839 
-82822 
-82806 
-82790 
82773 


82757 
-82741 


.82724 
-82708 
«82692 
-82675 
-82659 
-82643 
+ 82626 
-82610 
+82503 
+82577 


.82561 
82544 
-82528 
+8251 
82495 
82478 
-82462 
.82446 
-82429 
+82413 


-82306 
-82380 
-82363 
82347 
-82330 
-82314 
.82207 
-82281 
82264 
-82248 


-82231 
.82274 
-82198 
-8218t 
.82165 
.82148 
82132 
-82rI5 
«82098 
-82082 


.82065 
-82048 
-82032 
-82015 
«81999 
-81982 
81965 
81949 
-81932 


-81015 


Sine 


° 


OR NWN AN OO 


8 NatTurRAL SINES AND COSINES. 


fo) fe} 


36° ay 38° 39 


Cosine|| Sine |Cosine|| Sine |Cosine|| Sine | Cosine 


Sine 


Cosine 


Sine 


+57358 | -819t5 || .58779 | .80g02 || .60182 -79864 || .61506 | .788or || .62932 | .77715 
£57381 | 81899 || .58802 | .80885 || .60205 | .79846 || .61589 | «78783 .62955 | -77696 
.57405 | 81882 |] .58826 | .80867 |] .60228 | .79829 || .61612 | .78765 .62977 | -77678 
«57429 | -81865 || 58849 | -80850 || .60251 | .798rr || .61635 | .78747 |] «63000 +77660 
57453 | -81848 || .58873 | .80833 |] .60274 | -79793 |] -61658 | .78729 || .63022 -776041 
57477 | -81832 |] .58896 | .80816 || .60298 | .79776 || .61681 | «78711 || .63045 | -77623 
57501 | 81815 |] .58920 | .80799 || .60321 | .79758 |] -61704 | «78694 || .63068 +77 005 
57524 | .81798 |] «58943 | -80782 || .60344 | -79741 || -61720 | .78676 || .63090 °77500 
57548 | .81782 || .58967 | .80765 |] .60367 | .79723 || .61749 | .78658 |} «63113 +77568 
57572 | .81765 |] 58990 | .80748 |] .6c390 | -79706 || .61772 | «73640 || .63135 | -77550 
57596 | -81748 || «59014 | .80730 || .60414 | .79688 |] .61795 | «78622 |} .63158 | «77531 


00 ON ANUAW HHO 


4 


11 | .57619 | .81731 |] «59037 | .807173 |] .60437 | -79671 || .61818 | .78604 || .63180 | .77513 
12 | .57643 | .81714 |] .5q06r | .80696 |] .60460 | .79653 || .6184r | .78586 || .63203 | -77494 
13 | .57667 | .81698 |] .59084 | .80679 || .60483 | .79635 |} .61864 | .78568 || .63225 | .77476 
14 | .57691 | .8168r || .59108 | .80662 |} .60506 | .79618 || .61887 | .78550 || .63248 +77458 
zs | .57715 | .81664 || .59131 | .80644 || .60529 | .79600 || .61909 | .78532 || .63271 | -77439 | 45 
16 | .57738 | .81647 || .59154 | .80627 || .60553 | -79583 || .61932 | .78514 || .63293 | -7742I | 44 
17 | «57762 | .81631 || «59178 | .806r0 || .60576 | «70565 || .61955 | .78496 || .63316 | -77402 | 43 
18 | .57786 | .8x614 || .5g20r | .80593 || .605909 | -79547 || -61978 | .78478 || .63338 | -77384 | 42 
19 | .57810 | .81597 || .59225 | .80576 |] .60622 | .79530 || .62001 | .78460 || .63361 | -77366 | 41 
20 | .57833 | .8z580 |] .59248 | .80558 || .60645 | .79512 || .62024 | .78442 || .63383 | -77347 | 4° 


at | .57857 | .81563 |] .59272 | .8o54r || .60668 | «79494 || .62046 | .78424 || .63406 | .77329 } 39 
a2 | .5788r | .81546 I] .5g205 | .80524 || .60691 | .79477 || .62069 | .78405 |] .63428 | .77310 | 38 
23 | .57904 | .81530 || .59318 | .80507 || .60714 | .79459 || .62092 | «78387 || .63451 | «77292 | 37 
24 | .57928 | .81513 |] .59342 | .80489 |] .60738 | .79441 |] -62115 | .78369 || .63473 | -77273 | 36 
25 | .57952 | -81406 |] .59365 | .80472 || .60761 | .79424 || .62138 | .78351 |] .63496 | -77255 | 35 
26 | .57976 | .81479 |] .59389 | .80455 || .60784 | .79406 || .62160 | .78333 || .63518 | .77236 | 34 
27 | .57999 | 81462 |] «59412 | .80438 || .60807 | .79388 || .62183 | .78315 || .63540 | .77218 | 33 
28 | .58023 | .81445 || .59436 | .80420 |] .60830 | .79371 |} .62206 | .78207 || .63563 | .77199 | 32 
29 | .58047 | .81428 |} .59459 | «80403 || .60853 | «70353 || -62229 | .78279 |] .63585 | .77181 | 31 
30 | 58070 | .81412 |} .59482 | .80386 || .60876 | .79335 || .62251 | .78261 || .63608 | .77162 | 30 


31 | .58004 | .81305 || -59506 | .80368 || .60899 | .79318 || .62274 | .78243 || .63630 | .77144 | 29 
32 | .58118 | .81378 || .59529 | .803512 || .60922 | .79300 || .62297 | .78225 |] .63653 | .77125 | 28 
33 | .5814r | .8136r || «59552 | .80334 |] .60945 | .79282 || .62320 | .78206 || .63675 | .77107 | 27 
34 | .58165 | .81344 |] .59576 | .80316 |} .60968 | .79264 || .62342 | .73188 || .63698 | .77088 | 26 
35 | -58189 | .81327 || .59509 | .80209 || .60091 | .79247 || -62365 | .78170 |] .63720 | .77070 | 25 
36 | .58212 | .81310 || .59622 | .80282 |] .61015 | .79229 || .62388 | .78152 || .63742 | .77051 | 24 
37 | -58236 | .81293 || .59646 | .80264 || .61038 | .792T1 || .6241r | «78134 || .63765 | .77033 | 23 
38 | .58260 | .81276 || .59669 | .80247 |} .6106r | «79193 || .62433 | -78116 || .63787 | .77014 | 22 
39 | -58283 | .81259 |] .59693 | .80230 |] .61084 | .79176 || .62456 | .78008 || .63810 | .76096 | 2 
40 | .58307 | .81242 || .59716 | .80212 || .61107 | .79158 || .62479 | .78079 || .63832 | .76977 | 20 


41 | .58330 | .81225 || .59739 | .80195 |] .61130 | .79r40 || .62502 | .7806r || .638 

42 | .58354 | .81208 || .59763 | .80178 || .61153 | .7gr22 || .62524 | .78043 || .638 -76940 | 18 
43 | -58378 | .8r1oz |} .59786 | .80160 |] .61176 | .7g105 |] .62547 | .78025 |] .63899 | .76g2t | 17 
44 | «58401 | .81174 }] «59809 | .80143 || .61199 | .79087 || .62570 | .78007 || .63922 | .76903 | 16 
45 | -58425 | .81157 || .59832 | .80r25 || .61222 | .79069 || .62592 | .77988 || .63044 | .76884 | 15 
46 | .58449 | .81140 |] .59856 | .80108 || .6r245 | .7Q051 || .62615 | .77970 |] .63966 | .76866 | 14 
47 | .58472 | .81123 || .59879 | .80091 || .61268 | .79033 |] .62638 | .77952 || .63989 | -76847 | 13 
48 | «58496 | .8r106 || «59902 | .80073 || .6r291 | .79016 |} .62660 | .77934 || 64011 | .76828 | 12 
49 | -58519 | «81089 || .59926 | .80056 || .61314 | .78q98 |] .62683 | .77916 || .64033 | -76810 | rr 
50 | .58543 | .81072 || «59949 | .80038 || .61337 | .78980 || .62706 | .77807 || .64056 | .76791 | 10 


54 | -76959 } 19 
77 


58567 | .81055 || .59972 | .8002r || .61360 | .78962 || .62728 | .778 .64078 | .76772 
58590 | «81038 || «59995 | «80003 || .61383 | .78944 || .62751 pate Gans . fey 
58614 | .8102r || .60019 | «79986 || .61406 | .78926 || .62774 | .77843 || .64123 | .76735 
-58637 | .81004 || .60042 | .79968 || .6r429 | .78908 |} .62796 | .77824 || .64145 | «76717 
58001 | .80987 || .60065 | «79951 || .61451 | .788q1 || .62819 | .77806 |] 164167 | .76608 
+58684 | .80970 |} .60089 | .79934 |} .61474 | .78873 || .62842 | .77788 || .64190 | .76679 
+58708 | .80953 || .Gorr2 | .79916 || .61497 | .78855 || .62864 | .77769 || .642t2 | . 76661 
58731 | .80936 || .60135 | .79809 || .61520 . 78837 || .62887 | .77751 || .64234 | .76642 
-58755 | .80919 |} .60158 | .7988x || .61543 | «78810 || .62909 | .77733 -64256 | .76623 
58779 |_-80902 |} .60182 | .79864 |] .61566 | .7880r || .62932 | .77715 || .64279 | .76604 


On NWAMN DN COO 


Cosine} Sine Cosine] Sine ||Cosine] Sine ||Cosine| Sine ||Cosine| Sine 


° fo) 


53 


54 51 50° 


NaTuRAL SINES AND COSINES. 9 


° fe} ° 


40 ate 43 


Sine |Cosinel] Sine | Cosine) Sine |Cosine|] Sine |Cosinel] Sine | Cosine 


+64279 | .70604 || .65606 | .75471 || .66913 | .74314 |] .68200 | .73135 || .69466 | .71934 “60 | 
-6430% | .76586 |] .65628 | .75452 || .66935 | .74295 || .68221 | .73116 |] .69487 | .71914 | so 
-64323 | .76567 +65650 | .75433 || -66956 | .74276 |] .68242 | .73006 || .69508 | .7180q4 | 58 
64346 | .76548 || .65672 | .75414 || .66978 | .74256 || .68264 | .73076 || .69529 | .71873 | 57 
-64368 | «76530 |] .65694 | .75395 || .66909 | .74237 |] -68285 | .73056 |] .69549 | «71853 | 56 
+64390 | «76512 || .65716 +75375 || 67021 | .74217 || .68306 | .73036 |] .69570 | .71833 | 55 
-64412 | .76492 +65738 -75356 || .67043 | .74198 |} .68327 | .73016 || .69591 | .71813 | 54 
-64435 | -76473 |] 65759 | -75337 || -67064 | .74178 |] .68349 | «72996 || .69612 | «71792 | 53 
| .64457 | «76455 |] .65782 | .75378 || .67086 | «74x59 -68370 | .72976 lj .69633 | .71772 | 52 
+64479 | «76436 || .65803 | .75209 || .67107 | «74139 || -68392 | «72957 || .69654 | «71752 | 51 
-64501 | «76417 || .65825 | .75280 || .67129 | .74120 || .68412 -72937 || -69675 | .71732 | 5° 


-64524 | «76398 || .65847 | .75261 || .67151 | .74100 |] .68434 | .72017 |] .69696 | «71711 | 49 
-64546 | .76380 |} .65869 | «75241 || .67172 | .74080 |] .68455 | .72897 || .69717 | «71691 | 48 
64508 | .7636r || .65891 | .75222 || .67194 | .7406r |] .68476 | .72877 || .69737 | .71671 | 47 
14 | -64590 | .76342 || .65913 | .75203 |/ .67215 | .7404x || .68497 | .72857 || .60758 | .71650 | 46 
15 | -64612 | .76323 || .65035 | .75184 || .67237 | .74022 |] .68518 | .72837 || .69779 | .71630 | 45 
16 | -64635 | .76304 |] .65956 | .75165 |] .67258 | .74002 |] .68539 | .72817 || .69800 | .71610 | 44 
17 | -64657 | .76286 |} .65978 | .75146 || .67280 | .73983 |} .6856r | .72707 || .69821 | «71590 | 43 
18 | -64679 | .76267 |} .66000 | .75126 || .67301 | .73963 |] .68582 | .72777 || .69842 | .71569 | 42 
19 | -6470r | .76248 || .66022 | .75107 |] .67323 | .73944 || .68603 | .72757 || .69862 | .71549 | 41 
20 | .64723 | .76229 || .66044 | .75088 |] .67344 | .73924 |] .68624 | .72737 || .69883 | .71529 | 40 


21 | -64746 } .76210 || .66066 | .75069 || .67366 | .73904 || .68645 | .72717 || .69904 | «71508 | 39 
22 | .64768 | .76192 || .66088 | .75050 || .67387 | .73885 || .68606 | .72697 || .69925 | «71488 | 38 
23 | -64790 | .76173 || .66109 | «75030 || .67409 | .73865 || .68688 | .72677 || .6a946 | «71468 | 37 
24 | -64812 | .76154 || .6613r | «75011 |} .67430 | .73846 || .68709 | .72657 || .69966 | .71447 | 36 
25 | -64834 | .76135 || .66153 | .74992 || -67452 | -73826 || .68730 | .72637 || -69987 | «71427 | 35 
26 | .64856 | .76116 || .66175 | .74973 |} .67473 | -73806 || .68751 | .72617 || .70008 | «71407 | 34 
27 | -64878 | .76097 || .66197 | -74953 || -67495 | -73787 || .68772 | .72597 || -70029 | .71386 | 33 
28 | .64901 | .76078 |} -66218 | .74934 || .67516 | .73767 || .68793 | -72577 || -70049 | -71366 | 32 
29 | -64923 | .76059 || .66240 | «74915 |] .67538 | .73747 || .68814 | .72557 || .70070 | .71345.] 32 
30 | -64945 } «76041 |} .66262 | .74806 || .67559 | .73728 || .68835 | .72537 |] -7o0gt | .71325 | 3° 


31 | .64967 | .76022 |} .66284 | .74876 |] .67580 | .73708 |} .68857 | .72517 || .7or12 | .71305 | 29 
32 | -64989 | .76003 |} .66306 | .74857 || .67602 | .73688 |} .68878 | .72497 |} .70132 | .71284 28 
33 |'-650rz | .75984 |] .66327 | .74838 || .67623 | .73669 || .68899 | .72477 || .70153 | -71264 | 27 
34 | -65033 | -75965 |] -66349 | 74818 || .67645 | .73649 |] .68920 | .72457 |] -70r74 | .71243 | 26 
35 | -65055 | -75946 || .66371 | -74799 || .67666 | «73629 |] .6894: | .72437 || .70195 | -71223 | 25 
36 | .65077 | .75927 || .66393 | -74780 || .67688 | .73€r0 || .68962 | .72417 |] .7o215 | .71203.] 24 
37 | -65109 | «75908 |} .66414 | «74760 || .67709 | «73590 || .68983 | .72307 || .70236 | .71182 | 23 
38 | .65122 | «75889 || .66436 | .74741 || .67730 | -73570 || .6g004 | «72377 || -70257 | -71162 | 22 
39 | -65144 | «75870 || .66458 | .74722 || .67752 | «73551 || «69025 | .72357 || -70277 | »71141.] 21 
4o | 65100 | .7585r |] .66480 | «74703 || .67773 | -7353% |] -69046 | .72337 || .70298 | «71121 | 20 


4x | -65188 | «75832 || .6650r | «74683 || .67795 | -73511 || .69067 | .72317 || -70319 | .71100 | 19 
42 | .65210 | .75813 || .66523 | .74664 || .67816 | .73491 |] 69088 | .72207 |] .70339 | .71080 | 18 
43 | -65232 | -75794 || -66545 | -74644 || .67837 | .73472 || -69109 | .72277 || «70360 | .71059 | 17 
44 | -65254 | -75775 || -66566 | .74625 || .67859 | .73452 || -69130 | -72257 || .70381 | .71039 | 16 
45 | -65270 | -75750 } .66583 | .74606 || .67880 | .73432 || .6gr51 | .72236 || .704or | «71019 | 15 
46 | -65298 | -75738 || -66610 | .74586 || .6790r | .73413 |] 69172 | -72216 || «70422 | .70998 | 14 
47 | -65320 | -75719 || -66632 | .74567 |] .67923 | -73393 || «69103 | .72106 || «70443 | .70978 | 13 
48 | -65342 | -75700 || -65653 | «74548 || .67944 | -73373 || -O9214 | -72176 |] .70403 | .70957 | 12 

65304 | -75680 || .66675 | .74528 |] .67965 | .73353 || -69235 | -72156 || -70484 | .70937 | 1 


-65386 | .7566r || .66697 | .74509 || .67987 | .73333 || -69250 | -72136 || «70505 | .7og16 | 10 


.65408 | .75642 || .66718 | .74480 || .68008 | .73314 || .69277 | «72136 || «70525 | .70896 
.65430 | .75623 || .66740 | .74470 || .68029 | .73294 || .69298 | .72095 || .70546 | .70875 
.65452 | «75604 || .66762 | «74451 || .6805r | «73274 || .69319 | «72075 |] .70567 | .70855 
-65474 | «75585 || .66783 | .74431 |] .68072 | .73254 || -60340 | «72055 || «70587 | .70834 
-65490 | .75560 || .66805 | .74412 || .68093 | .73234 |} .6936r | «72035 || .70608 | .70813 
.65518 | .75547 || .66827 | .74392 || .68115 | .73215 || -69382 | .72075 |] .70628 | .70793 
65540 | .75528 || .66848 | .74373 || .68136 | .73295 |] -69403 |, .71995 |] -70649 | -70772 
65562 | .75509 |] .66870 | .74353 || .68157 | .73175 || -69424 | «71974 |] -70670 | «70752 
-65584 | .75490 |] .66891 | .74334 |] -68179 | -73155 |] -69445 | -71954 |] «70690 | .70731 
60 | .65606 | .75471 || .66913 | .74314 || .68200 | .73135 |] -69466 |_.71934 || -70711 |_- 70711 


OH KRWEN AN TO 


Cosine] Sine |/Cosine|, Sine |/Cosine| Sine | Cosine Sine ||Cosine} Sine 


49° 48° Ae 40° 45° 


10 NaTurRAL TANGENTS AND COTANGENTS. 


ERO aie Os. alll a Caan ° ° 
fe) 7 4 


I 2 3 


Tang |Cotang|| Tang |Cotang] Tang |Cotang Tang |Cotang|) Tang |Cotang 


.o0000 | Infin. || .01746 | 57.2900 |) .03492 | 28.6363]! .o5241 | 19.0811 || .06993 | 14.3007 
.00029 | 3437-75|| .01775 | 56.3506 || .03521 | 28.3994|| .05270 18.9755 || .07022 | 14.2411 
.00058 | 1718.87|| .o1804 | 55-4415 || -03550 | 28.1664] .05299 18.8711 || .o7051 | 14.1821 
.00087 | 1145.92|| .01833 | 54.5613 || -03579 | 27-9372|| .05328 18.7678 || .o7o80 | 14.1235 
.oor16 | 859.436]| .01862 | 53.7086 || .03609 | 27.7117] .05357 | 18.6656|| .o7110 | 14.0655 
.00145 | 687.549|| .or8gr | 52.8821 || .03638 | 27.4899|| .05387 18.5645 |} -07139 | 14.0079 
.00175 | 572.957|| .orgz0 | 52.0807 || .03667 | 27.2715]| .05416 | 138.4645|| .07168 | 13.9507 
.00204 | 491.106]| .org49 | 54.3032 || .03696 | 27.0566]! .05445 | 18.3655|| -07197 | 13-8940 
.00233 | 429.718]] .o1978 | 50.5485 || 03725 | 26.8450]| .05474 | 18.2677]| .07227 13.8378 
.00262 | 381.971|| .02007 | 49.8157 || .03754 | 26.6367]| .05503 | 18.1708 .07256 | 13.7821 
«00291 | 343-774]| «02036 | 49.1039 .03783 | 26.4316]| .05533 | 18.0750]! .07285 | 13.7267 


CO OY ONnfWNHHO 


HW 


tr | .00320 | 312.521|| .02066 | 48.4121 || .03812 | 26.2296]! .05562 | 17.9802]| .07314 13.6719 
12 | .00349 | 286.473|| .02095 | 47-7395 |] -03842 | 26.0307]| .o5591 | 17-8863]| .07344 13.6174 
13 | .00378 | 264.441|| .o2124 | 47.0853 || .03871 | 25.8348] .05620 | 17.7034]! .07373 | 13-5634 
14 | .00407 | 245.552|| -02153 | 46.4489 || .03900 | 25.6418]! .05649 | 17.7015]] .07402 | 13.5098 
15 | .00436 | 229.182]| .02182 | 45.8294]! .03929 | 25.4517]| .05678 | 17.6106|| .07431 | 13.4566 
16 | .00465 | 214.858]| .oz2rr | 45.2261]! .03958 | 25.2644]| .05708 | 17.5205]| .0746r | 13.4039 
17 | .00495 | 202.219]| .02240 | 44.6386]| .03987 | 25.0798]] .05737 | 17-4314]| -07490 | 13-3515 
18 | .00524 | 190.984|| .02269 | 44.0661} .o4o16 | 24.8978} .05766 | 17.3432] .07519 | 13.2996 
19 | .00553 | 180.932|| .o2298 | 43.5081 || .04046 | 24.7185]! .05795 | 17.2558] .07548 | 13.2480 
20 | .co582 | 171.835|| .02328 | 42.9641 || .04075 | 24.5418|| .05824 | 17.1693]} .07578 | 13.1969 


at | .oo6rzr | 163.700]| .02357 | 42.4335] .04104 | 24.3675]| .05854 | 17-0837]| .07607 | 13.1461 
22 | .00640 | 156.259]| .02386 | 41.9158 || .04133 | 24.1957]| .05883 | 16.qQ9g0]} .07636 | 13.0958 
23 | .00669 | 149.465]] .o2z415 | 41.4106]| .04162 | 24.0263]! .o5g12 | 16.9150} .07665 | 13.0458 
2 .00698 | 143.237|| .02444 | 40.9174]] .e4191 | 23.8593|| .o5941 | 16.8319]| .07695 | 12.9962 
25 | .00727 | 137.507]|] .02473 | 40.4358 || .04220 | 23.6945]| .05970 | 16.7496/|| .07724 | 12.9469 
26 | .00756 | 132.219|| .o2502 | 39.9655]| .04250 | 23.5321]| .05999 | 16.6681 || .07753 | 12.8981 
27 | .00785 | 127.321|] .0253r | 39-5059 || -04279 | 23.3718]| .o6029 | 16.5874] .07782 | 12.8496 
28 | .oo815 | 122.774]| .02560 | 39.0568]| .04308 | 23.2137]| .06058 | 16.5075 |] .o7812 | 12.8014 
29 | .00844 | 118.540]] .02589 | 38.6177]| .04337 | 23-0577|| .06087 | 16.4283 |] .07841r | 12.7536 
30 | .00873 | 114.589]| .0261g | 38.1885 ]] .04366 | 22.9038]| .06116 | 16.3499 || .07870 | 12.7062 


31 | .cogoz | 110.892]| .02648 | 37.7686]| .04395 | 22.7519|| .06145 | 16.2722]| .07899 | 12.6591 | 20 
32 | .0093t | 107.426]] .02677 | 37-3579\| -04424 | 22.6020]| .06175 | 16.1952|| .07929 | 12.6124 | 28 
33 | -00960 | 104.171]] .02706 | 36.9560]] .04454 | 22.4541]| .06204 | 16.1190]] .07958 | 12.5660 | 27 
34 | .00989 | t01.107]] .02735 | 36.5627]! .04483 | 22.3081]! .06233 | 16.0435 |] .07987 | 12.5199 | 26 
35 | -o1018 | 98.2179|| .02764 | 36.1776]] .04512 | 22.1640]| .06262 | 15.9687]| .o8017 | 12.4742] 25 
36 | .01047 | 95.4895 )| .02793 | 35-8006} .04541 | 22.0217]| .o6291 | 15.8945 ]| .c8046 | 12.4288 | 24 
37 | -01076 | g2.9085]| .o2822 | 35.4313] 04570 | 21.8813]| .06321 | 15.8211]| .08075 | 12.3838 | 23 
38 | -ort05 | 99.4633]| .0285r | 35.0695 |] .04509 | 21.7426]| .06350 | 15.7483]] .o8t04 | 12.3390 | 22 
39 | .01135 | 88.1436]| .0283r | 34.7151]] .04628 | 21.6056]| .06379 | 15.6762]| .08134 | 12.2946 | 2 
40 | .0r164 | 85.9398|| .02910 | 34.3678]| .04658 | 2t.4704]| .06408 | 15.6048 || .08163 | 12.2505 | 20 


41 | .orr93 | 83.8435]| .02939 | 34-0273|| -04687 | 21.3369]| .06437 | 15.5340] .o8192 | 12.2067] 19 
42 | .01222 | 81.8470]| .02968 | 33.6935 ]| .04716 | 21.2049]| .06467 | 15.4638 |] .o822r | 12.1632] 18 
43 | .0o125r | 79.9434|| .02907 | 33-3662]| .04745 | 21.0747]| .06496 | 15.3943]] .o8251 | 12.1201] 17 
44 | .01280 | 78.1263]| .03026 | 33.0452 || .04774 | 20.9460]| .06525 | 15.3254]| .08280 | 12.0772 | 16 
45 | -01309 | 76.3900]| .03055 | 32-7303]] -04803 | 20.8188]| .06554 | 15.2571]| .08309 | 12.0346] 15 
46 | .01338 | 74.7292]| .03084 | 32.4213 || .04833 | 20.6932]| .06584 | 15.1893]] .08339 | 11.9923] 14 
47 | .01367 | 73-1390]| -03114 | 32-1182 ]] .04862 | 20.5691]| .06613 | 15.1222]! .08368 | r1r.9504 | 13 
48 | .01396 | 71.6151]| .03143 | 31.8205 }} .o489r | 20.4465]| .06642 | 15.0557]|| .08397 | 11.9087 | 12 
49 | .01425 | 70.1533]| -03172 | 31-5284]| .04920 | 20.3253|| .06671 | 14.9898]| .08427 | 11.8673 | 12 
50 | .01455 | 68.7501]| .03201 | 31.2416] .04949 | 20.2056|| .06700 | 14.9244]! .08456 | 11.8262] 0 


5r | .01484 67-4019 +03230 | 30.9599 || .04978 | 20.0872]| .06730 | 14.8596]| 08485 | 11.7853 
52 | -01513 | 06.1055/ .03259 30.6833 || .05007 | 19.9702]| .c6759 | 14.7954|| .08514 | 11.7448 
-01542 | 64.8580]] .03288 | 30.4116]! .05037 | 19.8546|| .06788 | 14.7317]] .08544 | 11.7045 
-01571 | 63.6567 |} .03317 | 30.1446]| .05066 | 19.7403|| .06817 | 14.6685 |} .08573 | 11.6645 
-01600 | 62.4992 |] .03346 | 29.8823]! .05095 | 19.6273]| .06847 | 14.6059]| .o8602 | 11.6248 
-or629 | 61.3829]! .03376 | 29.6245 || .05124 | 19.5150]| .06876 | 14.5438|| .08632 | 11.5853 
-01658 | 60.3058]! .03405 | 29.3711 || .05153 | 19.4051]! .o6905 | 14.4823|| .0866r | 11.5461 
-01687 | 59.2659]| .03434 | 29.1220]| .05182 | 19.2959]| .06034 | 14.4212|| .o8690 | 11.5072 
01716 | 58.2612]! .03463 | 28.8771 || .o5212 | 19.1879]! .06963 | 14.3607]| .08720 | 11.4685 
+01746 SP A900! 03492 | 28.6363 || .05241 | 19.0811|] ,06993 | T4.3007|] .08749 | 11.4301 
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NaTuRAL TANGENTS AND COTANGENTS. af 


5° 6° he ge 9° 


Tang |Cotang]| Tang |Cotang|) Tang |Cotang]| Tang /Cotang] Tang |Cotang 

© | .08749 | 1z-430T || «10510 | 9.51436]! .12278 | 8.14435 || .14054 | 7.11537]| .15838 | 6.31375 
t | .08778 | 11.3919 |] .r0540 | 9.4878r]] .12308 | 8.12481 || .14084 | 7.10038]! .15868 | 6.30189 
2 | .08807 | 11.3540]| «10569 | 9.46141]| .12338 | 8.10536] «14113 | 7.08546]| .15898 | 6.29007 
3 | -08837 | r1.3163]| .10599 | 9.43515]] .12367 | 8.08600]] .14143 | 7.07050|| .15928 | 6.27829 
4 | -08866 | 11.2789 || «10628 | 9.40904|| «12397 | 8.06674 || .14173 | 7.05579|| 15958 | 6.26655 
5 | -08895 | rz.2417]| «10657 | 9.38307] .12426 | 8.04756]! «14202 | 7.04105]| .15988 | 6.25486 
6 | .o8925 | rr.2048 || .10687 | 9.35724|| .12456 | 8.02848 |] .14232 | 7.02637]| .16017 | 6.24321 
7 | 08954 | 11.1681 ]] «10716 | 9.33155|| «12485 | 8.00948]] .14262 | 7.01174]| .16047 | 6.23160 
8 | .08983 | 1r.1316]| «10746 | 9-30599|} «12515 | 7-99058]] «14291 | 6.99718|| .16077 | 6.22003 
9 | -09013 | 11.0954 |} .10775 | 9.28053} .12544 | 7.97176] .14321 | 6.98268]] .16107 | 6.20851 
to | ,ogo42 | t1.0594 || «10805 | 9-25539]| .12574 | 7-95302]| .14351 | 6.96823]| «16137 | 6.19703 


+23076]| .12603 | 7.93438]|| .14381 | 6.95385|| .16167 | 6.18559 
+20516]| ,12633 | 7.91582]! «14410 | 6.93952|| «16196 | 6.17419 
-18028 || .12662 | 7.89734 |] -14440 | 6.92525|| .16226 | 6.16283 
+15554]| 12602 | 7.87895]! .14470 | 6.91104]! .16256 | 6.15151 
+13093]| .12722 | 7.86064]! .14499 | 6.89688]] .16286 | 6.14023 
-10646|| .12751 | 7.84242]! «14529 | 6.88278]| .16316 | 6.12899 
.o821r|| ,r278r | 7.82428]] .14559 | 6.86874]| .16346 | 6.11779 
-05789]| .12810 | 7.80622]| .14588 | 6.85475 || .16376 | 6.10664 

i 

7 


Ir | .0g07T | 17.0237 ]| .10834 
12 | .ogror | 10.9882 ]] .10863 
13 | -09130 | 10.9529 || .10893 
I4 | .09%59 | 10.9178 || .10922 
x -0g18g | 10.8829]| «10952 
16 | .0g218 | 10,8483 || .r098r 
17 | .09247 | 10,8139 |] .11011 
18 | .09277 | 10.7797 || . 11040 
19 | .09306 | 10.7457]|| «11070 
20 | .09335 | 10.7119 ]| .11099 


+03379|| .12840 | 7.78825 || .14618 | 6.84082]| .16405 | 6.09552 
-00983]| .12869 +77035 || 14648 | 6.82694|] .16435 | 6.08444 


-98598]| .12899 | 7.75254]| -14678 | 6.81812] 16465 | 6.07340 
-96227 || .12929 | 7.73480] .14707 | 6.79936]| .16495 | 6.06240 
-93867 || .12958 | 7.71715 || »14737 | 6-78564]| .16525 | 6.05143 


21 | .09365 | 10.6783]| .11128 
22 | .09394 | 10.6450]| .11r158 
23 | .09423 | 10.6118 || .11187 
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24 | .09453 | 10.578q || .t1217 +91520|| .12988 | 7.69957 || -14767 | 6.77199]] «16555 | 6.04051 

25 | .09482 | 10.5462 || .11246 -89185 || .13017 | 7.68208 || .14796 | 6.75838]| .16585 | 6.02962 

26 | .og512 | 10.5136] .11276 -86862 |] 13047 | 7.66466 || .14826 | 6.74483]| .16615 | 6.01878 

27 [ .090541 | 10.4813 ]] .11305 -84551 |} .13076 | 7.64732]| .14856 | 6.73133]| .16645 | 6.00797 

28 | .09570 | 10.4491 || .11335 82252]| ,13106 | 7.63005 || .14886 | 6.71789]| .16674 | 5.99720 

29 | .og600 | 10.4172 || .11364 79964 || .13136 | 7.61287] «14915 | 6.70450]! «16704 | 5.98646 

30 | -09629 | 10.3854 || «11394 77089 || .13165 | 7.59575 |] -14945 | 6.69116|| 16734 | 5.97576 

gr | .09658 | 10.3538]/ .11423 | 8-75425]/ .13195 | 7-57872]] -14975 | 6.67787]| .16764 | 5.96510 

32 | .09688 | 10.322 +11452 | 8.73172 13224 | 7.56176 || «15005 | 6.66463) .16704 | 5.95448 

33 | -09717 | 10.2913 ]/ .114d2 | 8.70931]| .13254 | 7-54487 || «15034 | 6.65144] .16824 | 5.94390 

34 | -09746 | 10.2602]/ .rr511r | 8.68701]! ,13284 | 7.52806]] .15064 | 6.63831]] .16854 | 5.9333 

35 | 09770 | 10.2294 || .r1541 | 8.60482]/ .133913 | 7.51132] -15094 | 6.62523]] .16884 | 5.92283 

36 | .og805 | 10.1988 || .11570 | 8.64275 13343 | 7:49465 || +15124 | 6.61219]] .16914 | 5.91236 

37 | -09834 | r0.1683]} 11600 | 8,.62078|| .13372 | 7.47806 ]| .15153 | 6.50921|| . 16944 | 5.gor9r 

38 | .09864 | r0.1381)| .11629 | 8.59893]| .13402 | 7.46154]] «15183 | 6.58627]/ .16974 | 5.89151 

39 | .09893 | 10.1080 || «11659 | 8.57778 13432 | 7-44509 || -15213 | 6.57339]| .17004 | 5.88114 

40 | .09923 | 10.0780] .11688 | 8.55555 || .13461 | 7.42871 ]| «15243 | 6.56055]| .17033 | 5.87080 

41 | .09952 | 10.0483]| .11748 | 8.53402]| «13491 | 7.47240]] «15272 | 6.54777|| .17063 | 5.86051 

42 | .og98x | 10.0187]| .11747 | 8.51259|| .13521 | 7.39616]] .15302 | 6.53503]] «170903 | 5.85024 

43 | .100rr | 9.98931 |] .11777 | 8-49128 || .13550 7-37999 || 15332 6.52234]| .17123 | 5.84001 

44 | «10040 | 9.96007 |) .11806 | 8.47007 }] .13580 | 7.36389] .15362 | 6.50970]! .17153 | 5.82982 

45 | .10069 | 9.93101 || .11836 | 8.44896]! .13609 | 7.34786]] «15391 | 6.49710]| .17183 | 5.81966 

46 | .10099 | g-go2t1|| .11865 | 8.42795 |] .13639 | 7.33190]] «15421 | 6.48456]) .r7213 | 5.80953 

47 | .10r28 | 9.87338 || .11895 | 8.40705 || .13669 | 7.31600]} «15451 | 6.47206]! .17243 | 5.79944 

48 | .10158 | 9.84482 || «11924 | 8.38625 || .13698 | 7.30018]| .15481 6.45961 -17273 | 5-78938 

49 | -10r87 | 9.81641 || .r1954 | 8.36555 || .13728 | 7.28442] 15511 | 6.44720]! .17303 | 5-77936 

50 | .10216 | 9.78817]|| .11983 | 8.34496]! .13758 | 7.26873]| .15540 | 6.43484]] .27333 | 5-76937 

51 | .10246 | 9,76009 || .12013 | 8.32446] .13787 | 7.25310]] «15570 | 6.42253]! «17363 | 5-7594T] 9 
10275 | 9.73217|| .x2042 | 8.30406]/ ,13817 | 7.23754|| -15600 | 6.41026]| «17393 | 5.74949)" 8 
10305 | 9.70441 || .12072 | 8.28376]] .13846 | 7.22204 || .15630 | 6.390804]| .17423 | 5-73960| 7 
+10334 | 9.67680]] , 12101 | 8.26355] .13876 | 7.20661 || .15660 6.38587 -17453 | 5-72974] 6 
-10353 | 9.64935 || .12131 | 8-24345 |] .13906 | 7.10125 || .15089 | 6.37374]| -17483 | 5.71902] 5 
«10393 | 9.62205 || .r2160 | 8.22344 |] .13935 | 7-27594]| -75719 | 0-36165]) .17513 | 5.71013] 4 
10422 |9.59490|| «12190 | 8.20352] «13965 | 7-1607r]} «15749 | 6.34961] 17543 | 5.70037] 3 
-10452 | 9.56791 || .12219 | 8.18370]] «13995 | 7-14553]| -15779 6.33761] .17573 | 5.69064] 2 
.1048r | 9.54106|| .12249 | 8.16308 || «14024 | 7.13042] «15809 | 6.32566 -17603 | 5.68094] 1 
.t05to | 9.51436 || .12278 | 8.374435 |] .14054 | 7-21537||_-15838 | 6.31375] -17633_ 5.67128] o 
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1D NatTurRAL TANGENTS AND COTANGENTS. 


° 


10° Tale 12 


Rs 14 


Cotang|| Tang |Cotang|| Tang |Cotang|| Tang |Cotang|) Tang Cotang 


-17633 5.67128 || .19438 | 5.14455|| .21256 4-70463]} -23087 | 4.33148 || .24933 | 4.01078 


° 
1 | .17663 | 5.66265 |} .19468 | 5.13058 |] .21286 | 4.69791]| -23117 | 4.32573 || -24904 4.00582 
2 | .17693 | 5.65205 || .19498 | 5.12862 || .21316 | 4.69121]! .23148 | 4.32001 |] «24995 4.00086 | 58 
3 | -17723 | 5-64248 || .19529 | 5.12069]| .21347 4.68452 -23179 | 4.31430] .25026 | 3.90592 57 
4 | -17753 | 5-63295 || .19559 | 5-11279]] .21377 | 4-67786]| .23209 | 4.30860|| .25056 | 3.99099] 56 
-17783 | 5.62344 || .19589 | 5.10490]| .21408 | 4.67121]! .23240 | 4.30291 +25087 | 3.98607] 55 
2 17813 | 5.61307] .19619 | 5.09704 || .21438 | 4.66458]! .23271 | 4.29724 +25118 | 3.98117] 54 
7 | .17843 | 5.60452 || .19649 | 5.08921 || .21469 | 4.65797|| .23301 | 4.29159 || -25149 3-97627] 53 
8 | .17873 | 5.59511 ]] «19680 | 5.08139]| .21499 | 4-65138]] -23332 | 4-28595 || -25180 | 3.97139] 52 
9 | .17903 | 5.58573 |] «19710 | 5.07360]] .21529 | 4.64480] .23363 | 4.28032 || .25211 3.96651 | 51 
© | .17933 | 5-57038 || «19740 | 5.06584|| .21560 | 4.63825] .23393 | 4.27471 || .25242 | 3.96165 | 50 


.63171]| .23424 | 4.26911 || .25273 | 3.95680] 49 
-62518]| .23455 | 4-26352|| .25304 | 3.95196] 48 
-61868|| .23485 | 4.25795 || -25335 | 3-94713| 47 
61219] .23516 | 4.25239 |] .25306 | 3.94232] 46 
-60572|| .23547 | 4-24685]] -25397 |3-93751| 45 
-59927 || -23578 | 4-24132]| .25428 | 3.93271] 44 
+59283|| .23608 | 4.23580]/ .25459 | 3.92793 | 43 
-58641|] .23639 | 4.23030]] .25490 | 3.92316] 42 
-58001 |] .23670 | 4.22481 |] .2552t | 3.91839] 41 
-57363|| -23700 | 4.21933 || -25552 | 3.91364] 40 


11 | .17963 | 5-56706]| .19770 | 5.05809]| .21590 
12 | .17993 { 5-55777 || -1980r | 5.05037 || -21621 
13 | .18023 | 5.54851 || .19831 | 5.04267] «21651 
14 | .18053 | 5.53927 |] .19861 | 5.03499]| .21682 
15 | .18083 | 5.53007 || .1989t | 5.02734 || .21712 
16 | .18113 | 5.52090]| .1992t | 5.01971 || .21743 
17 | «18143 | 5.51176]! «19952 | 5-012I0]| .21773 
18 | .18173 | 5.50264 ||} .19982 | 5.00451]| .21804 
1g | .18203 | 5.49356|| .20012 | 4.99695|| .21834 
20 | .18233 | 5.48451 || .20042 | 4.98940|| .21864 


-56726]] .23731 | 4.21387 || .25583 | 3.90890] 39 
-56091|| .23762 | 4.20842 |] .25614 | 3.90417| 38 
-55458|| .23793 | 4-20298 || .25645 | 3.89945] 37 
-54826]| .23823 | 4.19756]] .25676 | 3.89474] 36 
-54196]| .23854 | 4.19215]| .25707 | 3-8q004] 35 
23885 | 4.18675 || .25738 | 3.88536] 34 
-52941|| .23916 | 4.18137]| .25769 | 3.880608] 33 
-52316]| .23946 | 4.17600]|| .25800 | 3.87601 | 32 
-51693|] .23077 | 4-17064|| .25831 | 3.87136} 31 
+51071]| .24008 | 4.16530]| .25862 | 3.86671 | 30 


21 | .18263 | 5.47548 || .20073 | 4.98188]| .21895 
22 | .18293 | 5.46648 || .20103 | 4.97438]| .21925 
23 | .18323 | 5.45751 || .20133 | 4.966g0]| .21956 
24 | «18353 | 5.44857 || .20164 | 4.95945]| .21986 
25 | .18384 | 5.43906/|| .20194 | 4.95201 || .22017 
26 | .18414 | 5.43077|| .20224 | 4.94460|| .22047 
27 | .18444 ] 5.42192|| .20254 | 4.93721 || .22078 
28 | .18474 | 5-41309|| .20285 | 4.92984]|| .22108 
29 | .18504 | 5.40429 || .20315 | 4.92249|| .22139 
30 | .18534 | 5.39552 || .20345 | 4.91516]| .22169 


+§0451 || .24039 | 4.15997 +25893 | 3.86208] 29 
- 49832 || .24009 | 4.15465 || .25924 | 3.85745] 28 
-49215|| .24100 | 4.14934 || .25955 | 3-85284 | 27 
-48600 || .24131 | 4.14405 || .25986 | 3.84824| 26 
-47986|| .24162 | 4.13877]| .26017 | 3.84364] 25 
-47374|| +24193 | 4-13350]| -26048 | 3.83900| 24 
-46764 || .24223 | 4.12825 || .26079 | 3.83449| 23 
-46155|| -24254 | 4.12301 || 26110 | 3.82992] 22 
-45548|| .24285 | 4.11778 ]| .26141 | 3.82537| ar 
-44942|| .24316 | 4.11256]|| .26172 | 3.82083] 20 


31 | .18564 | 5.38677] .20376 | 4.90785] .22200 
32 | .18594 | 5.37805 || .20406 | 4.90056|| .22231 
33 | -18624 | 5.36936 || .20436 | 4.89330|| .22261 
34 | .18654 | 5.36070]| .20466 | 4.88605 || .22292 
35 | -18084 | 5.35206 || .20497 | 4.87882] .22322 
36 | .18714 | 5.34345 |] .20527 | 4.87162]! .22353 
37 | «18745 | 5-33487|| .20557 | 4.86444]| .22383 
38 | .18775 | 5.32631 || .20588 | 4.85727|| .22414 
39 | -18805 | 5.31778 || .20618 | 4.85013]| .22444 
40 | .18835 | 5.30928 || .20648 | 4.84300]! .22475 
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41 | .18865 | 5.30080|| .20679 | 4.83590]| -22505 | 4.44338]| .24347 | 4.10736]| .26203 | 3.81630] 19 
42 | .18895 | 5.29235]| .20709 | 4.82882 || .22536 | 4.4373, -24377 | 4-10216]] .26235 | 3.81177] 18 
43 | -18925 | 5-28393 || .20739 | 4.82175|| .22567 | 4.43134 || .24408 | 4.09609 || .26266 | 3.80726] 17 
44 | .18955 | 5-27553|| -20770 | 4.81471 |] -22597 | 4.42534] -24439 | 4.09182]| .26297 | 3.80276] 16 
45 | -18986 | 5.26715|| .20800 | 4.80769|| .22628 | 4.41936]| .24470 | 4.08666 |) .26328 | 3.79827] 15 
46 | «19016 | 5.25880|| .20830 | 4.80068]| .22658 | 4.41340|| .2450r | 4.08152] .26359 | 3.79378] 14 
47 | -19046 | 5.25048]] .2086r | 4.79370|| .22689 | 4.40745|| .24532 | 4.07639 || .26300 | 3.78031 | 13 
48 | .19076 | 5.24218]| ,2089t | 4.78673|| .22719 | 4.40152] .24562 | 4.07127]| .26421 | 3.78485| 12 
49 | -19106 | 5.23391]| -2092r | 4.77978]| -22750 | 4.39560] .24503 | 4.06616 || .26452 | 3.78040] x1 
5° | -19136 | 5.22566]| .20952 | 4.77286]| .22781 | 4.38969 |] .24624 | 4.06107] .26483 | 3.77595] 10 
51 | -19166 | 5.21744 || .20982 | 4.76595|| .2281 | 4.38381] .24655 | 4.05599|| .26515 | 3-77152| 9 
52°] «19197 | 5.20925 || .21013 | 4.75906]| .22842 | 4.37793]| .24686 | 4.05092|| .26546 | 3.76709] 8 
+19227 | 5.20107 || .21043 | 4.75219|| .22872 | 4.37207]|] .24717 | 4.04586|| .26577 | 3.76268] 7 
+19257 | 5-19293]] .21073 | 4.74534|| -22903 | 4.30623]] .24747 | 4.04081 |] .26608 | 3.75828] 6 
-19287 | 5.18480}| .2r104 | 4.73851]| .22934 | 4.36040] .24778 | 4.03578] .26639 | 3.75388] 5 
-19317 | 5.17671 ]| «21134 | 4.73170]| .22964 | 4.35459!| .24809 | 4.03076] .26670 | 3.74950] 4 
-19347 | 5.16863 |] .2r164 | 4.72490]! .22995 | 4.34879 || .24840 | 4.02574 |] .26701 | 3.74512 3 
+19378 | 5.16058] .21195 | 4.71813|| .23026 | 4.34300|] .24871 | 4.02074 -26733 |3-74075| 2 
-19408 | 5.15256|] .21225 | 4.71137|| .23056 | 4.33723]] .24902 4.01576 || .26764 |3.73640| 1 
-19438 | 5.14455 ]]_.21256 | 4.70463|| .23087 | 4.33148 || .24933 | 4.01078] .26705 | 3.73205] 0 
Tang 
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NaTurRAL TANGENTS AND COTANGENTS. 13 


1 1 o> Pia oti 
De. TO: se 18° Ig” 
| 
Tang |Cotang]/ Tang |Cotang) Tang |Cotang| Tang |Cotang|| Tang Cotang 
© | .20795 | 3-73205 || .28675 | 3.48741 +39573 | 3-27085|| «32492 | 3.07768 || .34433 | 2-go42r 
1 | .26826 | 3.72771 || .28706 | 3.48359 +30005 | 3-20745]] .32524 3+07464 +34465 | 2.90147 
2 | .26857 | 3.72338 || .28738 | 3.47977 + 30637 3+ 26406 -32550 | 3.07160} «34498 | 2.89873 
3 ] -26888 | 3.71907 |} .28769 3+47596|] .30669 | 3.26067 || .32588 3+06857 || .34530 | 2-89600 
4 | .26920 | 3.71476|] .28800 3-47210 |] .30700 | 3.25729 || .3262t 3+00554 || «34563 | 2.89327 
5 | -26951 | 3.71046 -28832 3-46837 || .30732 | 3.25392 -32053 | 3.06252 || .34596 | 2.29055 
6 | .26982 | 3.70616 }} .28864 | 3.46458]] .30764 | 3.25055 || .32685 3.05950 || «34628 | 2.88783 
7 | -27013 | 3.70188 |) .28895 | 3.46080]] .30796 | 3.24719] .32717 | 3.05649 || . 34661 2.88511 
8 | .27044 | 3.69761 |] .28927 | 3.45703|| .30828 | 3.24383|| .32749 3-95349 || -34693 | 2.88240 
9 | -27076 | 3.69335 || -28958 | 3.45327|| .30860 | 3.24040] .32782 3-05049 || .34726 | 2.87070 
© | .27107 | 3.68909 |] «28990 | 3.44951 |] «30891 | 3.23714 |] .32814 | 3.04749 +34758 | 2.87700 
+27738 3-58 485, +2902T | 3.44576] .30923 | 3.23381|| .32846 | 3.04450]] .34702 2.87430 
27169 | 3.68061 || «29053 | 3.44202]! .30955 | 3.23048] .32878 | 3.04152] «34824 | 2.87161 
27201 | 3-67638 |} «29084 | 3.43829 ]] .30987 | 3.22715 +3291 | 3.03854 || .34856 | 2.86892 
+27232 | 3.67217]! «29110 | 3.43456|| «3019 | 3.22384] 329043 | 3.035561] «34889 | 2.86624 
15 | 27263 | 3-66796|| .29147 | 3.43084]| .31051 | 3.22053]} 32975 | 3-03260]| .34922 | 2.86356 
16 | .27294 | 3.66376]! .29179 | 3.42713 +31083 | 3.21722] .33007 | 3.02963]| -34954 | 2.86089 
17 | -27326 | 3-65957]| «29210 | 3.42343]| «31115 | 3.21392 +33040 | 3.02667 |] .34987 | 2.85822 
18 | .27357 | 3-65538]| -29242 | 3.4107 +31147 | 3.21063]! .33072 | 3-02372]| .35020 | 2.85555 
1g | .27388 | 3.65121 |] «29274 | 3.41604]! .31178 | 3.2073 +33104 | 3.02077 |] «35052 2.85289 
20 | .27419 364705 +29305 | 3.41236 +31210 | 3.20406]! .33136 3-01783 || .35085 | 2.85023 
az | .27451 | 3.64289]! .29337 | 3.40869]| .31242 | 3.20079|| «33169 3.07489 || .35118 | 2.84758 | 39 
22 | .27482 | 3.63874 || «29308 | 3.40502]! .31274 | 3.19752]| -33201 | 3-01190]| «35150 | 2.84494 | 38 
23 | -27513 | 3-6346r |] .29400 | 3.40136]} .31306 | 3.19426] .33233 | 3.00903] .35183 | 2.84229] 37 
24 | .27545 3-63048 +29432 | 3-3977t]] .31338 | 3-19100]] .33266 | 3.00611]! .35216 | 2.83965 | 36 
25 | -27576 | 3.62636 || .29463 | 3.39406] .31370 | 3.18775 ]| -33298 | 3.00319 +35248 2.83702 | 35 
26 | .27607 | 3.62224 || .29495 | 3.39042] .31402 | 3.18451 ]] 33330 | 3.00028 ]] .35281 2.83439 34 
27 | .27638 | 3.61814 || .29526 | 3.38679|| -31434 | 3-18127]| .33363 | 2.99738]| .35314 | 2-83176| 33 
28 | .27670 | 3.61405 || .29558 | 3.38317]|| -31466 | 3.17804] .33395 | 2-99447]|| .35340 | 2.82014 | 32 
29 | -2770r | 3-60996 || .29590 | 3.37955]] 31498 | 3.17481]] .33427 | 2.99158]] .35379 | 2.82653] 3r 
30 | -27732 { 3-60588 || .29621 | 3.37594] .31530 | 3-17759]| -33460 | 2.98868! .35412 | 2.82391 | 30 
31 | -27764 | 3-60181 || .29653 | 3.37234]] -31562 | 3.16838]| 33492 | 2.98580]] .35445 | 2.82130] 29 
32 | -27795 | 3-59775 || -29685 | 3.36875] .31594 | 3.16517]] «33524 | 2.98292 || .35477 | 2.81870] 28 
33 | -27826 | 3.59370]| .29716 | 3.36516]| .31626 | 3.16197]! .33557 | 2.98004]] .35510 | 2.81610] 27 
34 | -27858 | 3.589606]| .29748 | 3.36158]] .31658 | 3.15877]] .33589 | 2.97717]] -35543 | 2-81350| 26 
35 | -27889 | 3.58562 || .20780 | 3.35800]| .31690 | 3.15558]| .3362r | 2.97430]] .35576 | 2.81091] 25 
36 | .27921 | 3.58160]! «29811 | 3.35443]| .31722 | 3-75240]| -33654 | 2.97144|| «35608 | 2.80833] 24 
37 | -27952 | 3-57758]|| -29343 | 3-35087 || -31754 | 3.14922/| .33686 | 2.96858 ]] .35641 | 2.80574 | 23 
38 | -27983 | 3-57357 || -29875 | 3-34732|| «31786 | 3.14605 ]| .33718 | 2.96573|| .35674 | 2.80316] 22 
39 | -280r5 | 3.56957] -290006 | 3.34377]|] -31818 | 3.14288]| .33751 | 2.96288]| .35707 | 2.80059] at 
40 | .28046 | 3.56557]| «29938 | 3.34023 |] -31850 | 3.13972|| 33783 | 2.96004|| .35740 | 2.79802] 20 
41 | .28077 | 3.56159]] «29970 | 3.33670]| .31882 | 3.13656]] .33816 | 2.95721]| .35772 | 2.79545] 19 
42 | .28109 | 3.5576r]| .3000T | 3.33317]| -319T4 | 3.13342 -33848 2.95437|| .35805 | 2.79289] 18 
43 | -28140 | 3.55364]] -30033 | 3.32965]] «31946 | 3.13027]] .3388r | 2.95155 ]| .35838 | 2.79033 uy 
44 | .28172 | 3.54068] .30065 | 3.32614]| .31978 | 3-12713]| -33913 | 2-94872]] «35871 | 2.78778] 1x 
45 | -28203 | 3-54573|] -30097 | 3-32264|] «32010 | 3.12400]! .33945 | 2-9459r|] «35904 | 2 78523] 15 
46 | .28234 | 3.54179]! «30128 | 3.31914] -32042 | 3.12087]] «33978 | 2.94309|| -35937 | 2.78269] 14 
47 | .28266 | 3.53785] .30160 | 3.31565 || -32074 | 3-11775]| -34010 | 2.94028] .35969 So 13 
48 | .28207 | 3.53393|| -30192 | 3.31216]| .32106 | 3.11464]| «34043 | 2.93748 + 36002 2.77701 | 12 
49 | .28329 | 3-53001|| .30224 | 3.30868 || .32139 | 3.17153]| -34075 | 2-93468]| .36035 | 2.77507) 11 
50 | .28360 | 3.52609]! .30255 | 3.30521 || .32171 | 3.10842]| .34108 | 2.9318Q/|| .36068 | 2.77254] 10 
3 6 +3220 -10532]| .34140 -92910]| .36101 | 2.77002 
5r | .2839r | 3.52219|| .30287 | 3.30174]] .32203 | 3.10532]! «34 oe a eana beeee 


-28423 | 3.51829 || .30319 | 3.2982q|| -32235 | 3-10223]] -34173 
28454 | 3-5144T |} «30351 | 3.29483]! «32267 | 3.09914 || +34205 
-28486 | 3.51053 |] .30382 | 3.29139|| -32299 | 3.09606]! .34238 
-28517 | 3.50666|| .30414 | 3.28795]| .3233r | 3-09298]| .34270 
-28549 | 3.50279]| «30446 | 3°28452|] .32363 3-08g9r © 34303 
+28580 | 3.49894|| .30478 | 3.28109|| .32306 | 3.08685 || .34335 
-28612 | 3.49509|| .30509 | 3.27767|| .32428 | 3.08379 ]| .34368 
28643 | 3.49125 || .3054r | 3.27420]| .32460 | 3.08073] «34400 

»28675 | 3.48741 || .30573 | 3-27085]|| .32492 | 3-07768]| .34433 


+92354|| .36167 | 2.76498 
92076|) .36199 | 2.76247 
-91799]| .36232 | 2.75996 
+91523|| .36205 | 2.75746 
-91246]| .36298 | 2.75496 
+9097T |} .36331 | 2.75246 
-90696 || .36364 | 2.74997 

90421 || .36397 | 2.74748 


NNNNNNNNHDNDDN 
OH NWA DANY COO 


Cotang| Tang ||Cotang| Tang ||Cotang| Tang ||Cotang| Tang |\Cotang| Tang 
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74° je ea 7x he 


NatTurRAL TANGENTS AND COTANGENTS. 


a O ° ° fe} ° 
20 27 22 23 24 
, 
Tang |Cotang|| Tang |Cotang] Tang |Cotang/ Tang |Cotang|| Tang |Cotang 
- —— 
° 2.74748 || «38386 2.00509 || -40403 | 2.47599 || .42447 2.35585 |) .44523 | 2.24604 
i 2.74499 || «38420 | 2. 60263 || «40436 | 2.47302 «42482 | 2.35395 |] .44558 | 2.24428 
2 2.74251 || .38453 2.00057 |] «40470 | 2.47095 +42516 | 2.35205 || .44593 | 2.24252 
3 2.74004 -38487 2.59831 || «40504 2.4088 «42551 | 2.35015 +44627 2.24077 
4 2.737560 || «38520 2.59606 -40538 | 2.46682 || .42585 | 2.34825 44662 | 2.23902 
5 2.73509 || +38553 | 2.5038r]| -40572 | 2-46476]| .42619 | 2.34636) .44697 | 2.23727 
6 2.73263 +38587 2.59156 40606 | 2.46270 42654 2.34447 || «44732 | 2.23553 
z ee 2.73017 sae arseao ngnee eae +42688 SS is 2.23378 
3666r | 2.72771 || .38654 | 2.58708 |] .40674 | 2.45860 2722 | 2.340 +44802 | 2.2320 
9 36694 ee 33687 Berne Cee ee ae hs oe me pees 
Io 36727 | 2.72281 || .38721 | 2.58261]} .40741 | 2.45451]! «42791 | 2.33693 || .44872 | 2.22857 
is ape7se 2.72036 38754 2.58038 +4975 2.45246 +42826 2.33505 || .44907 | 2.22683 
36793 | 2.71792 || «38787 | 2.57815] .40809 | 2.45043] «42860 | 2.33317]| «44942 | 2.22510 
13 | -30826 / 2.71548 ]| .3882r | 2.57593]! .40843 | 2.44839]| «42804 | 2.33139] «44977 | 2.22337 
= ee 2.72305 are 2.57371 || .40877 | 2.44636 a9 2.32943 || .45012 | 2.22164 
36892 | 2.71062 |] «33 2.57750 |} .409IT | 2.44433|| .42963 | 2.32756]| .450 2.21992 
16 | .36925 | 2.70819 138921 2.50928 || .40945 | 2.44230 tea Peet pee Hee 
ads 36958 | 2.70577] «38955 | 2.56707]| «40979 | 2.44027|| «43032 | 2.32383]| .45117 | 2.21647 
18 3699 | 2.70335 || -38988 | 2.56487]| .410r3 | 2.43825]| .43067 | 2.32197 |] .45152 | 2.27475 
19 37024 | 2.70094 |} -39022 | 2.56266]! .41047 | 2.43623|| .43101 | 2-32012]| .45187 | 2.27304 
20 | .37957 | 2.69853 || «39055 | 2.56046]| «41081 | 2.43422|| .43136 | 2.31826]| .45222 | 2.21132 
2 37090 | 2.69612 || .39089 | 2.55827] .4r115 | 2.43220]/ .43170 | 2.31641 || .45257 | 2.20961 
22 | .37123 | 2.69371 |} .39122 | 2.55608]/ .41149 | 2.43019] -43205 | 2.37456|| .45202 | 2.20790 
23 37157 | 2-69732 || «39156 | 2.55389] .41183 | 2.42819] 143239 | 2.31271 || .45327 2.20019 
een cae ee +39790 oe «41217 | 2.42618 “43274 2.31086 || .45362 | 2.20449 
5 37223 | 2.68653 || .39223 -54952|| -41251 | 2.42418]) .43308 | 2.30902 || .45397 | 2.20278 
26 Seon 2.68414 +39257 | 2-54734|| «41285 | 2.42218 ait ee were pie fei 
2 oe poe ea pe ees 2.42019 |} «43378 | 2.30534 |] -45467 es 
22 | 2. «39324 | 2.54209]| .417353 | 2.41819] .43472 | 2.30351 || -45802 | 2.1 
29 37355 2.67700 || «39357 | 2.54082 set Boeiee Sere 2.30107 ee Bene 
30 37388 | 2.67462 }} .39391 | 2.53865 || .4t421 | 2.4r42t|| .4348r 2.29954 || .45573 | 2-19430 
31 37422 2.67225 °39425 | 2.53648 || .47455 | 2.47223]| .43516 | 2.2980r 45608 | 2.19261 
2. See bara ae ee ics 2.4 T025 Best 2.29619 45643 eek 
374 -66752 || -39492 | 2.532 41524 | 2.40827]) «43595 | 2.29437 4567 2.16923 
sr) ie (| ee | ee ee 
3 2.6628 «36 2.5278 +41592 | 2.40432|| «43654 | 2 d 2.1858 
36 37588 | 2.66046 || -30503 | 2.52571 || .41626 | 2.40235]| .43689 | 2 5 Ber 
37 37621 | 2.65811 || .39620 | 2.529571 .41660 | 2.40038] .43724 | 2. 2.18251 
38 37654 2.65576]) «39660 | 2.5ar4z|| .4r694 | 2.39841|| .43758 | 2- 2.18084 
39 37087 | 2.65342 || -39694 | 2.51929 || .41723 | 2.3 9645 || -43793 | 2. 2.17916 
40 37720 | 2.65109 |} -39727 | 2-51715]] .41753 | 2.39440 -43828 | 2. 2.17749 
40 | .37754 | 2.64875 || .3976t | 2.515021] .41707 | 2.39253]| .43862 | 2-27087]] 45960 | 2.17582 
fs | aria ae moll satay laren teat ee aot eee ee 
44 37853 2.64177 39862 2.50864 || .41899 2.38668 seas 2.27447 Bree Po 
e es 263045 meee pee sae a ee sore) seen eed 
+3792 El 4|| «39930 | 2.50440]} .47968 | 2.982 -44036 | 2.27 +4613 ‘ 
47 | -37953 2.63483 +39963 | 2.50229 +42002 | 2 3hoba pee se ee rae 
49 | -aBoao |aveqenr | <4ocse | aragbor|| auore |aseeey | Gees |accesee | deae® [atone 
BP 38053 2.62791 «40065 | 2.49597 : Avan eter ey ae peer a ear se sad eae 
5 Q 597 || «42105 | 2.37504]| .44175 | 2.26374 || .46277 | 2.16090 
eal 38086 | 2.62561 || .40008 | 2.49386]| .42139 | 2.373 5 3 
52 | .38r20 a ee ae see 2 aS ia Ree ane wee 
Pee oe eke a 2173 a has +44244 | 2.2601 40348 | 2.15760 
se | <abs88 | a.ertra | “geaon |acasecall “deere |coete|| “Ma7e | weasel teaty [arise 
55 | .38220 | 2.61646 40234 Taint are ee piAy pei ian seo 
56 38253 | 2.61418 s4o267 augene eens Bey ae phe 40454 piece 
57 38286 | 2.6r190]| .4030r | 2.481321 «423 Bape eae ar ae eee 
Al Se shone SOE) | 2rd2E a2 k-4ahae | endense +44418 | 2.25132{] «46525 | 2.14940 
5 38320 2.60963 || -4033 2.47924 || -42379 | 2.35967]| «44453 | 2.24956 +46560 | 2.14777 
Pe 33353 2b 740399 | 247710 \) 42413 | 2.35776]| «44488 | 2,24780]| «46595 | 2.14614 
139300 | 2.00509 ||_-40403 | 2.47509] .42447 | 2.35585 || .44523 | 2.24604. +46631 | 2.14451 
: Cotang| Tang ||Cotang| Tang Cotang| Tang ||Cotang| Tang Cotang| Tang 
re) 
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CAHNWQAU DN COO 


00 CON AuAW HHO 


Natura TANGENTS AND COTANGENTS. 
25° 26° 24° 28° 29° 
Tang |Cotang|| Tang |Cotang!| Tang |Cotang|| Tang |Cotang|) Tang |Cotang 
-46031 | 2.14451 || .48773 | 2.05030 |} .50953 | 1.96261]/ «53171 | 1.88073]] «55431 1.80405 
-46606 | 2.14288 || .48809 | 2.04879 |} «50989 | r.96120]| .53208 | 1.87941|| .55469 | 1.80281 
«46702 | 2.14125 || .48845 | 2.04728 ]] .51026 | 1.95979|| .53246 | 1.87809]| .55507 1.80158 
46737 | 2-13963|) 48881 | 2.04577]| 51063 | 1.95838) .53283 | 1.87677] «55545 | 1.80034 
.46772 | 2.13801 |] .48917 | 2.04426 51099 | 1.95698} .53320 | 1.87546]! «55583 | x. 79911 
-46808 | 2.13639 |] «48953 | 2.04276]| .51136 | r.95557]| -53358 | 1.87415]! «55621 | 1.79788 
46843 | 2.13477 || .48989 | 2.04725 || «51173 | 1.95417] «53395 | t.87283|| «55659 | 1.79665 
46879 | 2.13316 |] «49026 | 2.03975]; .51209 | 1.95277]| «53432 | t.87152|] «55697 | 1.79542 
+40914 | 2.13154 |] «49062 | 2.03825) .51240 | 1.95137 |] -53470 | t.8702T]] .55736 | x.79419 
-46950 | 2.12993 |] -49098 | 2.03675|) .51283 | r.94097]|| «53507 | 1.86891 |] «55774 | 1.79206 
-46985 | 2.12832 || «49134 | 2.03526 ]} «51319 | 1.94858 |] «53545 | 1-86760]] .55812 | 1.79174 
+47021 | 2.12671 || .49170 | 2.03376]| .51356 | t.94718]] .53582 | 1.86630|| «55850 | x. 79051 
+47050 | 2.12511 |} .49206 | 2.03227]| .51393 | 1.94579|] 536020 | 1.86499]| «55888 | 1.78929 
+47092 | 2.12350|| .49242 | 2.03078 51430 | 1.94440]| .53057 | 1.86369]/ .55926 | 1.78807 
-47128 | 2.12190]| .49278 | 2.02929|| .51467 | r.g430T]] .53694 | 1-86239]| .55964 | 1.78685 
-47163 | 2.12030 || .49315 j 2.02780]| «51503 | 1.94162]| .53732 | 1.86109]| .56003 | 1.78563 
47199 | 2.17871 ]] «49351 | 2.02631]| .51540 | r.94023]] .53769 | r.85979]| «56041 | r.7844r 
+47234 | 2.11711 || .49387 | 2.02483 ]| .51577 | 1.93885 || .53807 | r-85850]| .56079 | 1.78310 
+47270 | 2.11552 || «49423 | 2.02335 |] «51614 | 1.93746] .53844 | 1.85720]| .56117 | 1.78198 
+47305 | 2.12392 || .49459 | 2.02187 51651 | 1.93608 | .53882 | r.85591]| «56156 | 1.78077 
+47341 | 2.11233 || .49495 | 2.02039] .51688 | 1.93470]| «53920 | 1.85462 || .56104 | 1.77955 
47377 | 2-11075 || -49532 | 2.01891]! «51724 | 1.93332]! -53957 | 1-85333]] .56232 | 1.77834 
47412 | 2.10916 |} .49508 | 2.01743]] «51764 | r.93195]| »53995 | 1.85204 || .56270 | 1.77713 
-47448 | 2.10758 || .49604 | 2.01596]) .51798 | r.93057]| «54032 | 1.85075]| .56309 | 1.77592 
-47483 | 2.10600 || .49640 | 2.01449]| ©51835 | I.92920]| «54070 | 1.84946]! .56347 | 1.77471 
+47519 | 2.10442 || .49677 | 2.01302|| .51572 | 1.92782]| .54107 | r.84818]] .56385 | 1.77351 
47555 | 2.10284 |) .49713 | 2.01155]] -51g09 | r.92645]| .54145 | 1-84689]] .56424 | 1.77230 
+47590 | 2.10126 || .49749 | 2.01008 51946 | r.92508]| .54183 | r.84561]| .56462 | 1.77110 
-47026 | 2.09969 || .49786 | 2.00862 || .51983 | 1.92371 || .54220 | 1.84433]| .56501 | 1.76990 
.47662 | 2.09811 || .49822 | 2.00715 || .52020 | 1.92235]] .54258 | 1.84395|| .56539 | 1.76869 
-47698 | 2.09654]! .49858 | 2.00569|| .52057 | 1.92098 || .54296 | t.84177]| .56577 | 1.76749 
-47733 | 2.09498 || .49804 | 2.0042 52004 | 1.91962]| .54333 | 1-84049]| .56616 | 1.76629 
-47709 | 2.09341 || .4993r | 2.00277]| .52131 | r.91826]] .54371 | 1.83922 || .56654 | 1.76510 
-47805 | 2.09184 || .49967 | 2.00131 |] .52168 | r.g1690]| «54409 | 1.83794]| .56693 | 1.76390 
-47840 | 2.09028 |} .50004 | 1.99986]| .52205 | r.91554]| -54446 | 1.83667] .56731 | 1.76271 
.47876 | 2.08872 || «50040 | r.99841]| .52242 | r.gt418]| .54484 | 1.83540]| .56769 | 1.76151 
«47912 | 2.08716]| .50076 | 1.99695|] .52279 | r.91282]| .54522 | 1.83413]| .56808 | 1.76032 
-47948 | 2.08560]| .sor13 | r.99550]] «52316 | r.91147]|| .54560 | 1.83286]| .56846 | 1.75913 
-47984 | 2.08405 || .50T49 | 1.99406]] .52353 | r-gto12]| .54597 | 1.83159] .56885 | 1.75794 
-48019 | 2.08250 || .50185 | 1.99261]| «52390 | 1.90876]| «54635 | 1-83033]| .56923 | x-75675 
.48055 | 2.08094 || .50222 | r.gg116]] .52427 | r.9074T|| .54673 | 1.82906]| .56962 | 1.75556 
.48091 | 2.07939 || .50258 | 1.98972]| .52464 | t.qo607]} .5471r | 1.82780]| .57000 | 1.75437 
.48127 | 2.07785 || «50295 | 1.98828]| «52501 | r.90472]] «54748 | r.82654]/ «57039 | 1.75319 
-48163 | 2.07630 || «50331 | 1.98684|| .52538 | 1.90337]] -54786 | r.82528]) .57078 | 1.75200 
-48198 | 2.07476 || .50368 | 1.98540]] .52575 | 1.90203]] «54824 | 1.82402]| .57116 | 1.75082 
-48234 | 2.07321 || .50404 | 1.98396]| .52613 | r.qo06g]] .54862 | 1.82276]) .57155 | 1.74064 
.48270 | 2.07167 || «50441 | 1.98253|| .52650 | r.89935]] -54900 | r.82150]) .57103 | 1.74846 
-48306 | 2.07014 || .50477 | 1.98r10|| .52687 | r.8g80r]] .54938 | r.82025]| .57232 | 1.74728 
48342 | 2.06860 || .50514 | 1.97966]| .52724 | 1.89667]] .54975 | 2.81899]] .57271 | 1.74610 
.48378 | 2.06706 || .50550 | 1.97823|| .5276r | r.89533]] .55073 | 1-81774]] .57309 | 1.74492 
.48414 | 2.06553 || «50587 | 1.9768r]] 52798 | x.89400]] «55051 | r.82649]] .57348 | 1.74375 
.48450 | 2.06400 ]} .50623 | 1.97538]| .52836 | 1.89266]| .55089 | 1.81524]| .57386 | 1.74257 
-48486 | 2.06247 || .50660 | 1.97395]] 52873 | 1-89133]| -55127 | r-81399]] .57425 | 1.74140 
-48521 | 2.06094 |} .50696 | 1.97253]| -52910 | 1.89000]) .55165 1.81274|| .57464 | 1.74022 
-48557 | 2.05942 || .50733 | I-97111 52947 | 1.88867]| .55203 | 1.81150]! .57503 | 1.73905 
48593 | 2.05790 || .50769 | 1.96969/! «52985 | 1.88734 |) .5524r | 1.81025]) .5754z | 1.73788 
.48629 | 2.05637 || .50806 | 1.96827]] .53022 | 1.88602]! .55279 | r.80g0r|| .57580 | 1.73671 
48665 | 2.05485 || .50843 | 1.96685] .53059 | 1.88469 || .55317 | t-80777]| -57619 | 1.73555 
.48701 | 2.05333 || -50879 | 1-96544|| «53096 | r.88337]| 55355 | 1-80653]] .57657 | 1.73438 
48737 | 2.05182 || .50916 | 1.96402! «53134 | 1.88205 ]] «55393 | 1-80529]] .57696 | 1.73321 
«48773 | 2.05030 || .50953 | 1-96261]| «53171 | 1.88073 ]| .55431 1.80405 || .57735 | 1.73205 
Cotang| Tang |\Cotang| Tang ||Cotang| Tang |/Cotang|} Tang |\Cotang| Tang 
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16 NATURAL TANGENTS AND COTANGENTS, 


° ° ° ° 
3° 3t 32 33 
Tang |Cotang] Tang |Cotang|| Tang |Cotang)] Tang |Cotang 
l-SSral tea aaa ee ee ee ae SSS 
oO] .5773 1.73205 || .60086 | 1.66428 || .62487 | 1.60033|/ .64941 | 1.53986] .67451 | 1.48256 
I ee 1.73089 || .60126 | 1.66318 || .62527 | 1.59930]! .64982 | 1.53888 ]] .67493 | 1.48163 
2 | .57813 | 1.72073|| .60165 | 1.66209 || .62568 | 1.59826]| .65024 | 1.53791 || .67536 | 1.48070 
3 | -5785t | 1.72857] «60205 | 1.66099 |} .62608 | 1.59723] «65065 | 1.53693] «67578 | 1.47077 
4 | .57890 | 1.72741 || .60245 | 1.65990]| .62649 | 1.59620|| .65106 | 1.53595 |] -67620 | 1.47885 
5 | -57929 | 1.72625 || .60284 | 1.65881 || .62689 | 1.59517]] .65148 | 1.53497|| .67663 | 1.47792 
6 | .57968 | 1.72509]| .60324 | 1.65772 1.59414]! .65189 | 1.53400]] .67705 | 1.47699 
7 | -58007 | 1.72393 || .60364 | 1.65663 I.59311|] «65231 | 1.53302] .67748 | 1.47607 
8 | .58046 | 1.72278 }| .60403 | 1.65554 I.59208]| .65272 | 1.53205 ]| .67790 | 1.47514 
9 | -58085 | 1.72163]] .60443 | 1.65445 1.59105]| «65314 | 1.53107]|| .67832 | 1.47422 
© | «58124 | ¥.72047|| .60483 | 1.65337 I.59002|} .65355 | 1.53010]| .67875 | 1.47330 
«58162 | 1.71932]|| .60522 | 1.65228 T.58900]] .65397 | 1.52013|| .67917 | 1.47238 
+5820E | 1.71817]| .60562 | 1.65120 1.58797]| .65438 | 1.52816]| .67960 | 1.47146 
58240 | 1.71702]! .60602 | 1.65011 1.58695]] .65480 | 1.52719]| «68002 | 1.47053 
+58279 | 1.71588 || .60642 | 1.64903 ]} .63055 | 1.58593] .65521 | 1.52622|| -68045 | 1.46062 
-58318 | 1.71473 |] .60681 | 1.64705]] .63095 | r.53490|| .65563 | .52525]] .68088 | 1.46870 
+58357 | 1-71358]| «60721 | 1.64687 |] .63136 | r.58388]| .65604 | 1.52429|| .68130 | 1.46778 
+58396 | 1.71244|| 60761 | 1.64579 || .63177 | 1.5$286]] 65646 | 1.52332|| .68173 | 1.46686 
58435 | X-71129|| .60801 | 1.64471 || .63217 | r.58184]] .65688 1.52235|| .68215 | 1.46595 
+58474 | I.7t0T5 || .60841 | 1.64363 || .63258 1.58083]| .65729 | 1.52139 || .68258 | 1.46503 
58513 | 1-70gor || .60881 | 1.64256|| .63209 | 1.57981] .65771 1.52043 || .68301 | 1.46411 
+58552 | 1.70787]] .6o92t | 1.64148 || .63340 | 1.57879 -65813 | t.51946/|] .68343 | 1.46320 
+58591 | 1.70673]| .60960 | 1.64041 |] .63380 1-57778|| -65854 | 1.51850]! .68386 | 1.46229 
+58031 | 1.70560]] .61000 | 1.63934|| «63421 | r.57676]| .65896 I.51754|] ©68429 | 1.46137 
+58670 | 1.70446] .61040 | 1.63826|| .63462 | 1.57575]| .65038 1.51658]! .68471 | 1.46046 
-58709 | 1.70332]! .61080 | 1.63719]! .63503 1.57474|| 65980 | 1.51562|| .68514 | r.45955 
+58748 | 1.70219 || .61120 | 1.63612] .63544 | 1.57372|| .66021 1.51466|| .68557 | 1.45864 
-58787 | 1.70106] .61160 | 1.6350 5358 -66063 | 1.51370]| .68600 | 1.45773 
58826 | 1.69992! .61200 | 1.63398|| .6362 5 -66105 | 1.51275|| .68642 | 1.45682 
58865 | 1.69879]} .61240 | 1.63202 366 +5706 -66147 | 1.51179|| -68685 | x.45592 
-58905 | 1.69766]] .61280 | 1.63185 696 -66189 | 1.51084]| .68728 | 1.45501 
58944 | 1.69653] .61320 | 1.63 -66230 | 1.50988]| .68771 | 1.45410 
58983 | 1.69541] .61360 | 1.62097 3 66272 | 1.50893]| .68814 | 1.45320 
59022 | 1.69428]| .61400 | 1.62806 |] .63830 -66314 | 1.50797]| .68857 | 1.45220 
-5906r | 1.69316]] .61440 | 1.62760 -63871 | 1.56566]] .66356 1.50702 || .68900 | 1.45139 
+5910I | 1.69203]! .61480 | 1.62654] .63912 | 1.56466|| 66308 1.50607 || «68942 | 1.45049 
+5940 | r.69091|| .61520 | 1.62548 ]] .63953 | 1.56366|] .66440 1.50512]| «68985 | 1.44958 
+59179 | 1.68979]| .6156r | r.62442]] «63904 1.56265|} .66482 | 1.50417 -69028 | 1.44868 
59218 | 1.68866 || .6160r | 1.62336]] .64035 Eieeees -66524 | 1.50322|| .69071 | 1.44778 
59258 | 1.68754 |] .61641 | 1.62230]| .64076 1.56065]} .66566 | r.50228]| .69114 | 1.44688 
59297 | 1.68643]| .61681 | 1.62125|| .64117 T.55966]) .66608 | 1.50133]| .69157 1.44598 
+59336 | 1.68531]| .61721 | 1.620 019 || .64158 | 1. +66650 | 1.50038 |] .69200 1.44508 
+59370 | 1.684r19]| 61761 | 1.61914]| «64199 | x. -66692 | 1.49044 |] «69243 1.44418 
+59415 | 1-68308]] .6180r | 1.61808]| .64240 | x. -66734 | 1.49849 |] .69286 | 1. +44329 
+59454 | 1.68196) .61842 | 1.61703] .64281 | x. -66776 | 1.49755]| «69329 | x. 44239 
59494 | 1-68085]] .61882 | 1.61598 || .64322 | x -66818 | 1.40661 || .69372 1.44149 
59533 | t-67974|| .61922 | 1.61493]| .64363 | 1 -66860 | 1.49566]] .69416 | r.44060 
+59573 | 1-67863]| .61962 | 1.61388]] .64404 1.55269]! .66902 | 1.494721] .69459 1.43970 
59012 | 1.67752]] .62003 | r.61283|| .64446 1.55170|| .66044 | 1.49378]| .69502 | 1.43881 
59051 | 1.67641]} .62043 | r.61179]| .64487 T.5507T|/ .66986 |1.49284|| .6954", | r.43702 
59091 | x.67530]| .62083 | 1.61074|} .64528 1.54972|| «67028 | 1.49190]] «69588 | 1.43703 
+59739 | 1.67419|| .62124 | r.60970]| «64569 1.54873]! .6707% | 1.49007|] ,6u63r | 1.43614] 9 
-59779 | 1.67309]! .62164 | 1.60865]! .64610 | 1.54774 -67113 | £.49003]] .69675 | 1 43525] 8 
59809 | r.67198]| .62204 | 1.6076r|| .646s2 1.54675]! .67155 | xz 48909]| .69718 1.43436] 7 
+59849 | 1.67088]! .62245 | 1.60657|| .64603 1.54570]! .67197 | 1.48816|| .6976r } r.43347| 6 
-59888 | 1.66978}] .62285 | r.60553|| .64734 1.54478]] .67239 | 1.48722|| .69804 r.43258| 5 
-59928 | 1.66867 62325 | r.60449|| .64775 | 1.54370|| .67282 1.48629 || .69847 | 1.43169] 4 
°59967 | 1.66757|| .62366 | 1.60345 || .64817 1.54281]/ .67324 | 1.48536) .6980r E.43080'| “3 
-60007 1.66647 -62406 1.60241 +64858 | 1.54183] .67366 1.48442 || .69934 | 1.42092] 2 
9 | -B0040 | 1.66538) .62446 | r.60137]] «64809 | 1.54085] 167409 1.48349 || .69977 | r.42903| I 
60 | .60086 | 7.66428 -62487 | 1.60033 || .64041 1.53986]! .67451 | 1.48256]| . 70021 7.42815 | 0} 
Cotang| Tang Cotang| Tang |\Cotang| Tang Cotang| Tang |/Cotang| Tang 
U 
iu 
° ° ° ° 7c 
59 58 57 56 55 


a, 


Naturau TANGENTS AND CoTANGENTS. ily 


39° 


fe} 
ol 


Cotang]) Tang |Cotang|| Tang |Cotang] Tang |Cotang|| Tang |Cotang 

9 | -79021 1.42815 72054 | 1.37638] «75355 | 1.32704|] .78120 | 1.27994 | .S0978 | 1.23490 

I} -70064 1.42726 +726099 | 1.37554|] -75401 | 1.32624]! .78175 | 1.27917] .81027 | 1.23415] 59 
2 | .70107 | 1.42638 |] .72743 | 1-37470|| .75447 | 1.32544 +2784r || .81075 | 1.23343] 58 
3 | -7OIST | .42550]|| .72788 | 1.37386] .75492 | 1.32464 -27764|| .81123 | 1.23270| 57 
4 | .70I94 | 2.42462 || .72832 | 1.37302]] .75538 | 1.32384 -27683 || .81r7r | 1.23196] 56 
5 70238 | 1.42374 )| -72877 | 1.37278|| .75584 | 1.32304 -27611 || .81220 | 1.23123] §5 
6 | .7028r | 1.42286 || «72921 | 1.37134] .75629 | 1.32224 +27535|| .81268 | 1.23059] 54 
7 | +79325 | £.42£98 || .72966 | 1.37050] .75675 | 1.32144 +27453 || .81316 | 1.22977] 53 
8 | -70368 | r.42tI0]| .730r0 | 1.36967]! .75721 | 1.32004 227382 || .81364 | 1.229004] 52 
Q }| +7042 | 1.42022 |] .73055 | 1.36883 ]| .75767 | 1.31984 -27306 || .81413 | 1.22841} 51 
© | -70455 | I-41934]| .73100 | 1.36800]| .75812 | 1.31904 127230 || .8146r | 1.22758] 50 
mr | .70499 | 1.41847]! .73144 | 1.36716]| .75858 | 1.31825] .78645 | 1.27153]|| .81510 | 1.22685] 49 
12 | .70542 | t.41759|| -73189 | 1.36633]| .75904 | 1.31745 || .78692 | 1.27077|| .81558 | 1.22612] 48 
13 | -70586 | x.41672]| «73234 | 1.36549]| .75950 | 2.31666]| .78739 | r.2700r|| .81606 | r.22539| 47 
14 | .70629 | r.41584]| .73278 | 1.36466]| .75996 | 1.31586]| .78786 | 1.26925 ]] .81655 | 1.22467] 46 
15 | .70673 | .41497 || .73323 | 1.36383]| .76042 , 1.31507]| .78834 | 1.26849]| .81703 | 1.22394] 45 
16 | .70717 | I.41409 |] .73368 | 1.36300]| .76088 | 1.31427|| .78381 | 1.26774 || .81752 | 1.22321] 44 
17 | .70760 | 1.41322 || .73413 | 1.36217]| .76134 | 1,31348]| «78928 | t.26698]| .81800 | 1.22249] 43 
18 7o804 | 1.41235 || .73457 | 1-35134|| .76180 | 1.31269|| .78975 | 1.26622 || .81849 | r.22176] 42 
19 70848 | 1.41148 || .73502 | 1.36051]] .76226 | r.31190]] .79022 | ¥.26546]| .818¢8 | 1.22104] 41 
20 | .7089r | 1.41061 |} .73547 | 1-35968]| .76272 | r.31110]| .79070 | r.26471]| .81946 | 1.22031] 40 


- 26395 || -81995 | 1.21959] 39 
-20319 || .82044 | 1.21886] 38 
-26244 || .82092 | 1.21814] 37 
.26169 |} .82rqr | 1.21742 | 36 
-26093 |} .82190 | 1.21670] 35 
-26018 || .82238 | 1.21598] 34 
+25043|| .82287 | 1.21526] 33 
-25867 || .82336 | 1.27454 | 32 
-25792 || .82385 | 1.21382] 31 
+25717 || -82434 | 1.21310] 30 


35885 |} .76318 
-35802 || «76364 


+31031 || «79117 
+ 30952 |] «79264 
-30873 || «79212 
-30795 || -79259 
+30716]| «79306 
+ 30637 |] «7935 

+30558 || -79405 
+30480]| .79449 
-30401]| 479496 
-30323 || 79544 


2 | -70935 | 1-40074 || -73592 | I 
22 | .70979 | 1.40887 || «73637 | 1 
23 | «71023 | r.40800]| .7368r | 1.35719|| -76410 
24 | .71066 | r.40714]|| .73726 | 1.35637]| .76456 
25 | «71110 | 1.40627]| .73771 | 1-35554|| .76502 
I 
I 
5 
I 
z 


26 | «71154 | 1.40540]| .73816 -35472|| «76548 
27 | .71198 | r.40454]| -73861 | 1.35389] «76594 
+ 35307 || 76640 
-35224|| .76686 
-35142 || 76733 


1.40367 |] «73906 
29 | .71285 | z.4028r]] .73951 
1.40195 || -73996 


HHHHHHHHHH 
HH R HHH HH ARH 


31 71373 | 1.40109 || .74041 | 1,35060]] .76779 | r-30244]| 79591 | r.25642|| .82483 | 1.21238 | 29 
32 71417 | 1.40022 || .74086 | 1.34978]| .76825 | r.30106]| .79639 | 1-25567]| .8253r | 1.21166] 28 
33 | .7146r | 1.39936]! .7413r | 1-34896]| .76871 | r.30087]] .79686 | r.25492]| .82580 | 1.21094 | 27 
34 71505 | 1.39850 || 74176 | r.34814]| .76918 | 1.30009] .79734 | 1.25417]|| .82629 | 1.21023] 26 
35 | -71549 | £-39764|| .7422r | 1-34732]] 76964 | r.29931]| 79781 | 1.25343|| -82078 | 1.20951 | 25 
36 71593 | 1-39679|| .74267 | r-34650]| .77010 | r.29853]] .79829 | 1.25268]| .82727 | r.20879| 24 
37 71637 | 1.39593|| -74312 | 2-34568]] .77057 | x.29775|| -79877 | 1-25193]| -8277 1.20808 | 23 
38 | .71681 | r.39507 || .74357 | r-34487]) .77103 | 1.29696]! .79924 | 1.25118 || .82525 | 1.20736] 22 
39 71725 | 1.39421 || «74402 | r.34405]] .77149 | 1.29618]! .79972 | 1.25044]] .82874 | 1.20665 | ar 
40 73769 | 1.39336|| -74447 | 2-34323]| -77196 | r.29541]| .80020 | 1.24969 || .82923 | 1.20593] 20 


-24895 || .82972 | 1.20522] 19 
.24820 || .83022 | r.20451| 18 
-24746|| .83071 | 1.20379 | 17 
-24672]|| .83120 | 1.20308] 16 
.24597|| .83169 | 1.20237] 15 
-24523)| .83218 | 1.20166] 14 
-24449|| .83268 | 1.20095] 13 
-24375|| -83317 | 1.20024] 12 
.24301 |] .83366 | 1.19953] 1% 
-24227 || .83415 | 1.19882] 190 


.29463|| .80067 
29385|| .80r15 
.29307 || .80163 
.29229 || .8o21r 
+29152|| 80258 
.29074]| .80306 
.28997 || -80354 
-28919|| .80402 
.28842]| .80450 


.28764|| .80498 


4r | .71813 | 1.39250]| .74492 | T.34242]| .77242 
42 | .71857 | 1.39165 || .74538 | 1.34160]! .77289 
43 | -7190r | 1.39079 || .74583 | 1.34079] -7733 
44 | -71946 | 1.38994 || 74628 | 1.33998]| 77352 
45 | -71990 | 1.38909 || .74674 | 1.33916] «77428 
46 | .72034 | 1.38824 || «74719 | t-33835]] -77475 
- 38738 |] -74764 | 1-33754|| -7752t 

I 

Z 

I 


I 

1.38653 || .74810 + 33673 +773568 
49 | -72167 | r.38568 || .74855 | 1.33592 ]] -77015 

1.38484 || .74900 +33521|| .7766r 


HH RE HH HMR AR AH 
HA HHHHHHAR 


.28687 || .80546 
.28610]|| .80594 
.28533|| 80642 
.28456|| 80690 
-28379]| «80738 
.28302]| .80786 
.28225]| .80834 
.28148 || «80882 
.28071 || .80930 
-27904 || .80073 


+24153 |] .83465 | r.19811 
.24079|| .83514 | 1.19740 
.24005 || .83564 | 1.19669 
.23931|| .83613 | 1.19599 
.23858 || .83662 | 1.19528 
-23784|| .83712 | 1.19457 
.23710|| .8370r | 1.19387 
.23637 || 838.1 | 1.19316 
.23563|| -83860 | 1.19246 
-23490 || -83910 | 1.19175 


+33430]] .77708 


+33349 || +77754 
+ 33268 || «77801 


1.38399 |] -74046 | 2 

1.38314 || »7499I | I 

1.38229 || «75037 | I 
1.38145 || .75082 | 1.33187]| .77848 

55 | .72432 | 1.38060]] .75128 | 1.33107]] .77805 
1.37976 || «75173 | 1-33026]| «77941 
I I 
I x 
ie 2 
I T 


-32046 |) «77988 
-32865 || .78035 
+32785 || .78082 
32704 || «78129 


+37891 || -75219 
-37807 || .75264 
+37722 || -75310 
37638 ||_-75355 


HHA RR HH HHH 
HHeE HHH AHHH 
OrnNWEN AN OO 


Cotang) Tang Cotang Tang ||Cotang| Tang |\Cotang| Tang |\Cotang) Tang 
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NaTuRAL TANGENTS AND COTANGENTS 


Cotang 


Tang 


Tang 


.83910 | 2.19175 || -86929 | =.15037]| -go040 
-83960 | 1.19105 || .86980 i 14969 || .g0093 
-84009 | 1.19035 || .8703t | z.14902)) .gor46 
.84059 | 7.18964 || .87082 | =.14834)| .gor9¢ 
~84108 | 1.18894 || .87733 | 2.14767] .go25t 
84158 | 1.18824 || .87184 | 1.14699|| .90304 
84208 | 1.18754 || .87236 | 1.14632]| .90357 
-84258 | 1.18684 || .87287 | 1.14565 |) .go4ro 
84307 | r.18614 || .87338 | 1.14498 ]} .90463 
84357 | r.18544 || «87389 | 1.14430] «90510 
84407 | 5.18474 || .87443 | 2.14363 || «90559 
84457 | 1.18404 || .87492 | t.14296 || .gob2r 
+84507 | 2.18334 || .87543 | 1.14229 || .90674 
-84556 | 1.18264 ]) .87595 | 1.14162 ]| .90727 
.84606 | r.18194]| .87646 | 1.14095 |] .go78x 
.84656 | r.18125 |] .87698 | 1.14028] .90834 
-84706 | 1.18055 || .87749 | 1.13961 |] .g0887 
-84756 | r.17986]| .8780r | 1.13894 |] .go940 
-84806 | 1.17916 || .87852 | 1.13828 |] .gogq3 
-84856 | 1.17846]! .87904 | 1.13761 |] .g1046 
84906 | 1.17777 || «87955 | 1.13694 }} -g1099 


-84956 | 2.17708 |! .88007 | 1.13627]| .9t153 
.85006 | 1.17638]; .88059 | 1.13561 j] .g1200 
-85057 | 1.17509}| .88110 | 1.13494 ]} .g1259 
-85107 | r.17500]| .88162 | 1.13428]! .g1313 
.85157 | r.17430]| .88214 | 1.13361 ]} .91366 
-85207 | 1.17361|| .88265 | 1.13295 || .gr419 
-85257 | 1.17292]|| 88317 | z.13228]) .91473 
-85308 | t.17223]| 88369 | 1.13162}! .g1526 
-85358 | 2-17154]| .8842t | 1.13096 ]} .g1580 
.85408 | 1.17085 |! .88473 | 1.13029 ]] .91633 
-85458 | z.17016]| 88524 | 1.12963 || .91687 
-85509 | 1.16947 || .88576 | 1.12897]] .gt740 
-85559 | 1.16878 }] .88628 ; 1.12831 ]] .91794 
+85609 | 1.16809 || .88680 | 1.12765) .g1847 
-85660 | 1.16741 || .88732 | 1.12699 |] .gtgot 
-85710 | 1.16672 || .88784 | 1.12633 || .gr9g55 
-85761 | 1.16603 ]| .88836 | 1.12567 || .g2008 
+85811 | 1.16535 }] .88888 | 1.12501 |] .gz062 
-85862 | 1.16466]| .88940 | 1.12435 || .g2116 
-85912 | 1.16398 || «88992 | 1.12369 }] .g2170 


1.16329 || «89045 | 1.12303]| .g222 
-86014 | 1.16261]| .89097 | 1.12238] .92277 
-86064 | 1.16192]| .89149 | 1.12172]] .92331 
-86115 | x.16124]} .8q201 | r.12106]] .g2385 
-86166 | r.16056]| .89253 | 1.12041 || .g2439 
-86216 | 1.15987]| .89306 | 1.11075 || .92493 
-86267 | 1.15919]| .89358 | I.11G09]] .92547 
-86318 | 1.15851 || «89410 | 1.11844 || .g260r 
-86368 | 1.15783]! .89463 | 1.11778 ]] .g2655 
-86419 | 1.15715]| .89515 | 1.11713 || .92709 


1.15647 || .89567 | 1.11648] .92763 | 1.07801 |} .g6064 | 1.04097 
-86521 | 1.15570 || .89620 | 1,11582]/ .g2817 | 1.07738 || .g6120 | 1.04036 
-86572 | 1.15511|| .89672 | 1.11517] .g2872 | 1.07676 || .96176 | 1.03976 
-86623 | 1.15443]] .89725 | 1.11452] .92926 | 1.07613]! .g6232 | 1.03915 
-86674 | t.15375|| .89777 | 1.11387] .g2980 | 1.07550]| .96288 | 1.03855 
+86725 | 1.15308]] .89830 | 1.11327] .93034 | 1.07487 |] .96344 | 1.03704 
-86776 | r.15240]| .89883 | 1.11256] .g3088 | 1.07425 || .q6400 | 1.03734 
86827 | 1.15172] .89935 | 1.11191 |} .93243 | r-.07362|] .96457 | 1.03674 
-86878 | 1.15104 || .89988 | 1.114126 |] .93197 | 1.07299 +96513 | 1.03613 
86929 | 1.15037 |] .googo | 1.11061 |} .93252 | 1.07237] .96569 | 1.03553 


Cotang|) Tang |Cotang 
1.11061 || .93252 | 1.07237 
£10996]! .g3306 | 1.07174 
1.10931 |; .93360 | 1.07112 
| £.10867 || .93415 | 1.07049 
1.10802 || .93469 | 1.06987 
1.10737 |} .93524 | 1.06925 
1.10672 || .93578 | 1.06862 
I.10007 |] .g3633 | 1.06800 
1.10543 || .93688 | 1.06738 
I.10478 || .93742 | 1.06676 
1.10414 || .93797 | 1.06613 
I.10349 || .93852 | 1.06551 
I.10285 |} .g3906 | 1.06489 
I.10220]| .9396x | 1.06427 
I.10156]|| .g4016 | 1.06365 
I.1o00g1 || .g407r | 1.06303 
1.10027 || .g4125 | 1.06241 
1.09963 |! .g4180 | 1.06179 
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16 LOGARITHMS. 
ja ar A aa ae ea eT 
800 | 90 309 | 314] 320] 325) 331] 330) 342 
801 363 | 369] 374| 380] 385] 390] 396 
802 417 | 423| 428] 434] 439] 445] 450 
803 472 | 477| 482) 488] 493] 499] 504 
804 526 | 531 | 536| 542] 547] 553) 558 
805 580 | 585] 590] 596] 6ol 607| 612 
806 634 | 639 | 644] 650] 655] 660} 666 
807 687 | 693| 698| 703] 709] 714} 720 
B08 741 | 747| 752| 757| 763| 768] 773 
809 795 | 800] 806} 811} 816} 822] 827 
810 849 | 854] 859] 865 | 870] 875] 881] ¢ 
Sir go2 | 907] 913] 918] 924] 929| 934 
812 956 | g61| 966] 972| 977] 982] 988 | 993] 998 |*o04 
813 | 91 00g | O14] 020] 025] 030] 036] O41 | O46) 052] 057 
814 062 | 068] 073] 078] 084] 089] Og4} IoO}| 105] IIo 
815 Ir6 | r2t| 126] 132| 137| 142) 148| 153] 158] 164 
816 169 | 174| 180] 185| 190] 196| 201] 206] 212] 217 
817 222 | 228 233) 238) 243 | 249! 254] 259) 205] 270 
818 275, | 281] 286| 291] 297| 302] 307] 312] 318] 32 
819 328 | 334] 339| 344| 350] 355] 360] 365| 371) 376 
820 381 | 387| 392) 397) 403| 408| 413] 418] 424| 429 
B21 434 | 440] 445] 450] 455] 461} 466) 471) 477] 482 
22 487 | 492] 498| 503| 508] 514] 519] 524] 529| 535 
823 540 | 545] 551] 556] 561] 566] 572) 577] 582] 587 
824 593 | 598] 603| 609] 614] 619] 624] 630] 635] 640 
825 645 | 651 | 656] 661 | 666] 672] 677| 682] 687] 603 
826 698 | 703| 709| 714] 719| 724] 730] 735] 740] 745 
827 751 | 756| 761 | 766| 772| 777| 782] 787] 793] 798 
828 803 | 808] 814] 819] 824] 829] 834] 840] 845] 850 
529 855 | 861} 866} 871] 876] 882] 887] 892} S97} 903 
830 908 | 913| 918} 924] 929] 934] 939| 944] 950] 955 
831 960 | 965| 971] 976] 981} 986] ggt| gq7 |*002 |*007 
832 | 92 o12 | 018 | 023| 028] 033] 038] o44] O49] 054] 059 
833 065 | 070] 075| 080] 085] ogt| 096] tor] 106] 111 
834 117 | 122| 127] 132| 137] 143] 48! 153] 158] 163 
835 169 | 174| 179] 184] 189] 195| 200] 205| 210] 215 
836 220 | 226)) 2oT Seo Oi oan ana epmo Noc a IoC h oie ir 
837 273 | 278| 283] 288] 293] 298| 304] 309! 314] 319 
838 324 | 330] 335| 340] 345| 350] 355) 361} 366] 371 
839 376 | 381| 387] 392] 397] 402] 407| 412] 418] 423 
840 428 | 433 | 438] 443 | 449] 454| 459] 464] 469| 474 
84I 480 | 485] 490| 495| 500] 505] 511] 516] 521| 526 
842 531 | 536) 542] 547| 552] 557] 562| 567| 572} 578 
543 583 | 588] 593] 598] 603] 609| 614] 619] 624] 62 
544 634 | 639] 645! 650] 655] 660] 665] 670] 675 | 681 
845 686 | 691 | 696) 7or | 706] 711 | 716] 722) 727) 732 
846 737 | 742| 747| 752| 758] 763| 768) 773| 778| 783 
847 788 | 793] 799| 804] 809] 814] 819] 824] 829] 834 
545 840 | 845] 850] 855] 860} 865]! 870] 875] 88r]| 886 
549 89t_| 896] gor | go6| ott] 916] 921] 927] 932] 937 
850 942 | 947| 952) 957] 962| 967] 973| 978} 983] 988 
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LOGARITHMS. 1 
De on Ge ec gol ae Ge TCR dg ae: 
850 | 92 942 | 947) 952} 957] 962] 967| 973} 978| 983] 988 
851 993 | 998 |*003 |*008 |*or3 |*o18 |*o24 |*029 |*034 |*039 
852 193 044 | 049} 054) 059] 064] 069] 075] 080] 085} ogo 
853 O95) | LOO} TOs) BLOs|) N53) 120:)) nes)! nen | 136.) wan 
854 140 | 151) 1560] 16r| 166} r7r| 176] 181) 186] 192 
855 DOV eZO2 20 7ile2t2ieou yi) 220. onmleoga | za7) ono 
856 247 | 252) 258| 263| 268] 273) 278] 283] 288] 293 
857 298 | 303] 308} 313] 318] 323] 328) 334| 339] 344 o 
858 349 | 354] 359 | 364] 369] 374} 379] 384] 389| 304 ale? 
859 399 | 404) 409] 414] 420] 425 | 430| 435) 440| 445 3 | 1.8 
860 450 | 455} 460] 465] 470] 475] 480] 485] 490] 495 alieys 
861 500 | 505| 510] 515| 520| 526] 531| 536] 541] 546 Gaiesrc 
862 551 | 556| 561] 56060] 571] 576! 581 | 586] 591 | 506 Z as 
863 601 | 606} 611 | 616} 621} 626] 631 | 636} 641] 646 9 | 5-4 
864 651 | 656}; 661 | 666] 671} 676) 682) 687) 692} 697 
865 7O2 | 7O7| 712) 717) 722) 727) 732] 737) 742] 747 
866 752 | 757| 762) 707) 772} 777| 782) 787} 792| 797 
867 802 | 807| 812] 817] 822] 827) 832] 837] 842) 847 
868 852 | 857| 862) 867) 872] 877] 882] 887] 892] 897 
869 go2 | 907} 912] 917] 922) 927] 932] 937] 942 | 947 
870 952 957} 962| 967) 972] 977] 982| 987 | 992 | 997 
871 |94 002 | 007] o12| O17] 022] 027] 032] 037| 042| 047 
872 052 | 057] 062] 067| 072| 077] 082] 086; og1| og6 : se 
873 LO | OO Tir |) Leo en) T26) | ner £36), Wen) tb alias 
87 I5t | 156] 161} 166] 172] 176] 181} 186} 191} 196 Saleres 
875 201 | 206| 211] 216] 227] 226) 231] 236| 240) 245 ell ses 
876 250 | 255| 260| 265] 270] 275] 280| 285] 290} 295 2 va 
877 300 | 305] 310] 315 | 320} 325 | 330] 335] 340] 345 Z| 3:5 
878 349 | 354| 359| 364| 369] 374| 379] 384] 389/ 304 ous 
879 399 | 404) 409 | 414) 419] 424) 420) 433 | 435 | 443 
880 448 | 453] 458) 463} 468} 473 | 478 | 483 | 485] 493 
881 498 | 503| 507] 512| 517] 522] 527| 532] 537) 542 
882 547 | 552| 557| 562] 567] 571 | 576| 581] 586] 591 
883 596 | 601] 606] 611} 616] G2r | 626) 630} 635) O4o 
884 645 | 650] 655] 660] 665] 670| 675] 680} 685] 689 
885 694 | 699} 704] 709] 7141 719] 724] 729] 734] 738 
886 743 | 748| 753| 758| 763| 768| 773] 778) 783] 787 
887 792 | 797| 802| 807| 812] 817} 822| 827] 832] 836 4 
888 84x | 846) 851) 856} 861} 866! 871} 876) 880} 885 a a 
889 8g0 | 895] goo} 905] 9fO] gt5] 919} 924] 929] 934 3 | 1.2 
890 939 | 944} 949| 954] 959] 963] 968 | 973] 973 | 983 es 
891 988 | 993] 998 |*002 |*007 /*or2 |*or7 |*022 |*027 |*032 6 | 2.4 
892 | 95 036 | o41| 046] o51 | 056] 061 | 066] 071) 075] O80 q ie 
893 085 | 090} 095] 100] 105] og} 114] T1g] 124] 129 9 | 3-6 
894 134.) £30 143 | 143) 153)\) 158.|| 163 || 168) 173)) 177 
895 182 | 187] 192] 197] 202 207) 211 || 216) 227 | 226 
896 231 | 236| 240] 245) 250| 255] 260] 265] 270) 274 
897 279 | 284] 289| 294] 299] 303] 308] 313) 318) 323 
898 328 | 332| 337] 342] 347| 352] 357) 361) 360) 371 
899 376 | 381] 386] 390} 395] 400) 405) 410) 415| 419 
900 424 | 429| 434| 439] 444] 448] 453 |_458 | 463 | 468 
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LOGARITHMS. 
| eta Ne ae ee 2a eee fee a Vl i a) Pe 
95 424 | 429] 434| 439| 444] 448 | 453 | 458 | 463) 468 
472 | 477| 482] 487| 492] 497] 50t| 506] 511) 516 
521 | 525] 530] 535| 540] 545] 550] 554/ 559) 564 
569 | 574] 578] 583] 588] 593] 598] 602] 607) 612 
617 | 622] 626] 631] 636] 641 | 646} 650) 655] 660 
665 | 670| 674} 679] 684] 689] 694} 698) 703! 708 
703 || 708) 722 | 727) 732) 737 || 742)|| 749) 750) 756 
761 | 766] 770] 775| 780] 785 | 789] 794) 799] 804 
809 | 813] 818] 82 828] 832] 837] 842] 847] 852 
856 | 861 | 866] 871] 875} 880] 885] 890} 895} 8q9 
904 } 909 | 914] 918] 923] 928) 933) 935] 942 | 947 
952 | 957] g6r| 966] 971] 976] 980] 985] 990} 995 
999 |*o004 |*o0g |*org |*org |*023 |*028 |*033 |*038 |*o42 
96 047 | 052] 057] 061 | 066] 071 | 076} 080} 085] ogo 
095 | 099| 104] 109] 114] 118] 123] 128] 133] 137 
142) || Ta tse) TSO wor 166)|) Hye | spl Leo) Los 
Ig0 | 194| 19g] 204] 209] 213| 218| 223] 227] 232 
237 | 242 | 246) 251% | 250) 261) 265 |) 270)) 275 || 280 
284 | 289] 294] 298] 303] 308 | 313] 317) 322 DT 
332 | 336] 341} 346] 350] 355 | 360] 365 | 369) 374 
379 | 384) 388] 393] 398] 402 | 407 Bi eT eee 
426 | 431 | 435| 440} 445] 450] 454] 459] 464] 468 
473 | 478| 483) 487] 492] 497] 501 | 506] 511} 515 
520 | 525] 530] 534] 539] 544] 548] 553] 558] 562 
567 | 572| 577} 581] 586] 591] 595] 600] 605] 609 
614 | 619} 624) 628} 633] 638} 642] 647] 652) 656 
661 | 666] 670} 675] 680] 685] 689] 694] 699} 703 
708 | 713 | 717| 722) 727] 731) 736] 741 | 745} 750 
755 | 759] 764] 769] 774| 778] 783] 788) 792] 797 
802 | 806] 811] 816] 820] 825] 830] 834] 839) 844 
848 | 853] 858] 862} 867] 872] 876] 881! 886| 890 
895 | 900) 904} 909] 914] 918 | 923] 928] 932] 937 
942 | 946} 951} 956] 960) 965) 970] 974 | 979| 984 
988 | 993] 997 |*o02 |*007 |*orr |*or6 |*o2t |*o25 |*030 
97 035 | 039] O44] O49] 053] 058] 063] 067] 072] 077 
o81 | 086] OgO} 095) 100} 1to4]| 10g] 114] 118] 12: 
[28 | 032) 037) 142) Gao w50 || 255) roe.) 165) | 169 
174. | 179) 183)| T88|) 192) 197) 202)|) 206) on) e16 
220: | 22 230 | 234) 239] 243) 248) 253| 257| 262 
267 | 271; 276] 280) 285] 290] 294] 299] 304] 308 
323 | 327 | 322 | 327 | 330} 330) 340) 345 | 3501) 354 
359 | 364| 368) 373) 377| 382] 387] 391] 396] 4oo 
405 | 410] 414] 419] 424] 428] 433] 437] 442) 447 
451 | 456| 460] 465] 470} 474] 479] 483] 488] 493 
497 | 502) 506] 511] 516] 520] 525] 529] 534] 539 
543 | 548] 552] 557] 562] 566] 571] 575] 580] 585 
589 | 594] 598] 603] 607] 612] 617] 621 | 626} 630 
635 | 640] 644] 649] 653] 658| 663] 667] 672) 676 
681 | 685] 690) 695] 699} 704] 708 703 ly 22 
727 | 731 | _736| 740] 745] 749) 754| 759] 763) 768 
772 _|_777|_782 | 786] 791] 795) 800| 804] 809] 813 
\Paaere, T 2 5 4 5 6 7 8 9 


1O CON ANLW NE 


Au-fwhnH 


Oo on 


~ 


PW ND 4 4 


WWNNNHHOO 
Qn Of O AN OF 


LOGARITHMS. 19 


Doe ie el eae Ve a te ee a) a 
950 |97 772 |_777|_782| 786] 79t| 795 | 800] 804] 809| 813 
g5I 818 | 823) 827) 832} 836] 84r| 845] 850] 855] 859 
952 864 | 868) 873] 877] 882] 886] 891} 896] goo] gos 
953 909 | 914] 918} 923] 928] 932] 937] 941] 946] 950 
954 955 | 959} 964} g68| 973] 978} 982] 987] 991] 996 
955 |98 000 | 005] 009] 014] O19] 023) 028] 032] 037] o41 
956 046 | 050] 055] 059] 064] 068) 073] 078| 082] 087 
957 O9I | 096} 100] 105] Tog| 114| 128] 123) 127] 132 
958 137 | I4l| T46| 150] 155| 159} 164] 168] 173} 177 
959 182 | 186] Tor} 1954 200] 204] 209] 214] 218] 223 
960 227 | 232) 236) 241} 245| 250| 254] 259] 263] 268 
g6I 272 | 277) 281] 286 | 290] 295) 299) 304) 308] 313 
962 318 | 322] 327] 331] 336] 340] 345] 349] 354] 358 Pee 
963 363 | 367] 372) 376] 381] 385] 390] 394] 399] 403 2| 1.0 
964 408 | 412] 417] 42] 426} 430] 435) 439] 444] 448 Saeco 
965 453 | 457) 462) 466] 471} 475| 480] 484] 489| 493 eae 
966 498 | 502] 507| 511| 516] 520) 525| 529| 534| 538 ee 
967 543 | 547] 552] 550) 561 | 565] 570] 574] 579] 583 7 | 3-5 
968 555 | 592) 597] 601 | 605] 610] 614) 619} 623) 628 Base 
969 632 | 637) 641 | 646) 650] 655] 659] 664] 668] 673 rs 
970 677 | 682] 686 691 | 695] 7OO| 704} 709} 713] 717 
97 722 | 720) 73L) 735 | 740] 744) 749| 753| 758) 762 
972 767 | 771| 776] 780| 784] 789] 793} 798| 802] 807 
973 81L | 816] 820) 825] 829] 834] 838] 843] 847) 851 
974 856 | 860| 865] 869] 874] 878] 883] 887] 892] 8q6 
975 900 | 905| 909] 914] 918] 923 | 927) 932] 936] 941 
976 945 | 949] 954] 958] 963] 967 | 972] 976| 981 | 985 
977 989 | 994] 998 |*o03 ;*007 | *or2 |*o16 |*o2t |*025 |*029 
978 | 99 034 | 038] 043} 047] 052| 056] O61 | 065] 069! 074 
979 078 | 083] 087] 092] 096] too] To5} Tog} 114] 118 
980 12 £27| 131] 136] 140} 145\| 149) 154) 158) 162 
g8I 167 | I7L| 176) 180| 185] 189] 193] 198] 202] 207 4 
982 2TT | 206) 220) 224'| 229] 233 238) 242] 247) 251 t | 0.4 
983 255 | 260] 264] 269] 273] 277] 282] 286| 291] 295 : ae 
984 300 | 304] 308] 313] 317] 322] 326] 330] 335| 339 rae 
985 344 | 348] 352] 357] 361] 366) 370] 374) 379] 383 Sallieie: 
986 388 | 392] 396] 401} 405] 410] 414| 419] 423| 427 7 oe 
987 432 | 436] 441] 445] 449] 454) 458} 463] 467] 471 8 | 3.2 
988 470 | 480] 484] 489} 493] 498] 502] 506] 511] 515 9 | 3-6 
989 520 | 524] 528) 533] 537] 542} 546/ 550] 555] 559 
990 564 | 568) 572] 577) 581] 585 | 590] 594/ 599) 603 
99t 607 
992 651 
993 695 
994 739 
995 782 
996 826 
997 870 
998 913 
999 957 
1000 | 00 000 
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20 LOGARITHMS. 


TABLE OF USEFUL NUMBERS. 


Symbol. oe Logarithm. 
Diagonal of square whose sideisl..... V2 | 1.4142 | 0.15052 
Side of square whose diagonalis] ..... 4V¥2 | 0.70710 | 1.84948 
Diagonal of cube whose edge isl...... V3 11.7391 0.23856 
Edge of cube whose diagonalisl...... 4V3 | 0.57735 | 1.76144 
Circumference of circle whose diameter is1 | = 3.1416 0.49715 
: eam : =e 
Diameter of circle whose circumference is 1 = 0.31831 | 1.50285 
Area of circle whose diameteris 1..... aus 0.7854 1.89509 
Volume of sphere whose diameter is1...| $7 | 0.5236 | 1.71900 
One meter in yards: 5.74 5 <a we 1.0936 0.03887 
Oneryandiimumerersi usec halaman: 0.91439 | 1.96113 
One centimeter in inches .......... 0.39370 | 1.59517 
One inch in/centimeters. 2. ...:.:.. | 2.5400 0.40483 
One square meter in square feet ...... 10.764 1.03198 
One square foot in square meters... ... | 0.092901} 2.96802 
One cubic centimeter in cubic inches .. . | 0.061025| 2.78551 
One cubic inch in cubic centimeters . . . 16.387 1.21449 
One literin gallons ...........+. 0.26418 | 1.42190 
Onevcalloneinliters acme seen sateen 3.7853 | 0.57810 
One kilogram in pounds........... 2.2046 0.34333 
One pound in kilograms. .......... 0.45359 | 1.65667 
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